DOLI: 10.1515/awutm -2016-0017 Analele Universitatii de Vest,

Il DE GRUYTER 1mi
DE ok Timisoara

G Seria Matematica — Informatica
LIV, 2, (2016), 95 116

On the Growth of Wronskians Using their
Relative Orders, Relative Types and Relative
Weak Types

Sanjib Kumar Datta, Tanmay Biswas, and Debasmita Dutta

Abstract. In this paper the comparative growth properties of
composition of entire and meromorphic functions on the basis of
their relative orders (relative lower orders), relative types and rel-
ative weak types of Wronskians generated by entire and meromor-
phic functions have been investigated.

AMS Subject Classification (2000). 30D20; 30D30; 30D35
Keywords. Entire function, meromorphic function, order (lower
order ), relative order (relative lower order ), relative type, relative
weak type, Property (A), growth, wronskian.

1 Introduction, Definitions and Notations

Let f be an entire function defined in the open complex plane C. The
maximum modulus function relating to entire f is defined as M (r) =
max {|f (z)| : |z| =r}. If f is non-constant then it has the following prop-
erty:

Property (A) ([2]) : A non-constant entire function f is said have the
Property (A) if for any ¢ > 1 and for all sufficiently large values of r,
[M; ()] < My (r°) holds. For exapmles of functions with or without the
Property (A), one may see [2].
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However, for any two entire functions f and g, the ratio %f Eg
g

r — oo is called the growth of f with respect to g in terms of their maximum
moduli. The order ( lower order) of an entire function f which is usually
applied in computational purpose is defined in the following way in terms of
the growth of f with respect to the exp z function:

, log log M () . log log My (r)
pr= lim sup = limsup——"———
r—oo 10g1og My, (1) r—00 log (r)

log log M loo loo M
s = liminf—2 2821 (1) _ Jim 08 logs My ()
r—oo loglog Mexp, . (1) 00 log (1)

as

Whenever f is meromorphic, My () cannot be defined as f is not
analytic. In this case one can define another function 7’ (r) known as Nevan-
linna’s Characteristic function of f in the following manner which perform
the same role as maximum modulus function:

T (r) = Ny (r) +my(r),

wherever the function Ny (7, a) <J\_f £ (r, a)) known as counting func-

tion of a-points (distinct a-points) of meromorphic f is defined as

T

t — _
Ny (r,a) :/nf< ) tnf <O’a)dt+nf (0,a)logr

0

r

]\7f (r,a) :/nf (t,a) ;nf (O’a)dt—i-n_f (0,a)logr |,

0

in addition we symbolize by ns (7, a) (n_f (r, a)) the number of a-points (dis-
tinct a-points) of f in |z| < r and an oo -point is a pole of f. In many

situations, Ny (r, c0) and ]\_ff (r,00) are symbolized by Ny (r) and ]\_ff (r) re-
spectively. Also the function my (r,00) alternatively symbolized by m; (r)
known as the proximity function of f is defined in the following way:

2m
my (r) = %/log*' |/ (re®®)|df, where
0

log™ # = max (log ,0) for all z > 0,

and some times one may denote m (r, ﬁ) by my¢ (1, a).
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When f is entire function, then the Nevanlinna’s Characteristic func-
tion T (r) of f is defined as follows:

Ty (r) =my(r) .

If f is a non-constant entire function then 7' (r) is rigorously increas-
ing and continuous function of r and its inverse TJT1 : (17 (0) ,00) — (0, 00)

exist where lim 7' '(s) = oo. Also the ratio ?f—g:g as r — oo is known as
5—00 g

growth of f with respect to g in terms of the Nevanlinna’s Characteristic
functions of the meromorphic functions f and ¢g. Further in case of mero-
morphic functions, the growth markers such as order and lower order which
are traditional in complex analysis are defined in terms of their growth with
respect to the exp z function in the following way:

logT loeT loe T
T—00 IOg Texpz (T) r—00 log (%) r—300 log (fr’) -+ O(l)
logT logT loc T
A\f = hmmfog—m — hmmfog—f(r) — liminf——28"f (r) ’
r—00 log Texpz (7“) r—00 log (%) r—00 log (7") + O(l)

and the growth of functions is said to be regular if their lower order coincides
with their order.
In this connection the following two definitions are also well known:

Definition 1.1. The type o; and lower type oy of a meromorphic function
f are defined as

: Ty (r) e Ty ()
Uf_llﬂilp e and af—hggloglf or 0<pr<oo.
If f is entire then
log M log M
op = limsupog—f(r) and T;= liminfog—m, 0<pr<oo.
00 rPf r—00 rP

Definition 1.2. [6] The weak type 7¢ and the growth indicator T; of a
meromorphic function f of finite positive lower order Ay are defined by

_ . Ty (r) Ty (r)
Tf:hgsogp oy and Tf:h}gglf Y 0<Af<oo.
When f is entire then
log M log M
?leiglilipong(ﬂ and szliﬂglfogTjM, 0<Af<oo.
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However, extending the thought of relative order of entire functions
as initiated by Bernal {[1], [2]} , Lahiri and Banerjee [12] introduced the def-
inition of relative order of a meromorphic function f with respect to another
entire function g, symbolized by p, (f) to avoid comparing growth just with
exp z as follows:

pg (f) = inf{pu>0:Ts(r) <T,(r") for all sufficiently large r}
. log T, ' Ty (r)
= limsup————.
r—00 log r

The definition coincides with the classical one if g (2) = exp z {cf. [12] }.
Similarly, one can define the relative lower order of a meromorphic
function f with respect to an entire function g denoted by A, (f) as follows :

log T-\T
A (f) = liminf 28 Le T (1)

=00 log r

To compare the relative growth of two entire functions having same
non zero finite relative order with respect to another entire function, Roy [13]
introduced the notion of relative type of two entire functions in the following
way:

Definition 1.3. [13] Let f and g be any two entire functions such that 0 <
py (f) < oo. Then the relative type o, (f) of f with respect to g is defined
as :

a4 (f)
= inf {k >0: Mg (r) <M, (lm“pg(f)) for all sufficiently large values of r}

M My (r)

g

= lim SHPW .

r—r00
Likewise, one can define the relative lower type of an entire function f
with respect to an entire function g denoted by @, (f) as follows :

_ MM (r)
a4 (f) :llggfw, 0<py(f) <oo.

Analogusly, to determine the relative growth of two entire functions
having same non zero finite relative lower order with respect to another entire
function, Datta and Biswas [7] introduced the definition of relative weak type
of an entire function f with respect to another entire function ¢ of finite
positive relative lower order A, (f) in the following way:
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Definition 1.4. [7] The relative weak type 7, (f) of an entire function f
with respect to another entire function g having finite positive relative lower

order A, (f) is defined as:
MMy (r)

o . . g
7o (f) = Hm inf =50
Also one may define the growth indicator T4 (f) of an entire function f with
respect to an entire function g in the following way :
_ ’ My My (r) 0< X
7o (f) = 1&2PW7 <Ay (f) <o0.

In the case of meromorphic functions, it therefore seems reasonable
to define suitably the relative type and relative weak type of a meromorphic
function with respect to an entire function to determine the relative growth
of two meromorphic functions having same non zero finite relative order or
relative lower order with respect to an entire function. Datta and Biswas
also [7] gave such definitions of relative type and relative weak type of a
meromorphic function f with respect to an entire function g which are as
follows:

Definition 1.5. [7] The relative type o, (f) of a meromorphic function f
with respect to an entire function g are defined as
T, 'Ty (r)

o, (f) = limsupgrpT where 0 < p, (f) < 0.

T—00

Similarly, one can define the lower relative type o, (f) in the following
way:
T, 'Ty (r)

7, (f) = liminf-Z

m inf ——"r where 0 < py (f) < oco.

Definition 1.6. [7] The relative weak type 7, (f) of a meromorphic function

f with respect to an entire function g with finite positive relative lower order
Ag (f) is defined by

T (r

7, (f) = liminfg—f()

r—oo  rra(f)

In a like manner, one can define the growth indicator T, (f) of a mero-
morphic function f with respect to an entire function g with finite positive
relative lower order A\, (f) as

T1T (r)
_ L g 1y
Ty (f) = lim SUD—

r—00



100 S. K. Datta and T. Biswas and D. Dutta An. U.V.T.

Considering g = exp z one may easily verify that Definition 1.3 |
Definition 1.4, Definition 1.5 and Definition 1.6 coincide with the classical
definitons of type (lower type) and weak type of entire ane meromorphic
functions respectively.

The following definitions are also well known:

Definition 1.7. A meromorphic function a = a(z) is called small with re-
spect to f if T (r,a) = S (r, f) where S (r, f) = o{T (v, )} i.e., ;E;;; — 0 as
r— 00 .

Definition 1.8. Let ay,as, ....ay be linearly independent meromorphic func-
tions and small with respect to f .We denote by L(f) =W (ay,as,....ax, f),

the Wronskian determinant of aq,as, ....,ax, f i.€.,
a/l CL/Q N (IfC f/
a, ay . . . a, f
L(f)=
3 SRR .
ag ) ag o OL,(C ) f

Definition 1.9. If a € CU {occ},the quantity

6(a; f)=1~— hﬂfﬁp% ~limin %

1s called the Nevanlinna’s deficiency of the value “a”.

From the second fundamental theorem it follows that the set of values of
a € CU{oc} for which § (a; f) > 0 is countable and Y 0 (a; f)+9 (005 f) < 2
a#oo
(cf [10],.p.43 ). If in particular, Y d (a; f) + 0 (0c0; f) = 2, we say that f has
arF=oo

the maximum deficiency sum. g
For entire and meromorphic functions, the notion of their growth
indicators such as order, type and weak type are classical in complex analysis
and during the past decades, several researchers have already been continu-
ing their studies in the area of comparative growth properties of composite
entire and meromorphic functions in different directions using the same. But
at that time, the concept of relative order and consequently relative type as
well as relative weak type of entire and meromorphic functions with respect
to another entire function was mostly unknown to complex analysists and
they are not aware of the technical advantages of using the relative growth
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indicators of the functions. In this paper we wish to prove some newly de-
veloped results based on the growth properties of relative order, relative type
and relative weak type of wronskians generated by entire and meromorphic
functions. We do not explain the standard definitions and notations in the
theory of entire and meromorphic functions as those are available in [10] and
[14].

2 Lemmas

In this section we present some lemmas which will be needed in the
sequel.

Lemma 2.1. [3]| Let f be meromorphic and g be entire then for all sufficiently
large values of r,

Ty (r)

Thog (r) < {1 +0(1)} WTf (Mg (1))

Lemma 2.2. [4] Let f be meromorphic and g be entire and suppose that
0 <p<pg <oo. Then for a sequence of values of r tending to infinity,

Tyoq(r) = Ty (exp (1)) .

Lemma 2.3. [11] Let f be meromorphic and g be entire such that0 < p, < 0o
and 0 < Ay . Then for a sequence of values of v tending to infinity,

Tfoq(r) > Ty (exp (1)) ,
where 0 < p < py .

Lemma 2.4. [5] Let f be a meromorphic function and g be an entire function
such that Ay < pp <00 and 0 < Ay < py < 00. Then for a sequence of values
of r tending to infinity,

Tyoq(r) < Ty (exp (1)) -

Lemma 2.5. [5] Let f be a meromorphic function of finite order and g be
an entire function such that 0 < A\, < u < oo. Then for a sequence of values
of r tending to infinity,

Tyoq(r) < Ty (exp () -
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Lemma 2.6. [9] Let f be an entire function which satisfy the Property (A),
6>0,0>1and o> 2. Then

BTy (r) < Ty (ozr‘s) )

Lemma 2.7. [8] If f be a transcendental meromorphic function with the
mazimum deficiency sum and g be a transcendental entire function of reqular

growth having non zero finite order and Y 0 (a;g) + 0 (00;g) = 2, then the
a#£oo
relative order and relative lower order of L(f) with respect to L(g) are same

as those of f with respect to g i.e.,
prig) (Lf]) = pg (f) and Ay (L[f]) = Ag (f) -

Lemma 2.8. [8] Let f be a transcendental meromorphic function with the
maximum deficiency sum and g be a transcendental entire function of reqular

growth having non zero finite type and Y. 0 (a;g) + 0 (00;9) = 2. Then
a#00
the relative type and relative lower type of L(f) with respect to L(g) are
1
(%) " times that of f with respect to g if p, (f) is positive finite

where L (f) = W (a1, ag, ....ax,; f) and L(g) = W (a1, az, ....axy; g) -

Lemma 2.9. [8] Let f be a transcendental meromorphic function with the
maximum deficiency sum and g be a transcendental entire function of regqu-
lar growth having non zero finite type and > § (a;g) + 0 (00;g) = 2. Then

a#oo
1

Trig) (L(f)) and Trg) (L(f)) are <%m> " times that of f with respect

to g where L (f) =W (ay,ag, ....ax,; f) and L(g) = W (a1, ag, ....ax,; g).

3 Main Results

In this section we present the main results of the paper.

Theorem 3.1. Let f be a transcendental meromorphic function with the

mazimum deficiency sum, g be entire and h be a transcendental entire func-

tion of reqular growth having non zero finite order and »_ 0 (a; h)+6 (co; h) =
aFoo

2 such that 0 < A\, (f) < pn(f) < 00, 04 < 00 and h satisfy the Property

(A). Then for any 6 > 1,

-1
lim sup 10%1Th Tyog (1) < d-0g4-pn(f) _
r—oco 10g TL[h} TL[f] (eXp ’l“pg) An (f)
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Proof. Let us suppose that o > 2.

Since T}, ' (r) is an increasing function r, it follows from Lemma 2.1, Lemma
2.6 and the inequality T} (r) < log M, (r) {cf. [10]} for all sufficiently large
values of r that

T} Tyog (1) <
i.e., Ty Trog (r) <
i.e., logT, "Tioq (1) <

T {1+ o(1)} Ty (M, ()]

o [T,1Ty (M, ()]’
dlog T, ' Ty (M, (r)) + O(1) (3.1)

log Th_leog (r)
" log TL_[ilz]TL[f] (exprre)
- dlog Ty ' Ty (My (1)) + O(1) _ 8log T, ' Ty (My (1)) + O(1)

1.€.

log TL[h]TL[f] (expres) log M, (1)
log M, (1) ' log exp r?e (3.2)
1P log TL[h]TL[f] (exprrs)
log T, ' Tyo
.e., limsup o8 fog (1)
r—oco  10g TL[h]TL[f] (exp 7’/’9)
§log T, ' Ty (M, O(1 log M,
< limsup og Ty, Ty (My (r)) + O(1) lim sup og 9(7").
r—00 log Mg (T) r—00 P9
log exp r*9
lim sup
r—oo  lOg TL[h]TL[f] (exprrs)
. log T_leog (r) 1
7.e., limsup <6-pp(f) 0 ——= .
r—oo  log T, h]TL[ﬂ (expreo) (1) 2 A (L [f])
Therefore in view of Lemma 2.7 we get from above that
—1
lim sup log T}, " Toq (1) < 6-ag-pn(f) _
r—oo log T}, }TL[f} (expreo) An (f)
Thus the theorem is established. [

In the line of Theorem 3.1 the following theorem can be proved :

Theorem 3.2. Let f be a meromorphic function, g be a transcendental entire
function with > 6 (a;g) + 0 (00;9) = 2 and h be a transcendental entire

a#oo
function of reqular growth having non zero finite order with with the maximum
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deficiency sum such that A\, (g) > 0, pn (f) < 00, 0, < 00 and h satisfy the
Property (A). Then for any § > 1,

-1
lim sup——o8 L0 Tseo (r) 995 plf)
r—oo lOg TL[h]TL[Q] (exprPs) A (9)

Using the notion of lower type, we may state the following two the-
orems without their proofs because those can be carried out in the line of
Theorem 3.1 and Theorem 3.2 respectively.

Theorem 3.3. Let f be a transcendental meromorphic function with the

maximum deficiency sum, g be entire and h be a transcendental entire func-

tion of reqular growth having non zero finite order and >, § (a; h)+d (co; h) =
aFoo

2 such that 0 < Ay (f) < pr(f) < 00, T, < 00 and h satisfy the Property

(A). Then for any 6 > 1,

log T; ' Tyo Gy
lim inf O%l b Tireg (1) < 0-7y- prlf) )
r=oo log Ty Ty (exprrs) An (f)

Theorem 3.4. Let f be a meromorphic function, g be a transcendental entire
function with > 6 (a;g9) + 0 (00;9) = 2 and h be a transcendental entire

a#oo
function of reqular growth having non zero finite order with with the maximum
deficiency sum such that A, (g) > 0, pn (f) < 00, 7, < 0o and h satisfy the

Property (A). Then for any 6 > 1,

-1 —
lim inf lo%lirh Tfog (T) < 0 Og° Ph (f) )
r—oo log TL[h}TL[g] (exprP9) An(9)

Using the concept of the growth indicators 7, and 7, of an entire
function g, we may state the subsequent four theorems without their proofs
since those can be carried out in the line of Theorem 3.1, Theorem 3.2,
Theorem 3.3 and Theorem 3.4 respectively.

Theorem 3.5. Let f be a transcendental meromorphic function with the

maximum deficiency sum, g be entire and h be a transcendental entire func-

tion of reqular growth having non zero finite order and Y 0 (a; h)+6 (0o; h) =
a#00

2 such that 0 < A\, (f) < pn (f) < 00, Ty < 00 and h satisfy the Property

(A). Then for any 6 > 1,

log T}, ' Tyo 5Ty
lim sup 0%1 h_+fog (T) . < Tg* Ph (f) .
r—00 log TL[h}TL[f} (expr 9) )\h (f)
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Theorem 3.6. Let f be a meromorphic function, g be a transcendental entire
function with > 6 (a;g) + 0 (00;9) = 2 and h be a transcendental entire

aF#oo
function of reqular growth having non zero finite order with with the maximum
deficiency sum such that A, (g) > 0, py (f) < 00, Ty < 00 and h satisfy the

Property (A). Then for any 6 > 1,

—1 —
sy 98T Tea(r) 870 (1)
r—00 log TL[h}TL[g] (eXpT‘ 9) )\h (g)

Theorem 3.7. Let f be a transcendental meromorphic function with the

maximum deficiency sum, g be entire and h be a transcendental entire func-

tion of reqular growth having non zero finite order and _ 0 (a; h)+0 (oco; h) =
a#00

2 such that 0 < A\, (f) < pu(f) < 00, 7, < 00 and h satisfy the Property

(A). Then for any 6 > 1,

g 08T Trog (r) 079 pu(f)
111 111 1 Tfl T X S A\
roee log Ty, Tyjp (expra) n(f)

Theorem 3.8. Let f be a meromorphic function, g be a transcendental entire
function with > 6 (a;g) + 0 (00;9) = 2 and h be a transcendental entire

aFoo
function of reqular growth having non zero finite order with with the maximum
deficiency sum such that A\, (g) > 0, pp (f) < 00, 7, < 00 and h satisfy the

Property (A). Then for any § > 1,

_1 . .
e Mg T T () 0y pu(f)

roo log Ty Trig (expr?s) = An(9)

Theorem 3.9. Let f be a transcendental meromorphic function with the

mazximum deficiency sum, g be entire and h be a transcendental entire func-

tion of regular growth having non zero finite type and »_ 6 (a;h)+0 (co; h) =
a#oo

2 such that (i) 0 < pn(f) < oo, (it) pn(f) = pg, (i) o, < 00, (iv)

0 <on(f)<oo and h satisfy the Property (A). Then for any 6 > 1,

log T; ' Toq (1) < (&ph(f)'ag) (1+k2—k25(00;h)>91h
- on (f) 1+ ki — k10 (005 f)

where L (f) = W (a1, ag, ....ax,; f) and L (h) =W (ay, as, ....ax,; h) .

lim inf ——
oo Ty Trjp (r)

Proof. From (3.1), we get for all sufficiently large values of r that

log Ty Tog (1) < 6 (o1 (f) + ) log M, (r) + O(1) . (3.3)
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Using Definition 1.1, we obtain from (3.3) for all sufficiently large values of
r that
108 Ty Tyeq (r) < 6 (o () +€) (0, +2) -1 +0(1) . (3.4)

Now in view of condition (ii), we obtain from (3.4) for all sufficiently large
values of r that

log Ty Tyey (r) < 8 (on () + ) (0 +2) -+ 1 0(1) . (35)

Again in view of Definition 1.5 and with the help of Lemma 2.7 and Lemma
2.8, we get for a sequence of values of r tending to infinity that

TL_[ilz}TL[f} (r) > (owm (LIf]) —€) rPrm (LIfD)

o 1+ ki — kd (00; f)\ 7 )
1.€., TL[;IZ}TL[f] (T) > ((1 n k‘; — k;s (OO; h)) - O, (f) - 8) rPr(f) (36)

Therefore from (3.5) and (3.6) , it follows for a sequence of values of r tending
to infinity that

log T}, 'Tyog () _ 0 (pn(f)+€)(og+e) D+ 0O(1)
T Ten (r) ~ <<1+k1—k15(oo;f))% con (f) — 5) ron(f)

1+k2—k25(00;h)

Since € (> 0) is arbitrary, it follows from above that

log T, Ty (r) _ (5-ph (f)-ag) (1—|—k2—k25(oo;h))p1h
- on (f) 1+ k1 — k10 (o005 f) '

Hence the theorem follows. O

lim inf ——
roe Ty T (r)

Using the notion of lower type and relative lower type, we may state
the following theorem without its proof as it can be carried out in the line of
Theorem 3.9 :

Theorem 3.10. Let f be a transcendental meromorphic function with the

mazimum deficiency sum, g be entire and h be a transcendental entire func-

tion of reqular growth having non zero finite type and > 6 (a;h)+0 (co; h) =
aFoo

2 such that (i) 0 < py (f) < o0, (17) pn(f) = pg, (1ii) T, < 00, () 0 <

o (f) < oo and h satisfies the Property (A). Then for any 6 > 1,

lim ur 280 Tres (1) (5 on(f) -59) (1 + ky — kyd (oo;h))ph
e T Tun ) n(f) 1+ k1 — k10 (o0 /)

where L (f) = W (a1, ag, ....ag,; f) and L (h) =W (a1, ag, ....ax,; h) .
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Similarly using the notion of type and relative lower type, one may
state the following two theorems without their proofs because those can also
be carried out in the line of Theorem 3.9 :

Theorem 3.11. Let f be a transcendental meromorphic function with the

maximum deficitency sum, g be entire and h be a transcendental entire func-

tion of reqular growth having non zero finite type and > 0 (a;h)+4§ (co; h) =
a#oo

2 such that (i) 0 < A\, (f) < pn (f) < 00, (40) pn(f) = pg, (100) 0, < 00,

(iv) 0 <@y (f) < oo and h satisfies the Property (A). Then for any 6 > 1,

log T, 'Tyey (r) _ (5-)\h(f)~ag> <1+k2—k25(oo;h))plh

lim inf
oo T Ty (1) an (f) 1+ k1 — k10 (00; f)

where L (f) = W (a1, ag, ....ax,; f) and L (h) =W (ay, ag, ....ax,; h) .

Theorem 3.12. Let f be a transcendental meromorphic function with the

mazximum deficiency sum, g be entire and h be a transcendental entire func-

tion of regular growth having non zero finite type and >_ 6 (a;h)+0 (co; h) =
a#£oo

2 such that (i) 0 < py (f) < oo, (19) pn (f) = pg, (i) 0, < 00, (iv) 0 <

on (f) < oo and h satisfies the Property (A). Then for any 6 > 1,

log T, Tyo, (r) _ (5-ph (f)-ag) (1+k2—k25(oo;h))plh
o Eh (f) 1 +k’1 — lﬁé (OO,f)

where L (f) = W (a1, ag, ....ax,; f) and L (h) = W (aq, ag, ....ax,; h) .

lim sup———
r—00 TLVIL]TL[f] (r)

Similarly, using the concept of weak type and relative weak type, we
may state next four theorems without their proofs as those can be carried
out with the help of Lemma 2.9 and in the line of Theorem 3.9, Theorem
3.10, Theorem 3.11 and Theorem 3.12 respectively.

Theorem 3.13. Let f be a transcendental meromorphic function with the

maximum deficiency sum, g be entire and h be a transcendental entire func-

tion of reqular growth having non zero finite type and > 6 (a;h)+0 (oco; h) =
aF#00

2 such that (1) 0 < X (f) < pr (f) < o0, (it) A (f) = Ay, (ii3) T, < 00,
(iv) 0<Th(f) < oo and h satisfies the Property (A). Then for any 6 > 1,

log T, ' Tfoq (1) < <5'ph(f)'?g> <1+k‘2—k‘25(00;h)>p1"
o T (f) 14 ki — k16 (o005 f)

where L (f) = W (a1, ag, ....ax,; f) and L (h) = W (ay, ag, ....ax,; h) .

lim inf ——
oo T T (1)
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Theorem 3.14. Let f be a transcendental meromorphic function with the

maximum deficiency sum, g be entire and h be a transcendental entire func-

tion of reqular growth having non zero finite type and > § (a;h)+3d (co; h) =
a#oo

2 such that (i) 0 < A, (f) < pn (f) < o0, (40) A (f) = Ay, (it7) 7, < 00,

(iv) 0 <7, (f) < oo and h satisfies the Property (A). Then for any 6 > 1,

-1 ' ‘ B ' i
lim inflog_];h Tog (1) < <5 pr (f) Tg) (1 + kg — k36 (o0; h))
e Ty Ty (r) 7 (f) 1+ ky — k16 (o003 f)

where L (f) = W (a1, ag, ....ag,; f) and L (h) =W (aq, ag, ....ax,; h) .

Theorem 3.15. Let f be a transcendental meromorphic function with the

mazimum deficiency sum, g be entire and h be a transcendental entire func-

tion of reqular growth having non zero finite type and > 6 (a;h)+0 (co; h) =
aFoo

2 such thatt (1) 0 < A, (f) < o0, (i1) Ay (f) = Ay, (140) T4 < 00, (iv) 0 <

Tn (f) < 0o and h satisfies the Property (A). Then for any § > 1,

log T oy (1) _ (8- M (f) -7y} (L4 ks — ks (00 h) o
_( 7 (f) ><1+k’1—k’15(00;f))

where L (f) =W (a1, ag, ....ag,; f) and L (h) =W (a1, ag, ....ax,; h) .

liminf——
roo Ty Ty (r)

Theorem 3.16. Let f be a transcendental meromorphic function with the

maximum deficiency sum, g be entire and h be a transcendental entire func-

tion of reqular growth having non zero finite type and > & (a; h)+6 (oo; h) =
aFoo

2 such that (i) 0 < X\ (f) < pr(f) < o0, (it) A, (f) = Ay, (itd) T, < o0,

(iv) 0 <7, (f) < oo and h satisfies the Property (A). Then for any 6 > 1,

log Ty, 'Tyey (r) _ (wh (f) —) (1+k2—k25<oo;h>)é
B 7 (f) 1+ ki — k16 (o005 f)

where L (f) = W (a1, ag, ....ag,; f) and L (h) =W (a1, ag, ....ax,; h) .

lim sup——
roo T Trig (r)

Theorem 3.17. Let f be a transcendental meromorphic function with the

mazimum deficiency sum, g be entire and h be a transcendental entire func-

tion of regular growth having non zero finite type and >_ 6 (a;h)+0 (co; h) =
aFoo

2 such that 0 < A, (f) < pn (f) < pg < 00 and o, (f) < 0o. Then

An (f) (1+k2—k2(5(oo;h)>plh
on (f) \1+ ki — k16 (005 f)

where L (f) = W (a1, ag, ....ag,; f) and L (h) =W (a1, ag, ....ax,; h) .

log T, 1Ty,
lim sup ) fg(r)

T >
T—00 TL[h] Ty (r)
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Proof. Since py, (f) < p, and T}, ' (1) is a increasing function of r, we get
from Lemma 2.2 for a sequence of values of r tending to infinity that
log Ty ' Trog(r) > log T, Ty (exp ()
i.e., logTy " Tiog(r > (M (f)—¢)-r"
i.e., log Ty Trog(r) > (i (f) —e)-r) (3.7)

Again in view of Definition 1.5 and with the help of Lemma 2.7 and Lemma
2.8, we get for all sufficiently large values of r that

Ty Tuis (r) < (0w (LIf]) + &) roreaD

1.€., TL_[}lz]TL[f] (7“) < (gh (f) (1 + ky — k16 (OO; f)) Ph I E) ren(f) (3'8)

1‘|—]€2 - k25<00,h)

Now from (3.7) and (3.8), it follows for a sequence of values of r tending to
infinity that

log Ty Ty (r) (A (f) = &) )

mwmm»‘<%umw£@@%é+awmf

1+k2—k25(00;h)

Since € (> 0) is arbitrary, it follows from above that

lim sup

log T Tyog(r) _ A (f) (1 + kg — ka0 (o0 h))”lh
r—00 T[T[}L}TL[JC] (7”) - On (f) .

1+ k1 — k10 (005 f)
Thus the theorem follows. O

In the line of Theorem 3.17, the following theorem can be proved
and therefore its proof is omitted:

Theorem 3.18. Let f be meromorphic, g be a transcendental entire function

with the mazimum deficiency sum and h be a transcendental entire function

of reqular growth having non zero finite type and > 6 (a;h) + 6 (oo;h) = 2
aFoo

such that 0 < X, (f), 0 < pp(9) < py < 00 and oy, (g) < co. Then

lim sup——— >
r—00 TL[}L}TL[g} (r) on (9)

bﬂfﬂdﬂ>Mﬁﬁc+b—bﬂwm "
1+ ky — k10 (005 9)

where L (g) = W (a1, ag, ....ag,; 9) and L (h) =W (a1, aq, ....ax,; h) .
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The following two theorems can also be proved in the line of Theorem
3.17 and Theorem 3.18 respectively and with help of Lemma 2.3. Hence their
proofs are omitted.

Theorem 3.19. Let f be a transcendental meromorphic function with the
mazimum deficiency sum, g be entire and h be a transcendental entire func-
tion of reqular growth having non zero finite type and > 6 (a;h)+6 (co; h) =

a#00

2 such that 0 < Ay (9), 0 < Ay, 0 < pp (f) < py < 00 and oy, (f) < co. Then

log Ty Ty (r) _ M (9) (1 + ki — b (003 )\ 7
1+ k1 — k16 (005 f)

lim sup——— >
r—00 TL[,ll]TL[f] (T) Op (f)

where L (f) = W (a1, aq, ....ax,; f) and L (h) = W (a1, as, ....ax,; h) .

Theorem 3.20. Let f be meromorphic, g be a transcendental entire function
with the mazimum deficiency sum and h be a transcendental entire function
of regular growth having non zero finite type and > 6 (a;h) + 6 (co;h) = 2

a#£oo

such that 0 < A, (g), 0 < Ay, 0 < pp(9) < py < 00 and o (g) < 0o. Then

log T, Tyog(r) _ M (9) (1 + kg — ka6 (o0; h)) on
1+ ky — k10 (00; 9)

lim sup——— =
r—00 TL[;ll]TL[g] (T) Oh (g)

where L (g) = W (a1, ag, ....ag,; g) and L (h) =W (a1, aq, ....ax,; h) .

Now we state the following four theorems without their proofs as
those can be carried out in the line of Theorem 3.17, Theorem 3.18, Theorem
3.19 and Theorem 3.20 and with the help of Definition 1.6 and Lemma 2.9 :

Theorem 3.21. Let f be a transcendental meromorphic function with the

maximum deficiency sum, g be entire and h be a transcendental entire func-

tion of reqular growth having non zero finite type and >, 6 (a;h)+0 (co; h) =
a#00

2 such that 0 < A\, (f) < pg < 00 and 7, (f) < 0o. Then

lim sup

IOg Th_leog(T) > >\h (f) (1 + k2 — k26 (OO; h)) 3
r—00 TL_VIL]TLm (r) — 7 (f)

1+ ky — k10 (o005 f)

where L (f) = W (a1, ag, ....ar,; f) and L (h) = W (a1, as, ....ax,; h) .

Theorem 3.22. Let f be meromorphic, g be a transcendental entire function
with the mazimum deficiency sum and h be a transcendental entire function
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of regular growth having non zero finite type and > 6 (a;h) + 6 (co;h) = 2
a#00
such that 0 < X, (f), 0 < A (g9) < pg < 00 and 7p, (g) < 0o. Then

lim sup

bﬂ?ﬂwm>nuvc+@—@ﬂwm>%
rsoe TrTigg (1)~ Th(9)

1+ ki — k10 (005 9)

where L (g) = W (a1, ag, ....ag,; 9) and L (h) = W (a1, as, ....ax,; h) .

Theorem 3.23. Let f be a transcendental meromorphic function with the

mazimum deficiency sum, g be entire and h be a transcendental entire func-

tion of reqular growth having non zero finite type and >_ 6 (a;h)+0 (co; h) =
aF£oo

2 such that 0 < A\ (g) < py < 00, 0 < Af and 7, (f) < 0o. Then

lim sup

r—00 TL_[}l]TL[f] (T’) o ?h (f)

log Ty, 'Tyey(r) _ M (9) (1 + ks — ko (00; B) \ 71
1+ 1 — k16 (00; /)

where L (f) = W (a1, ag, ....ak,; f) and L (h) =W (ay, as, ....ax,; h) .

Theorem 3.24. Let f be meromorphic, g be a transcendental entire function

with the mazimum deficiency sum and h be a transcendental entire function

of regular growth having non zero finite type and > 6 (a;h) + 6 (co;h) = 2
a#oo

such that 0 < A (g) < pg < 00, 0 < ¢ and Tj, (9) < 0o. Then

log T, Tyog(r) _ M (9) (1 + kg — k36 (o0; h)) o

I
1m sup 1+ Kk — k0 (OO; 9)

r—00 TL_[;IL}TL[g] (T) o Fh (.g)
where L (g) = W (a1, ag, ....ax,; 9) and L (h) = W (a1, ag, ....ax,; h) .

Theorem 3.25. Let f be a transcendental meromorphic function with the
maximum deficiency sum having non zero finite order and lower order. Also
let g be entire function and h be a transcendental entire function of reqular
growth having non zero finite type and > d (a;h) + 0 (00; h) = 2 such that

a#oo

0< Ay <pn(f)<ooandap(f)> 0. Then

bﬂﬂﬂdﬂ<m0)c+@—@ﬁwm>i
oo T Tug (r) = on () \1+ Ky — kid (005 f)

where L (f) = W (a1, ag, ....ax,; f) and L (h) = W (ay, ag, ....ax,; h) .



112 S. K. Datta and T. Biswas and D. Dutta An. U.V.T.

Proof. As A\, < p(f) and T}, ' (r) is a increasing function of r, it follows
from Lemma 2.4 for a sequence of values of r tending to infinity that

log Th_leog(r) < log Th_le (exp (1))
i.e., logT, "Trog(r < (pn(f)+e)- 1"
i.e., 10g Ty Trog(r) < (pn(f)+e)-rmid) (3.9)
Further in view of Definition 1.5, we obtain for all sufficiently large values of

r that
TL_[}L]TL[f] (r) > (@ (LIf]) =€) rPrm )

Therefore in view of Lemma 2.7 and Lemma 2.8, we get from above for all
sufficiently large values of r that

1+ ky — ko (003 )\ 71
TL_[:L]TL[JC] (r) > <5h (f) (1 j: k:f — k:fé Ez’ f;) — 6) rer) - (3.10)

Since € (> 0) is arbitrary, therefore from (3.9) and (3.10) we have for a se-
quence of values of r tending to infinity that

log Ty, ' Toy(r) < (on (f) +€) - rerD)
1 —= 1
Ty Tein (r) (Eh (f) (%W) e e) ren(f)
1—R10(00;

1.e., liminf

log Th_leog(r) < pn (f) <1 + ka — ka0 (00; h)) i
r—00 T[T[flL]TL[f] (7“) - Op (f)

1+ ki — k10 (005 f)

Hence the theorem is established. O

In the line of Theorem 3.25, the following theorem can be proved
and therefore its proof is omitted:

Theorem 3.26. Let f be meromorphic with non zero finite order and lower

order, g be a transcendental entire function with the maximum deficiency

sum and h bbe a transcendental entire function of reqular growth having non

zero finite type and Y 0 (a;h) + 0 (003 h) = 2 with py (f) < 00, 0 < Ay <
a#0o0o

pn(g) < oo and @y, (g) > 0. Then

lim inf < =
oo T Trg (1)~ n(9)

log T Ty () _ pn (f) (1 + ke — kb (003 h))fh
1+ Kk — k10 (005 9)

where L (g) = W (a1, ag, ....ag,; 9) and L (h) =W (a1, aq, ....ax,; h) .
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Moreover, the following two theorems can also be deduced in the line
of Theorem 3.17 and Theorem 3.18 respectively and with help of Lemma 2.5
and therefore their proofs are omitted.

Theorem 3.27. Let f be a transcendental meromorphic function with the
maximum deficiency sum having non zero finite order. Also let g be entire
function and h be a transcendental entire function of reqular growth having
non zero finite type and Y 6 (a;h) 4+ d (co;h) = 2 such that py (g) < oo,

a#oo

0< Ay <pn(f)<ooanday(f)>0. Then

lim inf

log T}, "Tyeg(r) _ pn(9) <1 + ka — ko6 (00; h))”h
oo Ty T (r) ~ @a(f)

14 k1 — k16 (o005 f)

where L (f) = W (a1, ag, ....ax,; ) and L (h) =W (ay, ag, ....ax,; h) .

Theorem 3.28. Let f be meromorphic with finite order, g be a transcen-
dental entire function with the maximum deficiency sum and h be a tran-
scendental entire function of reqular growth having non zero finite type and
Y20 (a;h) 40 (ocosh) =2 with 0 < Ay < pp (9) < 00 and 71, (g) > 0. Then
a#oo

lim inf ——
roee T Trpg) ()

log T{leog(r) < P (9) (1 + ko — ko0 (o0 h)) o
O (9)

1+ ky — k10 (00; 9)

where L (g) = W (a1, ag, ....ax,;9) and L (h) = W (a1, ag, ....ax,; h) .

Finally we state the following four theorems without their proofs
as those can be carried out with the help of Lemma 2.9 and in the line of
Theorem 3.25, Theorem 3.26, Theorem 3.27 and Theorem 3.28 using the

concept of relative weak type:

Theorem 3.29. Let f be a transcendental meromorphic function with the

mazximum deficiency sum having non zero finite order and lower order. Also

let g be entire function and h be a transcendental entire function of reqular

growth having non zero finite type and > § (a;h) + 0 (c0; h) = 2 such that
a#o00

0< Ay <A (f) <pn(f) <ooandm,(f)>0. Then

(f) <1+k2—k25(oo;h))ﬂlh
(f) \1+ k1 — k16 (o0; f)

where L (f) = W (a1, ag, ....ax,; f) and L (h) = W (ay, ag, ....ax,; h) .

-1
lim inflog Th Trog(r) < Ph
Th

roo Ty Tri (r)
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Theorem 3.30. Let f be meromorphic with non zero finite order and lower
order, g be a transcendental entire function with the maximum deficiency
sum and h be a transcendental entire function of reqular growth having non
zero finite type and > d(a;h) + 6 (co;h) = 2 such that py (f) < 00, 0 <

aFoo

Ag < A (g) < oo and 7, (g) > 0. Then

1
hm Hlflog T};leog(r) < Ph (f) (1 + k2 - k2(5 (OO; h)) Ph
=00 TL_[}IL]TL[Q} (r) = 7m(g) \1+ k1 — k10 (c0;9)

where L (g) = W (a1, ag, ....ag,; g) and L (h) =W (a1, aq, ....ax,; h) .

Theorem 3.31. Let f be a transcendental meromorphic function with the

maximum deficiency sum having finite order. Also let g be entire function

and h be a transcendental entire function of regular growth having non zero

finite type and Y (a;h) + (oo h) = 2 such that pp (g) < 00, 0 < A, <
aFoo

An (f) < oo and 7, (f) > 0. Then

lim inf

log T}, 'Tyeg(r) _ pu(9) (1 + kg — kad (00; h))f’h
r—00 TIT[}L]TL[JC] (7“) - Th (f)

1+ ki — k10 (o0; f)

where L (f) = W (a1, ag, ....ag,; f) and L (h) =W (a1, ag, ....ax,; h) .

Theorem 3.32. Let f be meromorphic with finite order, g be a transcen-
dental entire function with the mazimum deficiency sum and h be a tran-
scendental entire function of reqular growth having non zero finite type and
Y. 0(a;h) +6(co;h) = 2 such that 0 < Ay < A\ (f) < pu(g) < oo and

a#00

Tn (g) > 0. Then

log T}fleOg(m < pn (9) (1 + kg — ka6 (00; h)) Ph
oo Ty Trig (r) ~ h(g) \ 1+ ki — kid (005 9)

where L (g) = W (a1, ag, ....ag,; 9) and L (h) =W (a1, aq, ....ax,; h) .
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