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Abstract. In this paper we consider the following problems:

(1) Which weakly Picard operators satisfy a retraction-
displacement condition? (2) For which weakly Picard operators
the fixed point problem is well posed? (3) Which weakly Picard
operators have Ostrowski property?

Some applications and open problems are also presented.
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0 Introduction and preliminaries

Let (X,—) be an L-space and f : X — X be an operator. By definition,
f is a weakly Picard operator (W PO) if the sequence {f"(z)},en converges
for all x € X and its limit (which may depend on z) is a fixed point of f.
If fis a WPO, then we consider the operator f> : X — X, defined
by, f>*(z) = nll_}rglo f™(z). We remark that the operator f* is a set retraction

of X on the fixed point set of f, F}.
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Each W PO generates a partition of X in the following way. Let

z* € Fyand X, = {2z € X | nh_}rgo f"(x) = 2*}. Then, X = U X+ Is a
z*eFy

partition of X. Moreover, f(X,+) C X,+, and X« N Fy = {z*}.

If fis a WPO and Fy = {z*}, then by definition, f is called Picard
operator (PO).

If (X,d) is a metric space, f: X — X isa WPO and ¢ : Ry — R,
is a function, then by definition f is a ¢-W PO iff,

(a) 1 is increasing, continuous at 0 and (0) = 0;
(b) d(z, f*(x)) < P(d(z, f(x))), V& € X.

We call the condition (b) a retraction-displacement condition.

Remark 0.1. The condition (b) can be presented (in terms of the partition,
X = U X,+) as follows

z*eFy
(b) d(z,z*) < Y(d(z, f(x))),V z € Xp=, V 2* € F.
The following notion is useful in our paper.

Definition 0.1. Let (X,d) be a metric space, f : X — X be a WPO and
0 <1< 1. By definition, f is an l-quasicontraction iff

d(f(x), f*(x)) < ld(z, f=(2)), V2 € X.

In the terms of the partition, X = U X+, the above condition takes
z*€Fy
the following form,

d(f(z),z") <ld(z,2"), Vo € Xy, V2" € Fy.

Remark 0.2. There are some relevant metric conditions which appear in
the W PO theory. Here are some of them:

(1) d(f*(z), f(z)) <ld(z, f(z)), V z € X, with some 0 <[ < 1.

(2) d(f(z), f(y)) < ld(z,y) + Ld(y, f(x)), ¥V x,y € X, where 0 <[ < 1,
L>0.

(3) min{d(f(z), f(y)),d(z, f(x)),d(y, f(y))} — min{d(z, f(y)), d(y. f(z))}
< ld(z,y), for all z,y € X, with some 0 <[ < 1.
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(4) There exists a function ¢ : X — R, such that, d(z, f(x)) < ¢o(z) —
p(f(z)), VrelX.

Remark 0.3. For more considerations on PO and W PO see: [38], [46], [3],
[9], [13], [33], [35], [37], [39], [44], [45], [47], [48], ...
In the paper [44] we have considered the following problems:

Problem 0.1. Which Picard operators satisfy a retraction-displacement con-
dition ¢

Problem 0.2. For which Picard operators the fized point problem is well
posed ?

Problem 0.3. Which Picard operators have the Ostrowski property ¢

In this paper we shall consider these problems in the case of weakly
Picard operators. The structure of the paper is the following:

1. Main results

2. Graphic contractions

3. Berinde operators

4. Caristi operators

5. Applications

6. Other research directions

Throughout this paper the notations and terminologies in [44], [48] and

[33] are used.

1 Main results

The following results are fundamental to study the problems stated in §0.

Theorem 1.1. Let (X,d) be a metric space and f: X — X be an operator.
We suppose that:

(a) fis a WPO

(b) There exists ¢ > 1 such that:

Wag(e) =Y d(f"(x), [ (x)) < cd(x, f(z), Vo € X.

neN

Then we have:
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(1) d(z, f*(x)) < cd(z, f(z)), Vz e X, ie., fisac-WPO.

(2) z* € Ff, yn € Xo=, d(Yn, f(yn)) = 0 = y,, — ¥, i.e., the fized point
problem for f is well posed.
If in addition, 1 < ¢ %, then we have:

<
(3) d(f(x), f>*(z)) < Sd(z, f>(x)), YV z € X, i.c, [ is a quasicontrac-

tion.

(4) z* € Fy, yn € Xow, d(Ynt1, f(yn)) = 0 = y, — ¥, ice., [ has the
Ostrowski property.

(5) Let Y C X be a bounded subset with, f(Y) CY and Fy CY. Then,

() =F
neN
Proof. (1). d(z, f*(z Zd YD) 4+ d(f (@), f2(x), YV @ €
X,VneN. Forn—)oowehavethat
d(z, f*(z)) < Wys(x), VoeX.

From the condition (b) we have (1).
(2). It follows from (1).

(3).

d(f(z), [*(2)) < Was(f(2)) = Was(2) = d(z, f(z)) < (¢ = 1)d(z, f(2)) <
< (e = Dd(z, () + (¢ = Dd(f (), [=(x))-

So, d(f(x), f>(x)) < §=d(x, f*(2)),V z € X.
(4).

A(Ynt1, ") < d(Yns1, f(yn)) +d(f(yn), ") <
< i, S ) + (g, ) <

2
< i, S ) + 5, S )+
bt (520 dn S + (5= ) dima)

Now, the proof follows from a Cauchy (or a Toeplitz) lemma.
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(5). Since f is a W PO we have, X = U X+ Let y € X,». From (3)

a:*EFf
we have .
* C_ *
d(f(y),2") < 5—d(y,z").

From this inequality we have that

Cc

(Y ) ) < (52

1 n
) (Y N Xy, {z*}) — 0asn — oc.
c

So, () f"(Y' N X,e) = {2}, and () f"(V) = Fy. O

neN neN

Theorem 1.2. Let X be a nonempty set, d and p be two metrics on X and
f: X — X be an operator. We suppose that:

(a) f:(X,p) = (X,p)is WPO.

(b) There exists ¢ > 1 such that

Do), [ (@) < epla, f(x), Y x € X

neN

(¢) There exists c1,co > 0 such that

ad(z,y) < p(z,y) < cd(z,y), V o,y € X.

Then we have:

(1) da. (@) < Zed(e. f(z)), ¥ @ € X.

(2) The fized point problem for f is well posed in (X, d).
If in addition 1 < ¢ < %, then we have:

(4) f has the Ostrowski property in (X, d).

(5) LetY C X be a bounded subset in (X,d), with f(Y) CY and Fy C Y.
Then,

(/) =Fy.
neN
Proof. From (c) we have that f: (X,d) — (X,d) is a WPO with (1).
(2), (4) and (5) follow from the invariance of these properties with respect
to a strongly equivalent metric (see [33]). O
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2 Graphic contractions

One relevant class of W PO is that of orbitally continuous graphic contrac-
tions (see [24], [38], [46], [3], [16], [19], [37], [39], ...). Let (X, d) be a metric
space, f: X — X be an operator and 0 <[ < 1. Then by definition f is a
graphic [-contraction iff,

d(f*(x), f(z)) < ld(z, f(x)), ¥z € X.
For this class of operators we have,

Theorem 2.1 (Saturated principle of graphic contraction). Let (X, d) be a
complete metric space and f : X — X be a graphic l-contraction. Then we
have:

(i) {f"(x)}nen converges, V x € X and Y _d(f"(z), f"(x)) < +oo,
Ve X. "
If in addition, lim f(f"(x)) = f(lim f"(z)),V « € X, then,
(it) Fy=Fm #0,VneN,
1s a WPO.

)
(i) f
(iv) d(z, f*(z)) < t5d(z, f(z)), ¥ 2 € X.
(v)
(vi) If 1 < %, then

The fized point problem for f is well posed.

d(f(x), f=(x)) <

ld(m, f<(x), VoelX.

(vii) Ifl < %, then the operator f has the Ostrowski property.
(viii) Letl < 5. IfY € By(X), f(Y) CY and Fy C Y, then,

) =F
Proof. ( Zd [ (x (Zl") = :d(w f()).

(79)-(477). This is the graphic contraction principle.
(1v)-(viii). Follow from Theorem 1.1. O
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Remark 2.1. In some variants of graphic contraction principle the operator
f is continuous, or with closed graph, or orbitally continuous.

Remark 2.2. In Turinici [51], an operator f : (X,d) — (X,d) is called
Picard operator if the sequence {f"(x)} is convergent, for all x € X.

Remark 2.3. In Osilike [25], an operator f : (X,d) — (X, d) which satisfies
the condition,

> d(f (@), 1 (x)) < +oo, Vo€ X

neN

is called a good operator. In our paper we call such an operator, Weierstrass
operator and we use the notation,

Wag(e) =Y d(f"(x), [*H ().

neN
From Theorem 2.1 and Theorem 1.1, we have:

Theorem 2.2 (Saturated principle of quasicontraction). Let (X, d) be a met-
ric space and f: X — X be an operator such that:

(1) f is WPO.
(2) f is an l-quasicontraction.
Then we have:
() d(z, f>*(x)) < t5d(z, f(z)),V z € X.
(v) The fized point problem for f is well posed.
(vii) Ifl < %, then the operator f has the Ostrowski property.
) Letl < % IfY € B(X), f(Y)CY and Fy C Y, then,

(viii

() () = Fy.

neN

From the Theorem 1.2 and Theorem 2.1, we have:

Theorem 2.3. Let X be a nonempty set, d and p be two metrics on X. We
suppose that:

(1) f is a graphic l-contraction with respect to the metric p.



138 JIoan A. Rus An. U.V.T.

(2) (X, p) is a complete metric space.

(3) There exists ¢y, co > 0 such that:

crd(w,y) < p(r,y) < cod(z,y), V o,y € X.

Then we have:
(1) f is a Weierstrass operator in (X, d).

If in addition, in the metric space (X, p) we have

Tim f(f"(2)) = f(lim f"(2)), ¥V z € X,
then,

(ii) Fy = Fpa 0,V n € N*,

(iii) f(z) > f=(z) € F.

(iv) d(z, f*(2)) < ;Egdz, f(2), V2 € X.

(v) In (X,d), the fized point problem for f is well posed.
(vii) If1 <L, then f has the Ostrowski property in (X, d).

)

(viii) Letl < 5. IfY € P(X,d), f(Y)CY and F; C Y, then,

N ry)=F

neN

3 Berinde operators

In [2], V. Berinde considered the following class of operators.
Let (X,d) be a metric space, f : X — X be an operator, 0 <[ < 1
and L > 0. The operator f is called (I, L)-almost contraction iff,

d(f(z), f(y)) <ld(z,y) + Ld(y, f(x)), V z,y € X.

In this paper we call such an operator, (I, L)-Berinde operator. For
more considerations of this class of operators see also: [7], [3], ...
In our paper we need the following properties of a Berinde operator.
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Lemma 3.1. If f is an (1, L)-Berinde operator then f is a graphic l-contraction.
So, the Picard iterations are convergent and f is a Weierstrass operator.

Lemma 3.2. For a Berinde operator f we have that:

lim f(f"(x)) = f(lim_f"(x).

n—oo

From Theorem 2.1 and the above remarks, we have the following results:

Theorem 3.1 (Saturated theorem of Berinde). Let (X,d) be a complete
metric space and f : X — X be an (I, L)-Berinde operator. Then we have:

(1) f is a Weierstrass operator.
(it) Fy=Fpm #0,VneN.
(tii) f™(z) = f*(x) € Ff,Vx € X, ie., fis a WPO.
(v

(vi) Ifl < , then f is an ﬁ—quasicontmctz’on.

The fized point problem for f is well posed.

)
)
) [

() f is a 15-WPO.
)
)

(vii) If1 < , then [ has the Ostrowski property.
)

(viit) Letl < . IfY e B(X), f(Y)CY and Fy C Y, then,

)=

neN

Theorem 3.2 (Saturated theorem of Berinde, with respect to a strongly
equivalent metric). Let X be a nonempty set, d and p be two metrics on X
and f: X — X be an operator. We suppose that:

(a) (X,p) is a complete metric space.

(b) There exist c1,co > 0 such that,
ad(z,y) < p(z,y) < cpd(z,y), ¥V 2,y € X,

(¢) fis an (I, L)-Berinde operator with respect to the metric p.

Then we have the conclusions (i)-(v) and (vii)-(viii) in Theorem 3.1, with
respect to the metric d and with
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(iv) [fis a fF7-WPO in (X, d).

Proof. From Theorem 2.1 we have the conclusions (i)-(viii) in (X, p). From
the results given in Petrugel-Rus-Serban [33], we have the proof. O

Remark 3.1. From the above considerations the following questions rise:

Problem 3.1. Which metric conditions imply the graphic contraction con-
dition ?

Problem 3.2. Which metric conditions which imply the convergence of Pi-
card iteration imply the condition

lim f(f"(z)) = f(lim f*(z)) ?

n—00 n—oo
Example 3.1. In [13], L.B. Ciri¢ gives the following result (see also [27]).

Theorem 3.3. Let (X,d) be a metric space and f: X — X be an orbitally
continuous operator. We suppose that:

(1) (X,d) is f-orbitally complete, i.e., every Cauchy sequence of the form
{f(x)}, z € X, converges in X.

(2) There exists 0 <1 < 1 such that:

min{d(f(x), f(y)), d(z, f(x)),d(y, f(y))} — min{d(z, f(y)),d(y, f(x))}
< ld(z,y), for allx,y € X.

Then, {f"(z)} converges to a fized point of f.

Now, the proof of Ciri¢ theorem reads as follows.

Ciri¢ metric condition implies that f is a graphic [-contraction. This
implies the convergence of the Picard iterations. The orbitally continuity of
f implies that the limits are fixed points of f. Moreover we have also the
conclusions (iv)-(viii) in Theorem 2.1.

4 Caristi operators

An operator f : (X,d) — (X,d) is a Caristi operator if there exists a func-
tional ¢ : X — R, such that,

d(z, f(x)) < p(x) —o(f(2), VreX

The following result is well known (see for example, [10]).
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Lemma 4.1. An operator [ : (X,d) — (X,d) is a Caristi operator iff f is a
Weierstrass operator, i.e.,

War(z) =Y d(f*(x), [ (2)) < 400, V2 € X

neN

If f is a @-Caristi operator, then,
Was(x) < p(z), VoelX.

From Lemma 4.1 it follows that the graphic contractions, Berinde
operators and Ciri¢ operators are Caristi operators.
For the class of Caristi operators we have:

Theorem 4.1. Let (X,d) be a complete metric space and f : X — X be a
p-Caristi operator. Then we have that:

(7) {f™(z)} is convergent for all x € X and f is a Weierstrass operator
with, Wy r(z) < ().

If in addition, nlgrolo f(f"(z)) = f(nhﬁrrolO f"(z)), Ve X, then:
(it) Fr=Fm #0,V neN-.
(i13) fM(x) = f>(x) € Fy, Vo e X.

(iv) If p(z) < cd(z, f(x)), ¥V x € X, for some ¢ > 1, then f is -W PO,
with Y(t) = ct, t > 0.

(v) If p(z) < cd(zx, f(x)), V x € X, for some ¢ > 1, then, the fixed point
problem for f is well posed.

(vi) If p(z) < cd(z, f(x)), V x € X, for some ¢ €]1,3 then [ is a &-
quasicontraction.

(vii) If v is as in (vi), then the operator f has the Ostrowski property.

(viii) Let  be as in (vi). IfY C X is bounded, f(Y) CY and Fy C Y, then,
() ()= Fy.
neN

Proof. Follows from Theorem 1.1. O

Remark 4.1. Let X be a nonempty set, d and p be two strongly equivalent
metrics and f : X — X be an operator. Then the following statements are
equivalent:

(1) f is a Caristi operator in (X, d).

(2) f is a Caristi operator in (X, p).
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5 Applications

5.1 Data dependence of fixed points under operator perturbation

Let (X,d) be a complete metric space, f,g: X — X be two operators. We
suppose that Fy # (), F, # () and there exists n > 0 such that d(f(z), g(x)) <
n, ¥V x € X. The problem is to estimate, Hy(Fy, Fy), where H, is the func-
tional of Pompeiu-Hausdorff. In terms of W PO theory a result for this
problem is the following (see [37], [38], [46], [48], [3], ...).

Theorem 5.1. Let (X,d) be a metric space and f,g : X — X be two
operators. We suppose that:

(a) f and g are o-W PO.
(b) There exists n > 0 such that,
A(f(x),g(x) <. ¥z € X.

Then, Hy(Fy, F,) < ¥(n).

From this general result we have some results on data dependence
in the case of graphic contractions, Berinde operators, Ciri¢ operators and
Caristi operators, for example.

5.2 Ulam stability of fixed point equations

Let f : (X,d) — (X,d) be an operator. By definition, the fixed point
equation

v = f(2) (5.1)
is Ulam-Hyers stable if there exists a constant c¢; > 0 such that: for each
€ > 0 and each solution y* € X of the inequation

d(y, fy)) < e (5.2)
there exists a solution z* of the equation (5.1) such that
d(y*,z*) < cye.
For this notion of stability we have:

Theorem 5.2. Let (X,d) be a metric space. If f: X — X is a ¢-W PO,
then the equation (5.1) is Ulam-Hyers stable.

For this result and for other Ulam stabilities such as: generalized
Ulam-Hyers stability, Ulam-Hyers-Rassias stability, see [43], [33], [48], ...
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5.3 Abstract Gronwall lemmas

One relevant application of W PO is in the abstract Gronwall lemma theory.
For example we have:

Lemma 5.1. Let (X,<,—) be an ordered L-space and f : X — X be an
operator. We suppose that:

(a) f is a WPO.
(b) £ is increasing.
Then we have that:
(1) < f(2) =z < f().
(2) © > f(z) = x> f*(z).

In terms of the partition of X, X = U X+, generated by f, the conclusions
:L‘*EFf

(1) and (2) take the following form:
(1) z€ Xpv, o < f(z) = x < a*, 2" € Fy;
(2) z€ Xpe, x> f(z) = x> 2%, 2* € Fy.
For abstract Gronwall lemmas and for concrete Gronwall lemmas in
terms of W PO see: [40], [38], [46], [20], [22], [48], ...
5.4 Differential, integral, functional differential and functional in-
tegral equations

As basic references in this direction we mention the following: [41], [54], [1],
[14], [15], [17], [20], [22], [23], [26], [37], [38], [45], [49], [52], [53], ...

6 Other research directions

6.1. What does it mean Saturated principle of fiber W PO 7
References: [49], [50], [46], [48], ...

6.2. What does it mean nonself W PO 7

Take as examples: nonself Berinde operators and nonself Caristi oper-
ators.

References: [6], [9], [11], [16], [24], ...
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6.3. To extend the results of our paper to the case of multivalued operators.
References: [30], [31], [16], [19], [34], ...

6.4. To study similar problems in the case of generalized metric spaces:
d(z,y) € RY; d(z,y) € s(R}); d(z,y) € K, where K is a cone in an
ordered Banach space, ...

References: [4], [15], [18], [35], [36], [46], ...
6.5. To study similar problems with respect to a convergent iterative algo-
rithm.
References: [3], [5], [8], [12], [21], [32], [42], ...
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