DOI: 10.1515/awutm -2016-0005 Analele Universitatii de Vest,

Il DE GRUYTER 1mi
DE ok Timisoara

G Seria Matematica — Informatica
LIV, 1, (2016), 73~ 86

Positive Solutions of a Nonlinear
Fourth-order Integral Boundary Value
Problem

Slimane Benaicha and Faouzi Haddouchi

Abstract. In this paper, the existence of positive solutions for
a nonlinear fourth-order two-point boundary value problem with
integral condition is investigated. By using Krasnoselskii’s fixed
point theorem on cones, sufficient conditions for the existence of
at least one positive solutions are obtained.

AMS Subject Classification (2000). 34B15; 34B18
Keywords. Positive solutions, Krasnoselskii’s fixed point the-
orem, fourth-order integral boundary value problems, existence,
cone.

1 Introduction

In this work, we study the existence of positive solutions of a nonlinear
two-point boundary value problem (BVP) for the following fourth-order dif-
ferential equation:

W"(8) + Fu(t)) =0, t € (0,1), (1.1)

where
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(H1) f € C([0,00),[0,00));
(H2) a € C([0,1],[0,00)) and 0 < [ a(s)ds < 1.

Fourth-order ordinary differential equations are models for bending or de-
formation of elastic beams, and therefore have important applications in
engineering and physical sciences. Recently, the two-point and multi-point
boundary value problems for fourth-order nonlinear differential equations
have received much attention from many authors. Many authors have stud-
ied the beam equation under various boundary conditions and by different
approaches. In 2009, Graef et al.[5] considered the fourth order three-point
boundary value problem

u"(t) = g(t) f(u(t)), t € (0,1), (1.3)
together with the boundary conditions
u(0) ='(0) =" (B8) =u"(1) = 0. (1.4)

In 2006, Anderson and Avery [2], studied the following fourth order right
focal four-point boundary value problem

u"(t) + f(u(t) =0, 0 <t <1, (1.5)

u(0) =u'(q) = u"(r) =u" (1) = 0. (1.6)

In 2011, Xiading Han et al.[6], considered the nonlocal fourth-order bound-
ary value problem with variable parameter

u"(t) + B(t)u"(t) = Mf(t,u(t),u"(t)), 0 <t <1, (1.7)

u(0) = u(l) = /0 p(s)u(s)ds, u"(0) =u"(1) = /0 q(s)u”(s)ds.  (1.8)

In 2013, Yan Sun and Cun Zhu [14], considered the singular fourth-order
three-point boundary value problem

u"(t) + f(tu(t) =0, 0<t <1, (1.9)

w(0) = u'(0) = u"(0) =0, v (1) — au(n) = \. (1.10)

In 2014, Xiaorui Liu and Dexiang Ma [10], considered the third-order two-
point boundary value problem

u"(t) 4+ f(u(t) =0, 0 <t <1, (1.11)
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£ (0) = w/(1) = 0, u(0) :/0 k(s)u(s)ds, (1.12)

and in 2015, Wenguo shen [13], studied the fourth-order second-point non-
homogeneous singular boundary value problem

u"(t) +a(t) f(u(t)) =0, 0 <t <1, (1.13)

w(0) = a, u(l) =8, «'(0) =\, u/'(1) = —p. (1.14)

For some other results on boundary value problem, we refer the reader to
the papers [1,3,4,7,8,11,12,15-19]. To the authors’ knowledge, there are
few papers that have considered the existence of solutions for fourth-order
two-point boundary value problem with integral condition. Motivated by the
works mentioned above, the aim of this paper is to establish some sufficient
conditions for the existence of at least one positive solutions of the BVP (1.1)
and (1.2).

We shall first construct the Green’s function for the associated linear
boundary value problem and then determine the properties of the Green’s
function for associated linear boundary value problem. Finally, existence
results for at least one positive solution for the above problem are estab-
lished when f is superlinear or sublinear. As applications, some interesting
examples are presented to illustrate the main results.

2 Preliminaries

We shall consider the Banach space C([0,1]) equipped with the sup norm

lull = supejo,]u(t)]

Definition 2.1. Let E be a real Banach space. A nonempty, closed, convex
set K C E is a cone if it satisfies the following two conditions:

(i) x € K, A\ >0 immply \v € K;

(i) x € K, —x € K imply x = 0.

Definition 2.2. An operator T : E — E is completely continuous if it is
continuous and maps bounded sets into relatively compact sets.

To prove some of our results, we will use the following fixed point theorem,
which is due to Krasnoselskii’s [9].
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Theorem 2.1. [9]. Let E be a Banach space, and let K C E, be a cone.
Assume that €1 and Qo are open subsets of E with 0 € 2, Q1 C Qy and let

A KN B\ = K

be a completely continuous operator such that
(i) |JAu|| <|lul|, v € KNOQy, and ||Au|| > ||u]|, v € K NOQy; or
(i) [[Aul| > ||u||, v € KNOQ, and || Au| < |ul|, v € K NOQy.
Then A has a fized point in K N (Qy \ ).

Consider the two-point boundary value problem

u"'(t) +y(t) =0, t € (0,1), (2.1)

Lemma 2.2. The problem (2.1)-(2.2) has a unique solution

u(t) = /0 1 (Gt.s) + 1ia /0 LG, )dr )y(s)ds,

where G(t,s) : [0,1] x [0,1] — R is the Green’s function defined by

1 {t3(1—3)2—(t—3)3, 0<s<t<1; (2.3)

G(t,s) = =
(t,5) t3(1 — s)?, 0<t<s<l1,

6
o= /0 ety

Proof. Integrating (2.1) over the interval [0,¢] for ¢ € [0, 1], we obtain

and

t
() = — /0 y(s)ds + Ci,

u'(t) = — /Ot(t — 5)y(s)ds + Cit + Cy,

1 [7 1
u'(t) = —5/0 (t — 8)*y(s)ds + 501752 + Cot + Cs,

¢ 1 1
u(t) = ——/ (t — 8)3y(8)d$ + 601t3 + §CQt2 + Cst + Cy. (24)
0
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From the boundary conditions (2.2) we get
1
Co=0C3=0, Cy = / (1 —s)%y(s)ds,
0

and

04 = U(O)

Replacing these expressions in (2.4), we get

u(t) = _é/o (t — s5)%y(s)ds + ét?’/o (1 —s)%*y(s)ds

—}-—6(1 1_ ) [/01 a(T)T?’(/Ol(l — s)2y(s)ds) dr
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1

= [ [Pa -t w4 § [ Pa- oyt

T / (s /OT“W 71 )2 = (7 = )*|y(s)ds

Jré /T1 a(T)T*(1 — s)2y(s)d3> dr

_ /01 G(t, s)y(s)ds + lia/ol (/Ola(T)G(T,S)y(S)dS)dT
_ /0 1 (G, 3)+% /O 1a(T)G(T,S)dT)y(8)dS.

Lemma 2.3. Let 0 €]0, 5[ be fized. Then

(i) G(t,s) >0, forallt,sel0,1];

(it) $03s(1 —s)> < G(t,s) < gs(1—s)%, forall (t,s) € [0,1—06] x[0,1].
Proof. (i) We will show that G(t,s) > 0, for all (¢,s) € [0, 1] x [0,1]. Since

it is obvious for ¢ < s, we only need to prove the case s < t. Now we suppose
that s < t¢. Then

G(t,s) = %[t?’u — ()] = é[t(t )= (t— s)?
> %[t(t 82— (t— 3)3} s
> <(t—sP[t— ()]
= %s(t —5)*>0

(i) If s <'t, from (2.3) we have

Glts) = [P 5P — (1= 5)°] 2 é[t?’(l — (=)

— [(t s — (t— 3)3]
(2.6)

s(1—1) [t2(1 )2 t(1— s)(t—8) + (t — 3)2}

IV
DR

t2(1 —t)s(1 — s)%
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On the other hand

G(t,s) — és(l _ 5= ét3(1 — 52— %(t — s - és(l —s)?
_ é3<—2t3+t33+3t2—3t5— 1+ 25)
- és(t —1)? [(s — 2)t + 25 — 1} (2.7)
< és(t _1)? [(5 —9)t+ 2t — 1]
= %s(t —1)*(st—1) <0.

If t <s, from (2.3), we have

1 1
G(t,s) = 6153(1 —5)*> 67535(1 — 5)?, (2.8)
and,
L s 21 3 2 _ 1 2
G(t,s) = Et (1—s)< g (1—s9)< 68(1 —5)~. (2.9)
Let
1] t< 1
t) = —min{t®, *(1 -t)} ==¢ .’ = 2

From (2.6), (2.7), (2.8) and (2.9) we have

~—

p(B)s(1— 52 < G(t,5) < és(l )2, forall (15) € [0,1] x [0, 1].
For 0 €]0, 1], we have
0° 2 1 2
Es(l —5)° <Gt s) < 63(1 — )%, for all (t,s) € [0,1—6] x[0,1].

]

Lemma 2.4. Let y(t) € C([0,1],[0,00)) and 6 €]0, 1. The unique solution
of (2.1)-(2.2) is nonnegative and satisfies

i t) > 6031 —
ter[él,i%]“()— (1—a+B)lul,

where f = felfe a(t)dt, a= fol a(t)dt.
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Proof. From Lemma 2.2 and Lemma 2.3, u(t) is nonnegative. For ¢ € [0, 1],
from Lemma 2.2 and Lemma 2.3, we have that

u(t) = /01 (G(t,s) + 1 ! /Ola(T)G(T, s)dr)y(s)ds

< é/013(1—5)2<1+ 1fa>y(3)d5’
1

- 60— /0 s(1 — s)%y(s)ds.

Then )
Jull < ﬁ / S(1— 5)%y(s)ds, (2.10)

and for ¢t € [0,1 — 0], we have

u(t) = /0 1 (G(t,s)+ﬁ /0 e S)dr )y(s)ds
1 1-6

03 1
> 3 [s(l —5)*+

/ s(1— S)QCL(T)CZT] y(s)ds

0 I—a Jy
2.11
L . $2(1+ i)y(s)ds o
6 Jo 1 -«
# 1—a+p8 [! )
= g . ﬁ ; S(]_ — S) y(S)dS
From (2.10), (2.11), we obtain
i > 03(1 — .
min (t) = 0°(1 = a+ §)]ul
n

Let 6 €]0, 1[. We define the cone

K= {u €001, R),uz0: min u(t) 2 #(1 - a+ﬁ)HUH},
te|0,1—

and the operator A : K — C[0,1] by

Aut) = /01 (Glr.s) + ! /01a(T)G(T,S)dT>f(u(3))d8. (2.12)

11—«
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Remark 2.1. By Lemma 2.2, problem (1.1), (1.2) has a positive solution
u(t) if and only if u is a fixed point of A.

Lemma 2.5. The operator A defined in (2.12) is completely continuous and
satisfies AK C K.

Proof. From Lemma 2.4, we obtain AK C K. A is completely continuous
by an application of Arzela-Ascoli theorem. ]

In what follows, we will use the following notations

e

We note that the case fy = 0 and f,, = oo corresponds to the superlinear
case and fp = oo and f,, = 0 corresponds to the sublinear case.

3 Existence of positive solutions

In this section, we will state and prove our main results.

Theorem 3.1. Assume that fo = 0 and foo = co. Then BVP (1.1) and
(1.2) has at least one positive solution.

Proof. Since fy = 0, there exists p; > 0 such that f(u) < eu, for 0 < u < py,
where € > 0 satisfies

€
— < 1.
6(1—a) ~

Thus, if we let
O ={ueC0,1]: [lul <pi},

then, for u € K N 0§, we have

Au(t) = 1 G(t,s) + ! 1a(7')G(7',8)d7' f(u(s))ds
[, (eeore =g |

—

<o [ (-9 T [ st sraar) sy
— S — S S — S)a\T)aT Jeuls)as
— 6/ 1—a/y
1 ! 3.1
<o el [ s spds .
6 1—-« 0
1 €
<l
6 1—a«

IN
=



82 S. Benaicha and F. Haddouchi An. U.V.T.

Therefore
|Aul| < ||u|l, ve KnNoQ.

Further, since fo, = 00, there exists py > 0 such that f(u) > du, for u > pa,
where 6 > 0 is chosen so that

59_6.(1_0‘—+ﬁ)

T - (1—29)( +6—6%) >

Let po = maX{Zpl, W%ﬁ)} and Qs = {u € C[0,1] : |Ju|| < p2}. Then
u € K N oSy implies that
min_u(t) > 0°(1 — a+ B)|ull = 6°(1 — a + B)p2 > pa,
te(6,1-0]
so, by (2.12) and for t € [, 1 — 6], we obtain

Au(t) :/0 < (t,s) + —/ G(T,s) dT)f(u(s))ds
> /el -’ [06 s(1—s)? + T—a /01 6 %33(1 - S)za(T)dT] du(s)ds

:§64120—3f0+ 0 )M$%

636 (1 — 1=0
=< %/H s(1 — s)*u(s)ds

3 . 1-6
> 0 1=a+h) min u(t)/ s(1 — s)%ds
6 1—a  tep,1-6 0
¢ (1—a+p)? 2
S AN S e A
> o0 UG ap) (- )
> [|ul

(3.2)

Hence, [|Aul| > [lul, v € K N dQ,. By Theorem 2.1, the operator A has
a fixed point in K N (£22 \ 1) such that p; < |jul| < po. O

Theorem 3.2. Assume that fo = oo and foo = 0. Then BVP (1.1) and
(1.2) has at least one positive solution.

Proof. Since fy = 0o, there exists p; > 0 such that f(u) > Au, for 0 < u < py,
where A > 0 is chosen so that

WO (Q—a+p)

1—26 60— 6% > 1.
36 1—a ( )<2+ )=
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Thus, for ©v € K N 0 with
O ={uel0,1]:|ul| <pi},

we have from (3.2)

Au(t) = /0 (o) +

/01 a(T)G(, s)d7’> f(u(s))ds
/91—0 [%33(1 —s5)°+ 1 /91_0 %33(1 — 5)2a(7)d7} Au(s)ds
(

v

1l -«
0° (1—a+B)? 1
Ao 2 (1 —20)(=+ 60— 0
> Ao (1 - 20)(5 4+ 0 — )l
> lull

Then, Au(t) > |jul| for t € [#,1 — 6] , which implies that
|Aul| > ||ull, we K nNosY.

Next we construct the set {25. We discuss two possible cases:
Case 1. If f is bounded. Then, there exists L > 0 such that f(u) < L.

Set Q9 = {u € C[0,1] : |Ju|| < p2}, where ps = max {Qpl, ﬁ}
If w € K N 0Qy, similar to the estimates of (3.1), we obtain

L /01 s(1— s)?ds (3.3)

1 -«
L
T < py = 3.4
L <=l (3.4
and consequently, ||Aul| < |jul], w € K N Q.
Case 2. Suppose that f is unbounded, since f,, = 0, there exists py > 0
(p2 > p1) such that f(u) < nu for u > py, where n > 0 satisfies
Ui
— < 1.
6(1—a) ~
On the other hand, from condition (H1), there is ¢ > 0 such that f(u) < no,
with 0 < u < ps.
Now, set Qo = {u € C[0,1] : |Ju|| < pa}, where py = max{c, pa}.
If w € K N0Qy, then we have f(u) < npy. Similar to (3.1), we obtain

Au(t) <

<

|~ O~

1 1
Au(t) < 5 177_p2a/ s(1 — s)%ds (3.5)
0
L nps
< . < — 3.6
< L, (36)

so, ||Aul| < |Jul], for u € K N 0Qy. Therefore by Theorem 2.1, A has at least
one fixed point, which is a positive solution of (1.1) and (1.2). O
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4 Examples
Example 4.1. Consider the boundary value problem
u"'(t) +ut(e T +1) =0, 0<t<1, (4.1)
u'(0) = /(1) =4"(0) =0, u(0) = /01 su(s)ds, (4.2)

where f(u) = u?(e™*+ 1) € C([0,00),[0,00)) and a(t) = t* > 0, fol a(s)ds =

fol s?ds = %
We have
2(,—u 1
lim £ gy CEHD
u—0+ U u—0+ u
2(,—u 1
u—+oco U u——+00 u

From Theorem 3.1, the problem (4.1) and (4.2) has at least one positive
solution.

Example 4.2. Consider the boundary value problem
")+ V1i+u+sinu=0, 0<t<]I, (4.3)

u'(0) = /(1) =4"(0) =0, u(0) = /0 su(s)ds, (4.4)

where f(u) = /1 + utsinu € C([0,00),[0,00)) and a(t) =t > 0, fol a(s)ds =

fol sds = %
We have
l f(u) y V14+u+sinu
u—0+ U o ui%l-‘r u B ’
f(u) . V1+u+sinu
1 =’ = lim =0.
u—+oo U u——+00 u

Therefore, by Theorem 3.2, the problem (4.3) and (4.4) has at least one
positive solution.
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