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Abstract. We present a local convergence analysis of an eighth-
order method for approximating a locally unique solution of a non-
linear equation. Earlier studies such as have shown convergence of
these methods under hypotheses up to the seventh derivative of the
function although only the first derivative appears in the method.
In this study, we expand the applicability of these methods using
only hypotheses up to the first derivative of the function. This
way the applicability of these methods is extended under weaker
hypotheses. Moreover, the radius of convergence and computable
error bounds on the distances involved are also given in this study.
Numerical examples are also presented in this study.
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1 Introduction

In this study, we are concerned with the problem of approximating a locally
unique solution ¢ of equation

flx) =0, (L1)

where f: D C S — S'is a differentiable nonlinear function and D is a convex
subset of S and S is R or C. Newton-like methods are famous for finding the
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solution of (1.1). The study about convergence matter of iterative procedures
is usually based on two types: semi-local and local convergence analysis.The
semi-local convergence matter is, based on the information around an initial
point, to give conditions ensuring the convergence of the iterative procedure;
while the local one is, based on the information around a solution, to find es-
timates of the radii of convergence balls. There exist many studies which deal
with the local and semi-local convergence analysis of Newton-like methods
such as [1-24].

Third-order methods such as Euler’s, Ostrowski’s square root, La-
guerre’s method [16] require the computation of second-derivative f” at each
step, which in general is very expensive. That is why many authors have
developed and analyzed higher order multipoint methods [20]. In this paper,
we introduce the method defined for each n =0,1,2,... by

— f(@n)
U = @0 = o
) (Fla) £ 1)
tn =Y = T (Flom) + (B = 21 () (12
X 1= t, — (5H3(tn)
n+ n f/(tn) )

where zg is an initial point, 5, 0 € S are parameters. Here, f[z,y] denotes
a divided difference of order one for f at the points x,y and

(tn — yn>2(tn — Tp) (tn — yn)(@n — tn)
(Yn — @) (zp, + 2yn — 3tp) T + 2yn — 3tn
(tn — yn)3
Yn — Tn) (T + 2yn — 3tn)

H3(t,) = f(zn) + f,(xn) + f/(tn)

- f[xna yn] (

The first two steps of method (1.2) are same as that of King’s family. Notice
that King’s class of methods can be obtained from method (1.2), if § = 0.
Moreover, if 6 = 1, we obtain methods proposed in [18] and [19].

From a computational point of view, the method (1.2) attains eighth-
order of convergence using only four functional evaluations, viz. f(x,),
f'(zn), f(yn) and f(t,), per iteration. Therefore, optimal efficiency in-
dex [24] of the proposed class is F = v/8 ~ 1.682. Earlier studies showed
the eighth-order of convergence of method (1.2) using Taylor expansions and
hypotheses reaching up to the seventh derivative of the function f. These
hypotheses limit the applicability of method (1.2).

As a motivational example, define function f on X = [—%, g] by

fz) =

r3Inz? + 25 — 24, x # 0,
0, = 0.
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Let £ = 1. We have that
f'(z) = 32% In2? + 52t — 4% 4 222
f"(z) = 6xIna? + 202° — 122% + 10z,
f"(z) = 61Inz* + 602* — 242 + 22.

Then, obviously function f does not have bounded third derivative in X.
Notice that, in particular there is a plethora of iterative methods for approx-
imating solutions of nonlinear equations on X. These results show that if
initial point zg is sufficiently close to the solution &, then the sequence {xz,}
converges to £&. But how close to the solution &, the initial guess zy should
be? These local results give no information on the radius of convergence ball
for the corresponding method. We address this question for method (1.2) in
Section 2. The same technique can be used to other methods. In the present
study, we extend the applicability of these methods by using hypotheses up
to the first derivative of function f and contractions. Moreover, we avoid
Taylor expansions and use instead Lipschitz parameters. This way we do
not have to use higher order derivatives to show the convergence of these
methods.

The rest of the paper is organized as follows: In Section 2, we present
the local convergence of method (1.2). The numerical examples are presented
in the concluding Section 3.

2 Local convergence analysis

We present the local convergence analysis of method (1.2) in this section.

Let U(v, p) and U(v, p) denote the open and closed balls in S, respec-
tively, with center v € S and radius p > 0. Let Ly > 0, L >0, My >0, v >
0, B, 6 € Sand a € (0, %) be parameters. It is convenient for the local con-
vergence analysis of method (1.2) to define some functions and parameters.
Define functions on the interval [0, Lio) by

Lt
2(1 — Lot)’

Lo

gi1(t) =
q(t) Sttt M|B —2[g:(t),

@(t) =q(t) =1,

and parameter r; by
2 1

Y iy S
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Then, we have that g;(r;) = 1 and 0 < ¢1(¢) < 1 for each ¢t € [0,71). We
also get that ¢,(0) = —1 < 0 and ¢ (t) — oo as t — IL—; It follows from
the intermediate value theorem that function ¢;(¢) has zeros in the interval
(0, 7-)- Denote by r, the smallest such zero. Then, we have that ¢i(ry) =1

and0<q()<1foreacht€ [0,7,).
Case 1: r <r,.

Then, define functions on the interval [0,71) by

M2(1+Blgi(t))
(1= Lot)(1 — qt)

92(t) =

and ha(t) = go(t) — 1.

Then, we get that hy(0) = —1 < 0 and he(t) — oo as t — r; . Hence,
function hy has a smallest zero 5 € (0,74).
Case 2: 1, <r;.
Similarly, hy(0) = —1 < 0 and hy(t) — oo as t — r . Hence, function hy has
a smallest zero ry € (0,7,). Finally, in either case define functions

B 1 @’YM391 (t)*(1 + 18lg1(1))
() = t) + M| [+ = L1 1)
ayM?g1 () (14 [Blg1(t)) | aMoM3(1+ |8 — 1]gi(t) + |Blg1(t) )2]
(1= Lot)(1 —q(t)) (1= Lot)(1 — £¢4)(1 — g(1))?

and hg(t) = gg(t) —1.
Suppose that
M|S|(1 + MoM?) < 1.

Then, h3(0) = M|5|(1 + MyM?3) —1 < 0 and hs(t) — +o0o as t — r{ (under
case 1) or as t — r; (under case 2) . Denote by r3 the smallest such zero.
Set

r=min{ry,ra, 73,74}, (2.1)
Then, we have that
0<a(t) <1, (2.2)
0<q(t) <1, (2.3)
0<goft) <1, (2.4)

and
0 < gs(t), foreachte[0,7). (2.5)
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It is convenient to rewrite method (1.2) as

Un = Ty — f(zn)

" " ()
b T) () + 51 0)

! " f,<xn) (f(le) + (6 - 2)f<yn))7
Tpy1 =t — 6 (A + B, +C, + D,,)

where )
4 Tn,
An == f(@n)’
(th — $n)2(tn — Ty)

< Bn=- (yn - xn)(xn + 2y, — 3tn),
O, = — f(tn)(tn - yn)(xn - tn)
" ' (xn)(xp + 2yp — 3ty)

)
D, = flzn, ynl(tn — yn)3
\ fl(xn)( — Tp)(Tn + 2yn — 3tpn)
In view of the definitions of x,,y,, t,, B,, Cn, D, and by simple algebraic
manipulations, we can also write that

" flan)(f(zn) + ( ) ( ))2 (f $n) (ﬁ + 1)f( n)f(yn) + 3»3f(yn)2()27 .
" f’(ﬂﬁn)(f( ) (5 2)f ( )) ( ( ) (5 + 1)f( )f(yn) + 3ﬁf(yn)2 3
and
b Fltn; yn] (£(n)? + (8 = 1)F (n) () + B (9n)?)’

(2.9)
Next, we shall present the local convergence analysis of method (1.2)
using previous notations.

Theorem 2.1. Let f : D C S — S be a differentiable function. Suppose that
there exists a divided difference of order one f|-;-] : D x D — L(D), € € D,
Lo>0,L>0,My>0,M>0,v>0,8,0 €S and a € (0,%) such that

M|5|(1 + aMyM?) < 1, (2.10)

max{Bo,5 — 2v6} < |B] < 3+ 2V?2, (2.11)
f&) =0, f1(&#0, [f(O7' <, (2.12)

F @) f'(2n)?(f(@0) + (B = 2) f(yn))? (f(xn)? + (B + 1) f (@) f(yn) +38f(yn)?)
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F(O7(f' (@) = ()] < Lolz —¢&|,  for each x € D, (2.13)
[F @) (f' (@) = )l < Llw —yl,  for each z,y € Do = DNU(S, Lio),
(2.14)
I/ f(x)] < M,  for each x € Dy, (2.15)
If(6)  flz; ]| < My for each x,y € Dy (2.16)
and
U(¢r) <D, (2.17)
where the convergence radius r is defined in (2.1) and
o = A +o) (2.18)

\/((1 —a)(1-6a))?—ala—2)1+a)2—-(1—-a)(l-— 60¢)'

Then, the sequence {x,} generated by method (1.2) for zo € U(&, 1) —{&} is
well defined, remains in U(E,r) for each n = 0,1,2,... and converges to &.
Moreover, the following estimates hold

Yo — &l < g1(|lzn — ED]zn — & <z — €] <, (2.19)
It — &l < gallmn — &D|wn — €| < |20 — €], (2.20)

and
[Zp1 =& < g3(|zn — ED]an — €] < |20 — €], (2.21)

where the “g” functions are defined previously. Furthermore, for T € [r, L%),
¢ is the only solution of equation f(z) =0 in Dy :=U(&, T)N D.

Proof. We shall show estimates (2.19)—(2.21) using mathematical induction.
By hypothesis zg € U(§,7) — {£}, the definition of r and (2.13), we get that

/()7 (f (o) = F/(E)] < Lolag — €] < Lor < 1. (2.22)

It follows from (2.22) and the Banach lemma on invertible functions [7],[10],
[21], [22], [24] that f'(zo) # 0 and

1o N—1 g 1
(o) ' (E)] < m (2.23)

Hence, yo is well defined by the first sub-step of method (1.2) for n = 0. We
can write

Yo — & =m0 — & — f'(z0) " f(zo), (2.24)
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Using (2.2),(2.14),(2.23) and (2.24), we get that

Yo — &l < 2o — & — f'(x0) T (€)1,

1

< |f' o) SO SO E+ 0o = &)) = f'(x0)](wo — )db,

= g1(lzo — &])|wo — €] < [0 — €] <,
(2.25)
which shows (2.19) for n = 0 and yo € U(§, 7). Using (2.12), we can write
that

F(20) = f(x0) — F(€) = / FE+0(r0— €)) (w0 — E)dB.  (2.26)

In view of (2.15) and (2.26), we get that

1F/(€) o) < | /O FETH(E + 0o — &) (wo — €)db),

(2.27)
and similarly
/(&) f(yo)| < Mlyo — €. (2.28)
Then, by (2.16), we have that
|£'(€) ™" flzo, wol| < Molyo — €. (2.29)

Next, we shall show that f(x¢) + (8 — 2)f(yo) is invertible. Using (2.3),
(2.12), (2.13), (2.25) and (2.28), we get that

(@) o — ) [ w0) — £(©)  F(€)(m— &)+ (8~ Do)l
< fro — €7 (ko — € + 15 — 2/ Mlyo — €])

; (2.30)
< fro — €17 (G2l — &1 + 18 — 20 Mg (w0 — &) o — €1
= q(|jzo — §]) < 1.
It follows from (2.30) that f(zo) + (8 — 2)f(yo) is invertible and
L 1
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It follows that ¢ is well defined from the second substep of method (1.2) for
n = 0. Then, using (2.4),(2.23),(2.27), (2.28) and (2.31), we have that

S ) o) f'(€) " (f (o) + B (o))

E) 71 f (o) f/(§) 1 (f(w0) + (B —2) f(v0))

M|y = &|(lzo — & + |B]lyo — &)

(1 — Lolzo — &])|zo — &](1 — ¢(Jzo — &) (2.32)
M?(|zo — €]+ 1B8lgr (|0 — &])]wo — & o — €]

(1= Lolzo — &])]zo — €1 — q(Jzo — €) | "

= g2(Jzo = &|)|wo — &] < |0 = &| < 1,

B

Ito—£!§|y0—5|+|f,(

<lyo — &l +

1+

which shows (2.20) for n = 0 and t, € U(&, r).
Next we need estimates on |Agl|, |Bo|, |Co| and |Dy|. Suppose f(xq) #
0. Consider the expressions f2(xo)+(8+1) f(xo) f(y0)+38f%(yo) and f(x)+

(8 — 1)£(w0) f (o) + BF(y0) as quadratic polynomials in f(y0) (or £(z0)).
Then, their discriminants are given, respectively by (32 —108+1) f?(x¢) and

(8% — 683 + 1) f?(xp), which are negative by (2.11). Hence,

2 (o) + (B +1)f(z0) f(yo) + 3B8f*(yo) > 0 (2.33)

and
F2(x0) + (8= 1) f (o) f (yo) + Bf*(y0) > 0 (2.34)
That is x; is well-defined. We also have by (2.33) and (2.34) that

f2(xo) + (B = 1) f(20) f(y0) + Bf*(w0)

P2 e0) + (5 1)) (wo) + 3672 (a0

_ f2(w0) + (B = 1) f (o) f (y0) + BS*(y0) “u (2.35)
f2(@o) + (B + 1) f(w0) f(vo) +38f*(yo) —
since (2.35) reduces to showing that
ala —2)3% 4+ 2(1 — a)(1 —6a)3 + (1 +a)* <0, (2.36)

which is true for 5 > [y ((2.11) and (2.18)). Hence, z; is well-defined by the
third substep of method (1.2) for n = 0. Then, using (2.6), (2.23) and (2.27),
we have that

|AO’ S M|J}0 - §| )
1 — Lo|zo — €]
By (2.7), (2.12), (2.23), (2.25), (2.28), (2.31) and (2.35), we have that

(2.37)
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ayM*yo — &|(|zo — €] + Blyo — £])°
2o — €] (1 — Ze0=Ely 5y — €2(1 — (2o — £]))?
_ oy Mg (|0 — €) (1 + Blgr (w0 — €D) 20 —¢]
(1 — B2y (1 — g(Jzo — €])) '

In view of (2.8), (2.12), (2.23), (2.25), (2.28), (2.31) and (2.35), we obtain
that

| Bol
(2.39)

Oyl < ay M3y — €| (lzo — ] + Blyo — &)

= (1= Lo|wo — &) |wo — &](1 = q(|wo — £]))

_ avMgi(wo = €N (1 + [Blg1 (|wo = &])) lzo — ¢
(1= Lolxo — &])|xo — €11 — q(|mo — £]))

Then, by (2.9), (2.12), (2.16), (2.23), (2.25), (2.28) (2.31) and (2.35), we
obtain that

(2.39)

G < aMoM* (|2 — &2 + 18 — 1[ao — Ellyo — €] + |Bllyo — €1%)°
= (1= Lo|ao — €])2|mo — £P(1 — g(|mo — £]))?
ay Mgy (|zo — € (1 + |Blg1(lzo — €])) 2o — €|
"~ (1= Lolwo — ) (1 — 22—z — €] (1 — (|0 — €]))?

Then, using the last substep of method (1.2) for n = 0, (2.5), (2.32) and
(2.37)—(2.40), we get in turn that

(2.40)

|21 —&| < [to — & 4 16| (| Ao| + | Bo| 4 [Co| 4 | Do|)

< gs(|0 — £])|zo — €] < |20 — €], (241)
which shows (2.21) and z; € U(§,r). By simply replacing xg, 4o, to, 1 by
Ty Yn, tn, Tny1 in the preceding estimates, we arrive at estimate (2.19)—(2.21).
Using the estimate |z, — &| < clz, — & < r, ¢ € g3(|lwg — &]) € [0,1),
we deduce that z,.; € U(£,7) and lim, .oz, = £. Finally, to show the
uniqueness part, let Q = fol fl(& + 0(¢ — &)do for some & € D; with
f(&) = 0. Using (2.8), we get in turn that

7O7HQ - 1O < R el < <, (2.42)

Hence, @ # 0. Then, from identity 0 = F'(§)— F(&1) = Q(§—&1), we conclude
that € = &. 0
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Remark 2.1. 1. It follows from (2.13) that condition (2.15) can be dropped,
if we set

M(t) =1+ Lot

or
1

M(t) =M =2, since t € [O,—).

Ly

2. The results obtained here can also be used for operators f satisfying
autonomous differential equations [7,10] of the form:

f'(x) = P(f(x)),

where P is a continuous operator. Then, since f'(z*) = P(f(z*)) =
P(0), we can apply the results without actually knowing z*. For ex-
ample, let f(z) = e — 1. Then, we can choose P(z) =z + 1.

3. The radius /1 = 2L0+L1
of Newton’s method [7]

was shown by us to be the convergence radius

Tpi1 =T — f(20) " f(22), for each n =0,1,2, ... (2.43)

under the conditions (2.12)—(2.14) on D, where L; is the Lipschitz
constant on D. We have that L < L; and Ly < Ly, so 77 < r. It
follows that the convergence radius r of the method (1.2) cannot be
larger than the convergence radius r; of the second order Newton’s
method (2.43). As already noted in [7], 7 is at least as large as the
convergence ball given by Rheinboldt [22]

2

’I"Rzg—Ll.

In particular, for Ly < L, we have that
rr <nm
and

LO
— 5 — — = 0.
1 3as Ll

That is our convergence ball 7; is at most three times larger than Rhein-
boldt’s. The same value of rz was given by Traub [24].
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4. Tt is worth noticing that method (1.2) is not changing when we use
the conditions of Theorem 2.1 instead of stronger conditions used in
[18]. Moreover, we can compute the computational order of convergence

(COC) defined by

() L)

|,

or the approximate computational order of convergence (ACOC) de-

fined by
& — I <Ixn+1 —:cn|>/1n( |0 = 0 )

|$n - In—1| |In—1 - xn—2|

This way we obtain in practice the order of convergence in a way that
avoids the bounds involving estimates using estimates higher than the
first Fréchet derivative of operator F. Notice also that the computation
of £ does not require knowledge of &.

3 Numerical examples

We present numerical examples in this section.

Example 3.1. Let X =Y =R, D = U(0,1). Define f on D by
flz) =¢e"—1.

Then, f'(x) = e” and £ = 0. We get that Ly = e—1 < L = 6%0, Ly = e,
My = M = e and v = 1. Then, for method (1.2) the parameters are:

r1 = 0.324947, ri = 0.382692, 7, = 0.07720896, r3 = 0.0411985456, r, = 0.29821099,

r = 0.0411985456.
Example 3.2. Let D = (—00, +00). Define function f on D by

f(x) =sinx.

Then, we have for ¢ =0 that Lo =L =L; = My =M =1and v = 1. Then,
for method (1.2) the parameters are:

71 =11 = 0.666667, ro = 0.336248, r3 = 0.331336, r, = 0.719224,r = 0.331336.
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Example 3.3. Returning back to the motivational example at the intro-
duction of this paper, we have that L = Ly = Ly = 146.6629073 and
My =M =2 and v = 3. Then, for method (1.2) the parameters are:

r1 =11 = 0.00454557, ry = 0.00130815, r3 = 0.00112564, r, = 0.0039941,

r = 0.00112564.
Example 3.4. Let X =Y = R and define function f on D = R by

f(x) = Bx — 7sin (z) — 9, (3.1)

where 3, 7, § are given real numbers. Suppose that there exists a solution
¢ of f(x) =0 with f'(£) # 0. Then, we have

_ bl oy s
18— cosé|’ |5 — 7 cos|

Then one can find the convergence radii for different values of 3, ¥ and 4.
As a specific example, let us consider Kepler’s equation (3.1) with 3 = 1,
0 <y <1land 0 < ¢ < 7. A numerical study was presented in [13] for
different values of 7 and 6.

Let us take ¥ = 0.9 and § = 0.1. Then the solution is given by ¢ =
0.6308435. Hence, for method (1.2) the parameters are:

L1:L0:

r1 =11 = 0.202387, ry = 0.0103345, r3 = 0.00588456, r, = 0.0986948,
r = 0.00588456.
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