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1 INTRODUCTION

Let A denote the class of all analytic function of the form
f(z) :z—i—Zanz", (1.1)
n=2

in the open unit disc U = { z: z € C; |z| < 1}. Let 8 be the subclass of A
consisting of univalent functions in U. We denote by 8*, € and X the familiar
subclasses of A consisting of functions which are respectively starlike, convex
and close-to-convex in U. Our favorite references of the field are [5,6] which
covers most of the topics in a lucid and economical style. The well-known
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example in these classes is the Koebe function, k(z) defined by

k(z) = a _22)2 =z+ an” (1.2)

The Bieberbach conjecture about the coefficients of the univalent func-
tions of the unit disc was formulated by Bieberbach [1] in the year 1916. The
conjecture states that for every function f(z) € 8, given by (1.1), we have
la,| < n, for every n. Strict inequality holds for all n unless f is the Koebe
function or one of its rotation. For many years, this conjecture remained
as a challenge to mathematicians. After the proof of | a3 |< 3 by Lowner
in 1923, Fekete and Szegd [4] surprised mathematicians by showing that the
complicated inequality

-2
|a3 —,ua%’ <1+ 2exp <ﬁ) )

holds and is best possible for each 0 < p < 1. Note that this coefficient region
was thoroughly investigated by Schaeffer and Spencer [23].

For a class of function in A and a real (or, more generally, a complex)
number p, the Fekete-Szegd problem is all about finding the best possible
constant C'(u) so that |az — pa3| < C(u) for every function in A. Many
papers have been devoted to this problem see [2,3,10,12,13,26]. In this
paper, we shall obtain Fekete-Szego bounds for the functions in the class
€7 (6).

For f and g analytic in U, we say that the function f is subordinate to
g if there exists a Schwarz function w, analytic in U with w(0) = 0 and
|lw(z)| < 1such that f(z) = g(w(z)) for z € U. We denote it by f(z) < g(2).
If g is univalent in U, then the subordination is equivalent to f(0) = ¢(0)
and f(U) C g(U). For the functions f(z) and g(z) belonging to A, we say
that f(z) is majorized by g(z) in U and write f(z) < g(z), (z € U), if there
exists a function ¢(z), analytic in U, such that

[¢(2)] < Landf(z) = ¢(2)g(2), (2 €U).

One of the very interesting generalization of the function class 8* is the so
called starlike functions of complex order v which satisfies the condition

(7

where ¢ € P, the class of functions with positive real part and we denote it
by 8,(¢). Similarly, let C,(¢) denote the class of functions in A satisfying

1
14 =

! - 1) <), (fEA),
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the condition

Lzf"(2)

1+; ) <¢(z), (feA).

Note that 8,(1 + z/1 — z) = 8, and C,(1 + 2/1 — z) = C, are the classes
considered by Nasr and Aouf in [14] and by Wiatrowski in [27].
The convolution or Hadamard product of two analytic functions f,g € A

where f(z) =24 > a,2" and g(z) = 2z + > b,2" is given by
n=2 n=2

(fxg)(z —z—{—Zanbz

Let A, be the class of functions f(z) of the form

z) =2 + Z a; 2’ (pe N=1{1,2,3,...}), (1.3)

J=p+1

which are analytic and p-valent in the unit disk U. Saldgean [21] has intro-
duced the following operator, which is popularly called the Salagean operator.

Df(z) = f(2),
D'f(z) = 2f'(2)

D"f(z) = D(D""'f(2)), (n€N).
Note that if f(z) € A,, then
D" f(z) =p"2" + Z j"a;2.
Jj=p+1

Let f(9(z) denote the g-order ordinary differential operator, for a function

f(z) € A(p),

(p>q, peN, geNy=NU{0}).

It can be easily seen that

D"f9(z) = (p—q)"

zpq—i- j—q)" a;27 7.
(p Z Q) !

Jj=p+1

Motivated by [20], we define the following.
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Definition 1.1. Let ¢(2) be analytic in U with ¢(0) = 1. A function f(z) €
A, is said to be in the class C}77(¢) of p-valently anlytic functions of complex
order v # 0 in U if and only if

1 [ D+l fa)(z)

14+ = | =J2 7
I WD)

(zelU, peN, n,ge Ng=NU{0}, veC—-{0}).

—p+a| < é(2), (1.4)

Remark 1.1. We note that by specializing the parameters n,p, ¢ and v , we
obtain several classes of analytic functions. Here we list few of them.

L. If p=1,q = 1, then the class €}7(¢) reduces to the class studied by
Attiya [8].

2. If we let ¢(z) = 2, then the class Cl7(¢) reduces to the class

introduced and studied by Aouf, Darwish and Attiya in [7].

Apart from the above, several other well known and new classes of analytic
functions can be obtained by specializing the parameters involved.

2 FEKETE-SZEGO INEQUALITY

To prove our result, we need the following Lemmas.

Lemma 2.1. [12] Let p(z) = 1+ ¢12 + o2 + - -+ is analytic function with
positive real part in U and v is complex number, then

lco — ved| < 2max {1,[2v — 1|},
the result is sharp for functions given by

1422 1+ 2

1_227 p(Z):l—Z

p(2)

Lemma 2.2. [12] Let p(z) = 1+ ¢12 + o2 + -+ - is analytic function with
positive real part in U,then

—4dv+2, if v <0
lco —vc?| < ¢ 2, if  0<wv<1; (2.1)
4o — 2, if v > 1.
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When v < 0 or v > 1 the equality holds if and only if p(z) = (14 z)/(1 — 2)
or one of its rotations. If 0 < v < 1, then the equality if and only if p(z) =
(1+ 2%)/(1 — 2*) or one of its rotations. If v = 0 the equality holds if and

only if
1 1 \1+=z 1 1 \1-=z
=(=+=9 —— = <9 <1
Pl2) (2+2)1—z+(2 2)1+z’(0— <D,
or one of its rotations.If v =1 the equality holds if and only if
1 1 1 \1+=z 1 1 \1-=
— ==+ 29 — — = <Y <1).
p(2) <2+2)1—z+(2 2)1—1-,27(0_ =1

Also the above upper bound is sharp and it can be improved as follows when
0<v<l1

lco — v |+ v|er]? < 2, 0<v<1/2),
lco — v |+ (1 — )| |* < 2, (1/2<wv<1).

Theorem 2.3. Let ¢(z) = 1+ Biz+ Bez? + - (By #0). If f(2) € €7 (¢),

then
where

—g+1D(p—q" B B
P—q+D—9q Bil {1; B o
—q+2)"tp+1)(p+2) 2 B,

2
|apro — pag 1| < |7 >

b — ((p —q+ D) 'p-q"p+1) ) Biy(p—a)"(p—q+2)" ' (p+2)
1 20— ¢ +2"(p +2) (p—q+ 1> p+1)

Proof. Let f(2) € C;7(¢), then there exists a Schwarz function w(z) in U
with w(0) = 0 and |w(2)| < 1 in U, such that

Dn+1f(q)(2)

W —p+q=0¢(w(z)). (2.2)

Define the function p(z) by

1+ w(z)

=L =l+eczte+---,z€eWU
1—w(z)

p(2)

Since w(z) is a Schwarz function, it can be easily seen that Re <%) > 0.
That is Re (p(z)) > 0 and p(0) = 1.
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Therefore

:gb(% [Clz—k (cz—cg) 22+ (63—01024—%?) 23+-~-]> (2.3)

1 1 2 1
=1 + §B1012 + |:§B1 (CQ — %) + ZBQC%:| Z2 —+ e

Now by substituting (2.3) in (2.2), we have

1 Dn—i—lf(q)(Z)
2 2 2 4

5 o)

1 1 2 1
~ —p+ q:| = 1+—31C12+ |:—Bl (CQ — C—l) -+ _BQC%‘| Z2+‘ c

From this equation, we obtain

(p —q+ 1)"_1(]) + 1>Clp+1 - 3161

Y(p—q)" 2

and

2p —q+ 2" P+ D+ Daps =g+ 1" Vp+1)%a,,

Yip—q+1)(p—qr v(p — q)*"
BlcQ _ 310% BQC%
2 4 4

Or equivalently
vBiei(p — )"
a =
T2 —q+ )+ 1)

and
R ol 9V Vi
T 2(p—q+ 2 p+1)(p+2)
3162 _ Blc% 4 BQC% I (p —( + 1)2(7“1)(}9 + 1)2a12)+1
2 4 4 ~ ‘
Therefore

Y —gqg+1)p—q)" <3102 _ B N Bzc%)
p—q+2)"'p+1)(p+2)

2 4 4
P—g+1D)* 'p—q"(p+1) VBici(p — ¢)*"
i ( 2p—q+2)"Hp+2) M) - (4(p —q+1)2D(p+ 1)2> '

2
Api2 — Ua =
P p+1 2(
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Or equivalently,

YBi(p—q+1)(p—q)"
p—q+2)"p+1)(p+2)

(pya — (024 = m (c2 — V}) (2.4)

where

— 2 gy (2.5)

and

b — ((p —q+ 1) 'p—q)"(p+1) ) Biy(p—a)"(p—q+2)"'(p+2)
1 2p—q+2"(p+2) =g+ p+1)

Our result now follows on application of Lemma2.1.
The result is sharp for the function

D () 2
and ()
D (2
D@y ptag=0¢(2).
This completes the proof of Theorem2.3. ]

Corollary 2.4. Let f(z) € A satisfy the inequality

1 [2f'(2)
1+ — —1 2.
a<Re{ +7[f(z) < B, (2.6)
then
- 27(1 — «) By
—ud?l < W—a) 1— I S 1. 1= 1 — B
|as—paz| < o cos| =55 Jmax b B1+< WYBi| ¢,
where
p_B-a, [1 - e2mi(-e)/(3-a))]
" nm
Proof. Let
_ 1 — 2mi((1-a)/(8-a))
o) =145 ailog( ‘ Z).
s 1—=2

Clearly, it can be seen that ¢(z) maps U onto a convex domain conformally
and is of the form

h(z) =1+ Z B,z"
n=1
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where B,, = ’6;:—:2 (1 — e2nmi(=a)/(5=))) "From the equivalent subordination
condition proved by Kuroki and Owa in [11], the inequality (2.6) can be
rewritten in the form

1 [2f'(2) }
1+ - [ — 1] < ¢(2).
v L f(2) )
Following the steps as in Theorem 2.3, we get the desired result. O]

Using the arguments similar to those detailed in the Corollary2.4, we have
the following result.

Corollary 2.5. Let f(z) € A satisfy the inequality

a < Re{l +% [ijl(/g)” < B,

then
laz — paj| <

—|7|?E?/_2_7r(l) \/1 — cos (%) max {1, % + (1 — gu> 7By

b

where

B, — p—a, (1 — 2nmi(-e)/(3-a))
nr

If welet n=0,p=1and ¢ =0 in Theorem2.3, we get the desired result.

Corollary 2.6. [19] Let ¢(z) = 1+ Byz + Bo2® + -+ with By # 0). If
f(z) € 8,(¢), then

B
ja — pad| < '7”2 ! e {1,
If welet n =1, p=1and ¢ = 0 in Theorem2.3, we get the following
result.

By
By

+ (1 =2u)vBy

The result is sharp.

Corollary 2.7. Let ¢(z) = 1+ Bz + Boz? + -+ with By # 0). If f(z) €
C,(¢), then

B B 3
|ag — pa3| < %mw{l, 'ﬁj + (1 - 5#) B,

The result is sharp.
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Theorem 2.8. Let ¢(2) = 1+ Biz+ Boz? +---(By > 0). If f(z) given by
(1.3) belongs to C7:7(4), then

29k, [B} + By — pyBiko],  if p < o1;
|apro — paz | < 2yBiki, iof o1 < S 09;
—29k; [BY + By — uBivks], if  p >0

where . B
= 1+=2+B
& vB1ks { * By * 1}
1 B,
- 1+ 2218
72 vBiks [ * By * 1}
by — P—a)"(p—q+2)!
dp—qg+2)"(p+2)(p+1)p—q)
and

20— q+2)"(p— )" (p+2)(p — q)!
(p—q+1)"2(p—q+2)

Proof. Applying Lemma 2.2 to (2.4) and (2.5), we can obtain our results. To
show that these bounds are sharp, we define the functions Ky, ,(n > 2) by

n+1 7-(q)
Re{1+ = [w —ptq } = p(").

7| DrEY(2)
Ky,(0)=0= K (0)—1,
and the functions F and Gg(0 < 5 < 1) by

ko =

1 [DF(2) 2(z+B)
Re{H? D FY(2) T ¢(1+62>
and o
1D0MG(R) _ M)
Re{H’V DG (z) p+q}_¢< 1+pz )7
Gs(0) = 0= Gj(0) — 1

Clearly, the functions Ky, , Fjg and G € C)7(¢). Also we write Ky 1= K,,
if 4 < o1 or p > 09, then the equality holds it and only if f is K, or one of
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its rotations.When o, < p < o9 then the equality holds if and only if f is
K4, or one of its rotations. p1 = oy then the equality holds if and only if f is
Fs or one of its rotations. p = oy then the equality holds if and only if f is
G or one of its rotations. This completes the proof of Theorem 2. O

If o1 < o < 09, then in view of Lemma 2.2, Theorem 2.8 can be improved.

Theorem 2.9. Let ¢(z) = 1+ Biz + Boz? + - (B > 0). If f(z) given
by(1.5) belongs to Cpl(¢) and o3 is given by

1 By
= B — .
73 vB1ks { ' Bl‘|

If o1 < pu < o3, then

1 B
2 2 2
|apra — pag, | + “Bik, {(1 - By) — 1 + M’}/Blkjg] g, q| < 2vBik:.

If o3 < u < 09, then

1 B
2 2 2
o — pay, | + Bk [(1 + B1) + T ,uvBlkg} a5, | < 2vBiky.

Taking n = 0, p =1 and ¢ = 0, we obtain the following result for the
functions belonging to the class C,(¢).

Corollary 2.10. (see [24]) Let ¢(z) = 1+ Byz+ Byz*+- -+ with By > 0 and
BQ Z 0. Let

_ VBi + (B2 — By)
2vB? ’

_ B} + (By+ By)

B2 70T '

2vB?

05 06

If f(2) given by (1.1) belongs to the class 8,(¢) with v > 0, then

2.2
AT -2 if  p<og

B if oy <p<os;

H
i)

|ag — paj| <

w|

“Bn o BR (oo if  p>os

Further, if o4 < p < og, then

o

By

1
|ag — paj| + 5~ [B1 — B2 — Biy(1 —2p)] |as]* < 5

2Bty
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If o6 < pu < 03, then

Bl’}/

|ag — paj| + [B1+ By + Biy(1 —2)] [aof* <

1
2B}y
The result is sharp.

Taking n = 1, p = 1 and ¢ = 0, we obtain the following result for the
functions belonging to the class C,(¢).

Corollary 2.11. (see [24]) Let ¢(z) = 1+ Byz+ Byz* + -+ with By > 0 and
BQ Z 0. Let
2[vB} + By — B o = 2[yB} + Bs + By s = 2[vB} + By
;X2 = ; =
B 7B R

X1 =
If f given by (1.1) belongs to the class C.(¢) with v > 0, then

Biy? .
2 A (-3 if ps<x
|ag — paz| < ¢ B2 . iof X1 S S Xe;
B .
S a1 B B TR €%

Further, if x1 < pu < x3, then

2 3 By
2 2 2
|a3—ua2]+% [Bl—BQ—Bl’}/ (1—§,u):| |a2] S?
If xo < pu < x3, then
2 3 B
2 2 2 17
oo = ] + g | Bt Bt B (1 5 hal? < 220

The result is sharp.

3 Application to Functions Defined by Fractional Deriva-
tives

In view of defining the extended fractional differintegral operator, we begin
by recalling here the following definitions.

The hypergeometric function which is the solution of the homogeneous
hypergeometric differential equation

2(1—2)w (2) + [c—(a+b+1)z] w'(z) — abw(z) = 0
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is one of the most important special functions, because of its many con-
nections to other classes of special functions, its numerous identities and
expressions in terms of series and integrals.

For parameters a, b, ¢ € C, with ¢ # 0, —1, =2, ..., and z € C with
|z| < 1, the (Gaussian) hypergeometric function is defined by

F(a,b; ¢; z) = oF1(a,b; ¢; 2) = Z (3.1)

n=0 n

The series on the right-hand side, called the hypergeometric series, is con-
vergent for |z| < 1. The (z); is the Pochhammer symbol defined, in terms of
the Gamma function I', by

(@), = Dt k) _ [ ifk=0
TTTE) T \ele+ D@42) (et k—1)  ifkeN.

Fractional calculus is a field of mathematic study that grows out of the
traditional definitions of the calculus integral and derivative operators in
much the same way fractional exponents is an outgrowth of exponents with
integer value. For details, we refer to [9,22]. From among the various defi-
nitions for fractional calculus (i.e., fractional derivatives and fractional inte-
grals) given in the literature, we have to recall here the following definitions
for fractional calculus which are studied by Owa [15,16] and by Owa and
Srivastava [17].

Definition 3.1. The fractional derivative of order ¢ (§ > 0) is defined, for
a function f, analytic in a simply connected region of the complex plane
containing the origin, by

D16) = 15 | (32

where the multiplicity of (z — ¢)°~! is removed by requiring log(z — () to be
real when z — ( > 0.

Definition 3.2. Under the hypothesis of Definition 3.1, the fractional deriva-
tive of f of order § (0 > 0) is defined by

z

1 d [ _f©
Dif(s) = { T | e 020 (33)

iz D2 "f() (n<d<n+1lneN)

where Ng = NU {0}the multiplicity of (z — )~° is removed as Definition 3.1.
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Definition 3.3. [18] The eatended fractional differ integral operator Q2 :
A, = A, for a function f of the form (1.3) in U and for a real number
0 (oo < d <p+1) is defined by

Qf( —zp+z ‘7+1 p+1_§>ajzj
J= p+1 ‘7+ B )
:ngFl(l,p+1;p—|—1—(5;z)*f(z), (—oo<d<p+1lzel).
(3.4)
We note that
Q0F(=) = 1(2), 0l - L1,
and in general
C(p+1-9)
s 516 _ .
Qf(z) = —F(p—i—l) 2°D f(z), (—o<d<p+1;z€el),

where DS f(z) is respectively, the fractional integral of f(2) of order -6 when
—00 < 0 < 0 and the fractional derivative of f(z) of order § when 0 < <
p+ 1.
Let €)' 5(¢) be the class of the functions f € A, for which Vf(z) €
Cra (@) The class Cus5(@) is the special case of the class € (@), when
FG+DI'(p+1-9) .
—.p j
W =4 D G o)

Since

b = TG+ (p+1-0) i
UIE) =+ ) Tp+ )G +1-0)""

Now applying Theorem 2.8 for the function (f*g)(z) = 2P+api19p+12P T+
Gp+2gp+22p+2 + -+, we get the following theorem.

Theorem 3.1. Let g(z) = 1+ g12+g22°+- -+ (9o > 0). If f(2) given by(1.3)
belongs to €7 (¢), then

b | B4 By — p%E2 Bk, if p<m;

2 2vB1ky : .
ap+2—ﬂap+1|§ otz if < p < T

—2k [Bf + By — g”+2’yBQk2] . if >

9p+2
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where ,
el S e
n=—2" |14+ =4B],
! gp+2’YBlk2 Bl !
and )
Ip+1 [ By }
=—20 14 24 B
? gp+27Blk72 Bl !

The result is sharp.

Remark 3.1. Since Q°f(2) = 2P + Z %%zj,

we have =
T+ 2)T(p+1-9) p+1
gp+1_F(p+1) I(p+2-6) p+1-96 (3:5)
Lip+3)L(p+1-4) (p+1)(p+2) (3.6)

P T+ D +3-0) (rl-0)((p+2—0)

For g,11, gp+2 given by (3.5) and (3.6) respectively, Theorem 2.9 reduces to
the following Theorem.

Theorem 3.2. Let ¢(z) = 1 + Bz + Boz? + -+, where B,,’s are real with
By >0 and By > 0. If f(z) given by(1.3) belongs to C}:7(#), then

|apo — ua§+1| <

(PH1=8)(p+2=8) 9. 1. [B + By — uwﬂ%kz} ;ST

(p+lggp+2 (p+1)(p+2-0)
(p;géif%%%;)fg&kb 2 (p+2)(p+1-9) . 2 %f n= /j =T
 (er)e+2) vk [B + B2 — ”WVBJCZ] soifp=Ts,
where , ) s .
= (p ‘i(‘p2—)i_(]9)‘f(‘p1+— 5)’7521@ { b Ej - Bl} ’
" (p+1)(p+2-9) B
: = +p2)(p +p1 — 6)vBiks [1 i ﬁ " Bl} '

The result is sharp.

Remark 3.2. It is interesting to note that several well known and new results
could be obtained on specializing the function ¢ and the parameters involved
in Theorem 3.1 and Theorem 3.2 (see [20,25]).
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