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1 Introduction

The purpose of our paper is to give a necessary and sufficient condition so
that the nonhomogeneous Lyapunov matrix differential equation

X' '=A{t)X + XB(t) + F(t) (1.1)

has at least one W— bounded solution on R, for every continuous and ¥—
bounded matrix function F on R, = [0, c0).

In present paper, ¥ will be a continuous matrix function. The introduc-
tion of the matrix function ¥ permits to obtain a mixed asymptotic behavior
of the components of the solutions.

Recently, the existence of at least one ¥— bounded solution of equation
(1.1) on R, or R for various types of functions F' has been studied in [4]-[6],
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[8]. In [7], the authors have been studied the problem of ¥— boundedness
of solutions for the corresponding Kronecker product system (2.1) associated
with (1.1) (see a comment in [4]).

The approach used in our paper is essentially based on the technique of
Kronecker product of matrices (which has been successfully applied in simi-
lar problems - see, e.g. [4]-[8]) and on a decomposition of the underlying
space at the initial moment (see, e.g. [4]-[8] for finite-dimensional spaces and
[9]-[10] in general case of Banach spaces).

Thus, we obtain results which contain and extend the recent results re-
garding the boundedness of solutions of the equation (1.1) (see [2]-[4], [7]).

2 Preliminaries

In this section we present some basic definitions, notations, hypotheses and
results which are useful later on.

Let R be the Euclidean n - dimensional space. For x = (x1, s, ..., z,)T €
R", let || « || = max{| x1|,| 22],...,] 2|} be the norm of z ( T denotes
transpose).

Let M, «, be the linear space of all m x n matrices with real entries.

For a n x n real matrix A = (a;;), we define | A | by | A |= sup || Az || .

llxll<1

It is well-known that | A |= ln<1;a<>%{zl | aijl}
<n =

Definition 2.1. ([1]) Let A = (ai;) € Mpxn and B = (b)) € My,
The Kronecker product of A and B written A ® B is defined to be the block
partitioned matrix

anB  apB - a,B
A ® B _ a21.B GQQ.B . '. . GQYfB
amiB ameB -+ an.B

Obviously, A ® B € Mypxng-

Lemma 2.1. The Kronecker product has the following properties and rules,
provided that the dimension of the matrices are such that the various expres-
s10nS exist:

1). A (Be(C)=(A® B)® C,

2). (A® B)T = AT @ BT
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3). (A9 B)™' =A@ B

4). (A® B)-(C® D)= AC ® BD;
5) A(B+C)=A® B+ A® C;
6. (A+B)eC=AC+B&C(C,

7). LeA=| |

8). (A(t)®B(t)) = A(t)®@B(t)+ A(t)® B'(t); (here," denotes derivative
i)
Proof. See in [1]. O
Definition 2.2. The application Vec : M, —> R™, defined by

Vec(A) = (ai1, g1, Gmis G12, 022, 5 Gmzy == 5 Gy G2y = 5 Go )5
where A = (a;;), is called the vectorization operator.

. . 2 . .
Lemma 2.2. The vectorization operator Vec : Ml,,»,, — R™", is a linear and
one-to-one operator. In addition, Vec and Vec™! are continuous operators.

Proof. See Lemma 2, [4]. O

Remark 2.1. Using Definition 2.2, we can see that if F' is a continuous
matrix function on Ry, then f = Vec(F') is a continuous vector function on
R, and reciprocally.

Lemma 2.3. If A,B,M € M,,«,,, then
1). Vec(AMB) = (BT @ A) - Vec(M);

2). Vee(MB) = (BT ® I,) - Vec(M);
3). Vec(AM) = (I, ® A) - Vec(M);
4). Vec(AM) = (MT @ A) - Vec(I,).
Proof. 1t is a simple exercise. ]

Let ¥; : Ry — (0,00), i = 1,2, ...,n, be continuous functions and
Y = dlag [\Ill, \112, ce \Ijn]

Definition 2.3. ([2]) A function f : Ry — R" is said to be W— bounded
on Ry if Uf is bounded on Ry (i.e. sup || U(¢)f(t) ||< +0).
>0

Below, we extend this definition for matrix functions.



6 Aurel Diamandescu An. U.V.T.

Definition 2.4. ([4]) A matriz function M : Ry — My, is said to be
U— bounded on R, if the matriz function WM is bounded on R, (i.e. sup

| U(H)M (L) |< +o0). -

Now, we shall assume that A, B and F' are continuous n X n - matrices
on R,.

By a solution of (1.1), we mean a continuously differentiable n x n —
matrix function X satisfying the equation (1.1) for all ¢ > 0.

The following lemmas play a vital role in the proof of the main results.

Lemma 2.4. ([4]) The matriz function X (t) is a solution of (1) if and only
if the vector valued function x(t) = Vec(X (t)) is a solution of the differential
system

= (I, A(t) + B'(t) ® L)z + f(t), (2.1)
where f(t) = Vec(F(t)).

Proof. See Lemma 7, [4]. O

Definition 2.5. The above system (2.1) is called “corresponding Kronecker
product system associated with (1.1)”.

Lemma 2.5. ([4]) The matriz function M(t) is W— bounded on R, if and
only if the vector function Vec(M(t)) is I, @ ¥ — bounded on R,.

Proof. See Lemma 5, [4]. O

The next Lemma is Lemma 1 of [7]. Because the proof is incomplete, we
presented it with a complete proof in [4], as Lemma 6.

Lemma 2.6. ([4]) Let X(t) and Y (t) be the fundamental matrices for the

equations
X'(t) = A(t)X (1) (2.2)

and
Y'(t) =Y (t)B(t) (2.3)

respectively.
Then, the matriz Z(t) = YT (t) ® X(t) is a fundamental matriz for the
system
Z(t) = (I, ® A(t) + BT (t) @ I,)2(¢). (2.4)

If, in addition, X(0) = I,, and Y (0) = I, then Z(0) = I,2.

Proof. See Lemma 6, [4]. O
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Now, let Z(t) the above fundamental matrix for the system (2.4) with
Z(0) = I2.

Let X; denote the subspace of R™ consisting of all vectors which are
values of I, ® U— bounded solutions of (2.4) on R, for ¢ = 0 and let X an
arbitrary fixed subspace of R™ supplementary to X 1. Let Pl and P2 denote
the corresponding projections of R™ onto Xj, X, respectively.

Finally, we remind two theorems which will be used in the proofs of our
main results.

Theorem 2.7. ([3]) If A is a continuous d X d real matriz on Ry then, the
system &' = A(t)x +f(t) has at least one ¥— bounded solution on R for
every continuous and W— bounded function f on Ry if and only if for the
fundamental matriz Y(t) of the system x' = A(t)x there exists a positive
constant K such that, fort > 0,

(A WY PY ()Y (s) | ds +

[0 vy Ry o) [ds < K

Theorem 2.8. ([3]) Suppose that:
1°. The fundamental matriz Y(t) of the system x' = A(t)x satisfies the
condition (2.5) for allt > 0, where K is a positive constant;
2. The continuous and V— bounded function f : R, — R? is such that
G (w0 | =0.
Then, every W— bounded solution x of the system x' = A(t)x + f(t) is
such that
i [ 90a(0) | 0.
Remark 2.2. In these theorems, P and P are supplementary projections
as P| and P, for the system 2’ = A(t)x.

3 The main result

In this section we present the main result of our paper in connection with
the existence of ¥— bounded solutions for the nonhomogeneous Lyapunov
matrix differential equation (1.1).
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Theorem 3.1. Let A and B be continuous n X n real matriz function on
R, and let X and Y be the fundamental matrices of the homogeneous linear
equations (2.2) and (2.3) respectively for which X (0) =Y (0) = I,,.

Then, the equation (1.1) has at least one ¥— bounded solution on Ry for
every continuous and V— bounded matrix function F : Ry — M, if and
only if there exists a positive constant K such that, for allt > 0,

(A | (YTt @ (WX 0))P(YT () @ (X ()T (s))) | ds +
(3.1)
%1[ | (YT(t) @ (U)X (0))Pa((YT () @ (X ()T (5)) | ds < K.

Proof. First, we prove the “only if” part.

Suppose that the equation (1.1) has at least one W— bounded solution
on R, for every continuous and ¥— bounded matrix function F : R, —
M, -

Let f: R, — R™ be a continuous and I, ® ¥— bounded function on
R, . From Lemma 2.5, it follows that the matrix function F'(t) = Vec ' (f(t))
is continuous and W— bounded on R, . From the hypothesis, the equation

X'=At)X + XB(t) + Vec ' (f(1))

has at least one ¥— bounded solution X (¢) on R, .

From Lemma 2.4 and Lemma 2.5, it follows that the vector valued func-
tion x(t) = Vec(X(t)) is a I, @ U— bounded solution on R of the differential
System

= (I, A(t) + B'(t) ® L)z + f(t).

Thus, this system has at least one I,, ® W— bounded solution on R, for
every continuous and [,, ® ¥— bounded function f on R,.

From Theorem 2.7, for a fundamental matrix Z(t) of (2.4), there exists a
positive constant K such that

A | (L, @ () Z() Pz~ (s)(I, @ U(s)) ™" | ds +

[m|(h®www@ézﬂ@m®w@rw@gK,

for all ¢ > 0.
By Lemma 2.6, we have Z(t) = Y7 (t) ® X(t). Now, a calculation shows
that (3.1) holds.
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Now, we prove the “if” part.

Suppose that (3.1) holds for some K > 0 and for all ¢ > 0.

Let F: R, — M,,«, a continuous and ¥— bounded matrix function on
R,.

From Lemma 2.5, it follows that the vector valued function f(t) = Vec(F(t))
is continuous and I,, ® ¥— bounded function on R,.

From this, (3.1), Lemma 2.6 and Theorem 2.7, it follows that the differ-
ential system

7' (t) = (I, ® A(t) + BY(t) @ L)x(t) + f(t)

has at least one I,, ® W— bounded solution on R, . Let z(¢) be this solution.
From Lemma 2.4 and Lemma 2.5, it follows that the matrix function
X(t) = Vec ' (z(t)) is a ¥— bounded solution on R, of the equation (1.1)
(because F(t) = Vec ™ (f(t))).
Thus, the differential equation (1.1) has at least one W— bounded solution
on R, for every continuous and ¥— bounded matrix function /' on R,.
The proof is now complete. [

Remark 3.1. Theorem 3.1 generalizes Theorem 1, [3].

Indeed, in the particular case B(t) = O,, we have Y = [, and then
Z(t) =1, ® X(t). If, in addition

filt) A@) - fi(D)

F(t) = f2:(t) f2:(t) f2:(75) |

fult) Fult) o Fald)

it is easy to see that the solutions of (1) are

To(t) @p(t) -+ za(l)
where x = (21(t), 22(t),- -+, ,(t))T is the solution of the system

'(t) = A(t)z(t) + f (1),

with f(t) = (f1(t), f2(t), -+, ful(t))"-
In this case, the condition (3.1) becomes the condition (2.5).
Thus, Theorem generalizes the result from [3].
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We prove finally a theorem in which we will see that the asymptotic
behavior of solutions of (1.1) is completely determined by the asymptotic
behavior of F(t) as t — o0.

Theorem 3.2. Suppose that:

1). The fundamental matrices X (t) and Y (t) of (2.2) and (2.3) respec-
tiely (X(0) = Y (0) = I,,) satisfy the condition (3.1) for some K > 0 and
for all t > 0;

2). The continuous matriz function F : Ry — M., satisfies the con-
dition

lim |U()F(t)| =0.
t—00

Then, every W— bounded solution X (t) of (1.1) satisfies the condition

lim | U(H)X()| =0.

t—o0

Proof. Let X(t) be a ¥ — bounded solution of (1.1). From Lemma 2.4 and
Lemma 2.5, it follows that the function z(t) = Vec(X(t)) is a I, @ U—
bounded solution on R, of the differential system

' = (I, ® A(t) + BY(t) ® I)x + f(t),

where f(t) = Vec(F(t)).
Also, from the proof of Lemma 2.5, we have

| (L @U(t)- f(t) lgue < [C(E)F(L) ], >0

and then,
lm | (1, ® W(t)) - £(1) lge= 0.

From the Theorem 2.8, it follows that

lim || (L, ® U(t)) - 2(t) [|goz= 0.

t—o00

Now, from the proof of Lemma 2.5 again, we have

| w@OX(@) | < nll (In@V¥E)-z(t) g, t >0

and then
lim | V()X (t)| =0.
t—o00
The proof is now complete. n

Remark 3.2. Theorem 3.2 generalizes Theorem 2.2, [3].
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Remark 3.3. Note that if we do not have tliglo | W(t)F(t) | = 0, then, the

U — bounded solution X (¢) may be such that | ¥(¢)X(¢) | - 0 as t — oo.
This is shown by the next

Example 3.1. Consider the linear equation (1.1) with

A(t)—(g 0_2),B(t)—((1) 22),andF(t)—(Z4t2t 8)

The fundamental matrices for the equations (2.2) and (2.3) are

- (70 ) - (5 0)

U(t) = ( 8“ S% ) .

It is easy to see that the condition of Theorem 3.2 is satisfied with
0

respectively.
Consider

(@)
o
o
(@)
(@)

P1: 7ﬁ2:

o O O
o O O O

0
1
0

— o O

and K = 2.
On the other hand, we have | W(¢)F(t) | = 1, for all t > 0.
The solutions of the equation (1.1) are

e - — e cy€

3t 4t
cie”” +e C3
X(t) = < —t 2% _4 | C1,02,03,¢4 € R

The U— bounded solutions of the equation (1.1) are

3t 4t

e cie’” +e Cs

(t) = _ 2t —4t ; €1,C3,C4 € R.
€ cq€

It is easy to see that for every W— bounded solution of (1.1) we have

lim [ w(HX()] =1.

Note that the asymptotic properties of the components of the solutions
are not the same. On the other hand, we see that the asymptotic properties
of the components of the solutions are the same, via matrix function ¥. This
is obtained by using a matrix function ¥ rather than a scalar function.

Remark 3.4. This Example shows that the hypothesis 2 of Theorem 3.2 is
an essential condition for the conclusion of the theorem.



12 Aurel Diamandescu An. U.V.T.
References
(1] R. Bellman, Introduction to Matriz Analysis (translated in Romanian), McGraw-Hill

(6]

[7]

(8]

[9]

[10]

Book Company, Inc., New York, 1960

A. Diamandescu, Existence of W— bounded solutions for a system of differential
equations, Flectronic Journal of Differential Equations, 63/2004, (2004), 1-6

A. Diamandescu, A Note on the ¥— boundedness for differential systems, Bull.
Math. Soc. Sc. Math. Roumanie, 1/48/96, (2005), 33-43

A. Diamandescu, ¥— bounded solutions for a Lyapunov matrix differential equa-
tion, Electronic Journal of Qualitative Theory of Differential Equations, 17, (2009),
1-11

A. Diamandescu, Existence of ¥— bounded solutions for nonhomogeneous Lya-
punov matrix differential equations on R, Electronic Journal of Qualitative Theory of
Differential Equations, 42, (2010), 1-9

A. Diamandescu, Note on the existence of a ¥— bounded solution for a Lyapunov
matrix differential equation, Demonstratio Mathematica, 3/XLV, (2012), 549-560

M.S.N. Murty and G. Suresh Kumar, On ¥— boundedness and ¥— stability of
matrix Lyapunov systems, J. Appl. Math. Comput., 26, (2008), 67-84

M.S.N. Murty and G. Suresh Kumar, On ¥— bounded solutions for nonhomo-
geneous matrix Lyapunov systems on R, Flectronic Journal of Qualitative Theory of
Differential Equations, 62, (2009), 1-12

M. Megan and C. Stoica, On Uniform Exponential Trichotomy of Evolution Op-
erators in Banach Spaces, Integral Equations and Operator Theory, 4/60, (2008), 99
- 506

B. Sasu and A.L. Sasu, Exponential trichotomy and p— admissibility for evolution
families on the real line, Mathematische Zeitschrift, 253, (2006), 515 — 536

Aurel Diamandescu

Department of Applied Mathematics
University of Craiova

13 A.I. Cuza Str., RO-200585
Craiova

Romania

E-mail: adiamandescu@central.ucv.ro

Received: 14.01.2014
Accepted: 10.12.2014



