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1 Introduction

The study of hyperspace topology started in 1927 with Hausdorff [6] where
he has topologized a collection of subsets of a topological space by defining a
metric on the collection of all nonempty closed subsets of a bounded metric
space X. Vietoris then introduced a new topology on the collection of all
nonempty closed subsets of a topological space (X, τ), which is known as
“Vietoris topology” or “Finite topology”. After that, Michael in his paper
[7] dealt with different types of subsets for the construction of topology.
Subsequently, Fell introduced a compact, Hausdorff topology for the space
of all closed subsets of a topological space. After that much of work has
been done on hyperspace topology. In [5], the authors have introduced a
new topology τ on the collection θ(X) of all nonempty θ-closed subsets of a
topological space X.
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In section 2, we recall some useful definitions and theorems. In section 3, we
discuss the first countability of (θ(X), τ). In the last theorem, we give the
conditions under which the first countability of the topological space X and
(θ(X), τ) are related.

2 Preliminaries

In this article we first discuss about the new hyperspace topology τ on the
collection θ(X) of all nonempty θ-closed subsets of a topological space X.
For this we first recall some results discussed in [5]. Throughout the paper,
X will always mean a topological space. By a neighborhood of a point x of
a space X we mean a subset A of X such that x ∈ int(A).

Definition 2.1. [9] A point x ∈ X is said to be a θ-contact point of a set
A ⊆ X if for every neighbourhood U of x, we get clU ∩ A 6= ∅. The set of
all θ-contact points of a set A is called the θ-closure of A and we denote this
set by cl

θ
A. A set A ⊆ X is called θ-closed if A = cl

θ
A. A set A is called

θ-open if X \ A is θ-closed.

Note 2.1. The collection of all θ-open sets in X forms a topology τ
θ

on X
which is coarser than the original topology of X.

Notation 2.1. In this paper, θ(X) = {A ⊆ X : A is nonempty θ-closed}.

Definition 2.2. [1] A T2 space X is called H-closed if any open cover of
X by means of open sets in X has a finite proximate subcover i.e., a finite
collection whose union is dense in X. A set A ⊆ X is called an H-set if
any open cover {Uα : α ∈ Λ} of A by open sets of X has a finite subfamily
{Uαi : i = 1, 2, ...., n} such that A ⊆ ∪ni=1clUαi .

Theorem 2.2. [2] In an H-closed Urysohn space, every H-set is θ-closed
and every θ-closed set is an H-set.

Note 2.3. If we look at the definition of H-sets, we see that the cover must
consist of open sets of the whole space. If the covers be formed by open sets
of the subspace, then the same condition gives rise to an H-closed subspace,
which can be proved easily to be an H-set. But there are H-sets which are not
H-closed subspaces. Thus the class of H-sets contains the class of H-closed
subspaces of a space, but does not coincide with it in general.

Notation 2.2. For a spaceX, H(X) will denote the collection of all nonempty
H-sets of X.
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Definition 2.3. [5] On θ(X) we define a topology as follows :
For each W ⊆ X, let W+ = {A ∈ θ(X) : A ⊆ W} and W− = {A ∈ θ(X) :
A ∩W 6= ∅}. Consider S

θ
= {W− : W is open in X} ∪ {W+ : W is θ-open

in X and X \W is an H-set}. Then S
θ

forms a subbase for some topology
on θ(X) which we denote by τ .

Note 2.4. Any basic open set in the above defined topology τ is of the form
V −

1
∩ ... ∩ V −

n
∩ V +

0
where V

i
⊆ V0 for 1 ≤ i ≤ n, and V1, V2, ... Vn are open

sets, V0 is a θ-open set with X \ V0 an H-set.

Notation 2.3. If α = {V1, ..., Vn} is a finite family of open subsets of a space
X then we set α− = ∩{V −i : i = 1, ..., n}.

Definition 2.4. A T2 space is called a locally H-space if every point of it
has a neighborhood which is an H-set.

Definition 2.5. A family H ⊆ H(X) is said to be cofinal in H(X) if for
any H ∈ H(X), there exists H ′ ∈ H such that H ⊆ H ′.

Definition 2.6. A topological space X is called hemi H-closed if there is a
countable subfamily of H(X) which is cofinal in H(X).

Theorem 2.5. [4] X is T2 if and only if {x} is θ-closed for each x ∈ X.

3 On first countability of X and (θ(X), τ)

In this article we discuss the first countability for the hyperspace (θ(X), τ)
and endeavour has been made to study, how the first countability of (θ(X), τ)
is related to the first countability of the topological space X.

Definition 3.1. The tightness of a space X is said to be countable, if for
each C ⊆ X and each x ∈ X with x ∈ cl(C), there exists a countable subset
C0 of C such that x ∈ cl(C0).

Proposition 3.1. Let X be a T2 space. If the tightness of (θ(X), τ) is count-
able, then any A ∈ θ(X) is separable.

Proof. Let A ∈ θ(X). Let

F = {E : E is finite subset of A}.
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We first show that A ∈ clF. Let U−
1
∩ U−

2
∩ ... ∩ U−

n
∩ U+

0
be a basic open

neighbourhood of A, where U1 , U2 , ...Un are open in X and U0 is θ-open in
X with X \ U0 an H-set. Then A ∩ U

i
6= ∅ for each i = 1, 2, ..., n. Choose

a
i
∈ A ∩ U

i
for i = 1, 2, ..., n and let F = {a1 , a2 , ..., an}. Then F ∈ F. Also

A ⊆ U0 i.e., A ∩ (X \ U0) = ∅ which implies that F ∩ (X \ U0) = ∅. Hence
F ∈ U−

1
∩U−

2
∩ ...∩U−

n
∩U+

0
∩F. Since the tightness of (θ(X), τ) is countable,

there exists a countable subfamily F′ ⊆ F such that A ∈ clF′. Set G = ∪F′.
Then A ⊆ clG. Indeed, let a ∈ A and V be an open neighbourhood of a.
Then A ∈ V −. Hence V − ∩ F′ 6= ∅. Thus there exists F ∈ F′ such that
F ∩ V 6= ∅. Then G ∩ V 6= ∅. Therefore A ⊆ clG.

Proposition 3.2. Let X be an H-closed Urysohn space. If (θ(X), τ) is first
countable, then every proper θ-open subset of X is hemi H-closed.

Proof. Let U be a proper θ-open subset of X. Let V = X\U . Since (θ(X), τ)
is first countable, there is a local base F = {α−

i
∩ U+

i
: i ∈ N} at V ∈ θ(X),

where each α
i

is a finite family of non-empty open subsets of X and each U
i

is a θ-open subset of X with X \ U
i

an H-set for i ∈ N . We now show that
U = {X\U

i
: i ∈ N} is cofinal in H(U) which proves that U is hemi H-closed.

Let P ∈ H(U). Then P ∩ V = ∅ i.e., V ∈ (X \ P )+, where X \ P is θ-open
as P being an H-set in U , it is so in X and as X is H-closed and Urysohn,
P is θ-closed. Then there exists i ∈ N such that V ∈ α−

i
∩ U+

i
⊆ (X \ P )+.

If P \ (X \ U
i
) 6= ∅, then for x ∈ P \ (X \ U

i
), {x} ∩ (X \ U

i
) = ∅ and so

{x}∪V ∈ α−
i
∩U+

i
, but {x}∪V 6∈ (X \P )+ which is a contradiction. Hence

P ⊆ (X \ U
i
) and hence the proposition is proved.

Theorem 3.3. Let X be a first countable, H-closed, Urysohn space. Then
(θ(X), τ) is first countable if and only if each A ∈ θ(X) is separable and
every proper θ-open subset of X is hemi H-closed.

Proof. If (θ(X), τ) is first countable, then by Proposition 3.1, and Proposition
3.2, every θ-closed subset of X is separable and every proper θ-open subset
of X is hemi H-closed.
Conversely, let every θ-closed subset of X be separable and every proper θ-
open subset of X be hemi H-closed. Let A ∈ θ(X). Then by hypothesis, A is
separable and hence there exists a countable subsetG of A such that A = clG.
Since X is first countable, there is a countable local base Vg at g for every
g ∈ G. Define V = ∪{Vg : g ∈ G} and let U be the set of all finite subsets of V.
Since X \A is hemi H-closed, there exists a countable family H ⊆ H(X \A)
which is cofinal in H(X \ A). Let W = {U− ∩ K+ : U ∈ U, X \ K ∈ H}.
Then W is countable. We now show that W is a local base at A ∈ θ(X). Let
U−

1
∩ U−

2
∩ ... ∩ U−

n
∩ U+

0
be a basic neighbourhood of A, where each U

i
, for
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i = 1, 2, ..., n is open in X and U0 is a θ-open subset of X with X \U0 an H-
set. Then A∩U

i
6= ∅ for i = 1, 2, ..., n and A ⊆ U0 . Now there exists H ∈ H

such that X \ U0 ⊆ H and {V1 , V2 , ..., Vn} ∈ U such that x
i
∈ V

i
⊆ U

i
for

x
i
∈ U

i
∩G, 1 ≤ i ≤ n. Thus A ∈ V −

1
∩V −

2
∩...∩V −

n
∩(X\H)+ ⊆ ∩ni=1U

−
i
∩U+

0

so that (θ(X), τ) is first countable.

Proposition 3.4. Let X be a first countable T2 space. If each proper θ-open
subset of X is hemi H-closed, then X is a locally H-space.

Proof. Let x ∈ X. If X = {x}, we are done. Now let there exists some point
p ∈ X \ {x}. Let U = X \ {p}. Then U is a proper θ-open subset of X and
hence by hypothesis, there exists an increasing sequence {Hn : n ∈ N} of
H-sets of U such that every H-set of U is contained in some Hn . Since X is
first countable, there is a decreasing sequence V = {Vn : n ∈ N} which is a
neighbourhood base at x and V1 ⊆ U . We now show that there exists n ∈ N
such that Vn ⊆ Hn . If not, then for every n ∈ N , we can choose xn ∈ Vn \Hn ,
so that the sequence {xn : n ∈ N} converges to x. Hence there exists k ∈ N
such that {xn : n ∈ N} ∪ {x} ⊆ H

k
⇒ x

k
∈ H

k
, a contradiction. Hence the

proposition is proved.

Theorem 3.5. Let X be a T2 topological space. If (θ(X), τ) is first countable,
then so is X.

Proof. Let x ∈ X. Since (θ(X), τ) is first countable, there exists a local
base W = {α−

i
∩ K+

i
: i ∈ N} at {x}, where α

i
is a finite family of open

subsets of X, Ki is θ-open in X and X \ K
i

is an H-set in X. Define
V = {Ki ∩ (∩αi) : i ∈ N}. We now show that V is a local base at x ∈ X.
Now for each V ∈ V, x ∈ V and V is open in X. Let U be an open
neighbourhood of x ∈ X. Then {x} ∈ U−. Then there exists i ∈ N such
that {x} ∈ α−

i
∩K+

i
⊆ U−. Clearly x ∈ Ki ∩ (∩αi) ⊆ U . Hence X is first

countable.
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