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1 Introduction

The importance of control theory in applied mathematics and its occurrence
in several problems such as mechanics, electromagnetic theory, thermody-
namics, artificial satellites etc., are well known. The main aim being to
compel or control a given system to behave in some desired fashion. In the
present day world we require systems being controlled automatically without
direct human intervention.

Matrix Lyapunov type systems arise in a number of areas of applied math-
ematics such as dynamic programming, optimal filters, quantum mechanics,
and systems engineering. Now we focus our attention to the first order fuzzy
matrix Lyapunov system modelled by

X'(t) = ADX(t) + X(O)B(t) + FOU(t), X(0)=Xo, t>0,  (L1)
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Y(t) = C(H)X () + DU (), (1.2)

where U(t) is a n x n fuzzy input matrix called fuzzy control and Y (#) is a
n x n fuzzy output matrix. Here A(t), B(t), F(t), C(t), and D(t) are matrices
of order n x n, whose elements are continuous functions of t on J = [0,7] C R
(T > 0).

The existence and uniqueness theory for two point boundary value prob-
lems associated with matrix Lyapunov systems was obtained by Murty and
Rao [9]. Further, controllability, observability, and realizability concepts for
matrix Lyapunov systems were studied by Murty, Rao and Suresh Kumar
[10]. Recently, Dubey and Georege |6] obtained sufficient conditions for the
controllability of semi-linear matrix Lyapunov systems. The controllability
criteria for fuzzy dynamical control systems was studied by Ding and Kandel
[5]. Controllability and Observability criteria for Fuzzy dynamical matrix
Lyapunov systems were studied by Murty and Suresh Kumar [11] with the
use of fuzzy rule base. Moreover, Murty and Suresh Kumar [12] also studied
the observability of fuzzy dynamical matrix Lyapunov systems without using
the fuzzy rule base. This paper deals with obtaing sufficient conditions for
the existence of controllability for fuzzy dynamical matrix Lyapunov systems
with fuzzy set as input.

The paper is well organized as follows. In section 2 we present some basic
definitions and results relating to fuzzy sets and Kronecker product of ma-
trices. Further, we obtain general solution of the system (1.1]), when U (t) is
a crisp continuous matrix. In section 3 we formulate a new fuzzy system by
combining matrix Lyapunov systems with fuzzy sets called fuzzy dynamical
matrix Lyapunov system, which can be regarded as a new approach to intel-
ligent control, and also find its solution set. In section 4 we obtain a sufficient
condition for the controllability of fuzzy dynamical matrix Lyapunov system
without using fuzzy rule base and highlight the main theorem with a suitable
example.

This paper generalizes some of the results of Ding and Kandel [5] to matrix
Lyapunov systems.

2 Preliminaries

Let Py(R"™) denotes the family of all nonempty compact convex subsets of
R™. Define the addition and scalar multiplication in P (R"™) as usual.

Radstrom [14] states that Py(R™) is a commutative semi-group under ad-
dition, which satisfies the cancellation law. Moreover, if o, € R and
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A, B € P,(R"), then
a(A+B)=aA+aB, «afA)=(af)A, 1A=A

and if o, 5 > 0, then (o + f)A = A + SA. The distance between A and B
is defined by the Hausdorff metric

d(A,B) =inf{e: A C N(B,¢),B C N(A,¢)},

where
N(Aje) ={x € R" : ||lx —y|| <, for some y € A}.

Definition 2.1. A set valued function F' : J — Py(R") is said to be measur-
able if it satisfies any one of the following equivalent conditions,

1. for allu € R", t = dpy)(u) = infycpp ||u — v|| is measurable,

2. GrF ={(t,u) e Jx R":u € F(t)} € ¥ x B(R"), where 3, B(R") are
Borel o-field of J and R"™ respectively (Graph measurability),

3. there exists a sequence {fn(.)}n>1 of measurable functions such that

F(t) ={fu(.)}n>1, for allt € J (Castaing’s representation)|13].

We denote by S the set of all selections of F(.) that belong to the Lebesgue
Bochner space Lk.(J). i.e.

SL={f() € Lix.(J): f(t) € F(t)a.e.}.

We present the Aumann’s integral as follows;

(4) / F(t)dt = { / F(t)dt. f() € 54},

We say that F': J — P,(R") is integrably bounded if it is measurable and
there exists a function h : J — R, h € L§.(J) such that ||u]] < h(t),u € F(t).
From [2], we know that if F' is closed valued measurable multifunction, then
[, F(t)dt is convex in R". Furthermore, if F is bounded integrable then
[, F(t)dt is compact in R". Let

E" ={u:R"—[0,1]/u satisfies (i)-(iv) below},

where (i) w is normal, i.e. there exists an xy € R" such that u(xy) = 1; (ii)
u is fuzzy convex, i.e. for xr,y € R" and 0 < A <1,

u(Azr + (1 — A)y) > minfu(x), u(y)];
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(iii) u is upper semi-continuous; (iv) [u]® = {z € R"/u(z) > 0} is compact.
For 0 < o < 1, the a-level set is denoted and defined by [u]® = {z €
R"/u(x) > a}. Then from (i)-(iv) it follows that [u]* € P.(R"™), for all
0<a<l.

Define D : E™ x E™ — [0, 00) by

D(“? 'U) = sup{d([u]o‘, [U]a)/a S [07 1]}a

where d is the Hausdorff metric defined in P,(R™). It is easy to show that
D is a metric in £ and using results of [|4], [14]], we see that (E™, D) is a
complete metric space, but not locally compact. Moreover, the distance D
verifies that D(u+w, v+w) = D(u,v), u,v,w € E™, D(Au, \v) = |\|D(u,v),
u,v € E" X€ R, D(u+w,v+ z) < D(u,v) + D(w, ), u,v,w,z€ E™.

We note that (E™, D) is not a vector space. But it can be imbedded isomor-
phically as a cone in a Banach space [14].

Regarding fundamentals of differentiability and integrability of fuzzy func-
tions we refer to O.Kaleva [7], Lakshmikantham and Mohapatra [§].

In the sequel we need the following representation theorem.
Theorem 2.1. [13] Ifu € E", then

1. [u]* € Py(R"), for all0 < a < 1.

2. [u]*2 C [u]*, for all 0 < a; < ay < 1.

3. If {ax} is a non-decreasing sequence converging to a > 0, then [u]® =

ﬂkzl[u]ak'

Conversely, if {A% : 0 < a < 1} is a family of subsets of R" satisfying (1)-
(3), then there exists a uw € E™ such that [u]®* = A%, for 0 < a < 1 and
[U]O = UogaglAa C A

A fuzzy set valued mapping F' : J — E" is called fuzzy integrably bounded
if Fy(t) is integrably bounded.

Definition 2.2. Let F' : J — E™ be a fuzzy integrably bounded mapping.
The fuzzy integral of F' over J denoted by fJ F(t)dt, is defined level-set-wise
by

{/ F(t)dt]} = (A) / F,(t)dt, 0 <a<1.
J J
Let F: J x E™ — E™, consider the fuzzy differential equation

u' = F(t,u), u(0) = up. (2.1)
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Definition 2.3. A mapping u : J — E" is a fuzzy weak solution to (2.1]) if
it is continuous and satisfies the integral equation

u(t) = up + /OtF(s,u(s))ds, vVt e J.

If F'is continuous, then this weak solution also satisfies (2.1)) and we call it
fuzzy strong solution to (2.1).

Definition 2.4. [1] Let A € C"™*" and B € CP*? then the Kronecker product
of A and B written A ® B is defined to be the partitioned matrix

CLHB algB RN alnB
A & B— ang G,QQB Coe agnB
a/mlB amQB e amnB

1s an mp X ng matriz and is i C"P*",

Definition 2.5. 1] Let A = [a;;] € C"™*", we denote

Aq ay;

) As Q2j

A= VecA= ) , where A; = . (1<j<n).
A.n amj

Regarding properties and rules for Kronecker product of matrices we refer to
Murty and Suresh Kumar [1].

Now by applying the Vec operator to the matrix Lyapunov system ([1.1)
satisfying ((1.2)) and using the above properties, we have

X'(t) = GO)X(t) + (I, ® F()U(t), X(0) = X,, (2.2)

Y(t) = (I ® C()X(®) + (I ® D)V (1), (23)
where G(t) = (B* ® I,,) + (I, ® A) is a n* x n* matrix and X= Vec X(t),
U= Vec U(t) are column matrices of order n?.

The corresponding linear homogeneous system of ([2.2)) is

A~ ~ A~

X'(t) = G()X(t), X(0) = X,. (2.4)
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Lemma 2.1. Let ¢(t) and 1(t) be the fundamental matrices for the systems

X'(t) = A@®)X (1), X(0) = I, (2.5)
and
(X (1) = B*(t)X"(t), X(0)=1I, (2.6)
respectively. Then the matm:z: L/J( ) ® o(t) is a fundamental matriz of (2.4 .
and the solution of (2.4) is X (t) = (¥(t) @ ¢(t)) X,
Proof. For proof, we refer to Lemma 1 of [11]. ]

Theorem 2.2. Let ¢(t) and 1 (t) be the fundamental matrices for the systems

(2.5) and (2.6)), then the unique solution of (2.2)) is

t

X(t) = () © ¢(1)) Xo + /(1/1(15 — ) @ ¢t — 5)) (L ® F(s))U(s)ds. (2.7)

0

Proof. For proof, we refer to Theorem 1 of [11]. O

3 Formation of fuzzy dynamical Lyapunov systems

In this section we show that the following system

X'(t) = GHX(t) + (I, ® F(t))U(t), X (0) = X, (3.1)

Y(t) = (I, ® C(£))X () + (I, ® D(t))U(t), (3:2)
determines a fuzzy system, when U (t) is a fuzzy set.

Fix 0 < o < 1, let [U(£)]* be the a-level set of U(t). For any positive number
T, Consider differential inclusions

XL(t) € GO Xa(t) + (I, ® FW)[U®)*, t€[0,T] (3.3)
X(0) = XO (3.4)
Let X be the solution set of inclusions and -
Claim (i). [X ( e e Pk(R" ), for every t e [O,T].

First, we prove that X® is nonempty, compact and convex in C [[0, 77, R”Q].
Since [U(t)]* has measurable selection, we have X is nonempty. Let

K = max [[¢(t)], L= max [[¢(t)]

te[0,7T] te[0,T]
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M = max{]||u(t)] : u(t) € [U(D)]",¢ € [0, 7]}

and N = maxycpr || F(¢)|. If for any X € X, then there is a selection
u(t) € [U(t)]* such that

X(t) = (¥(t) ® 6(t)) Xo
+ /Ot(w(t —5) R ot —8))(I, @ F(s))u(s)ds.
Then
IX @) < [1(b(t) @ o(2) Xo|
/u Ut — ) @ 6(t — 5))(In ® F(s))uls)llds
< @) lo@)I[1 X
+/0 [0 = )|l — s)II1EF () luls)||ds
< KL|| Xo|| + KLNM.
Thus X is bounded. For any t1,t, € [0, 7]
X(tr) = X(tz) = (1(t1) @ ¢(t1)) Xo
+ /t1 (Wt — ) @ d(t1 — s)) (L, @ F(s))u(s)ds

0

— (¥(t2) ® ¢(t2)) Xo

—Aﬂw@—@®¢@—@xh®M@W@w-
Therefore
1% (0) — X(t2)]] < I((t2) © 0(12)) — (b(t2) @ (t) | Kol
= [ 1wl =) @ ot = ) (1 © Pl)u(s)ds
= [ =9 6t = 9) = (02 = 9) © 612 = 9)

(I, ® F(s))u(s)|ds
< (W (t) @ B(t1)) — (W(tz) @ d(t)) || Xol| + KLN M|ty — to|

+MNAme—@®¢m—@wwww—@®aw—mw&
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Since ¢(t) and 1 (t) are uniformly continuous on [0, 77, X is equi-continuous.
Thus X is relatively compact. If X is closed, then it is compact.

Let X, € X* and X;, — X. For each X, there is a uy, € [U(¢)]* such that

Xi(t) = (¥(t) @ ¢(t)) Xo + /o (Yt —s)@¢(t—3)) (1, ® F(s))ug(s)ds. (3.5)

Since uy, € [U(t)], it is closed, then there exists a subsequence {ur, } of {ur}

converging weakly to u € [U(t)]*. From Mazur’s theorem [3], there exists a
sequence of numbers A; > 0, > \; = 1 such that ) A\ju, converges strongly
to u. Thus from (3.5)), we have

SN (1) = 32 N (1(1) ® 6(t)) Xo

+/t(¢(t—s)®¢(t—s (1, ® F(s)) Y Ajug, (s) (3.6)

From Fatou’s lemma, taking the limit as j — oo on both sides of (3.6)), we
have

X(t) = () © 6(1)) Xo + /0 (¥t = 5) @ ¢(t = 5))(In ® F(s))u(s)ds. (3.7)
Thus X(t) € X, and hence X is closed.
Let X1, X» € X, then there exist uy, uy € [U(t)]* such that
X{(t) = GO X1 (1) + (I, ® F(t))ua(t)

and
Xy(t) = G(t>f<2<) + (In @ F(t))usx(t).
Let X = AX1(t) + (1 — N)X5(t), 0 < A < 1, then
(1—

X' = AX{(t) + (1 = N X4(t)
=M (GOXA() + (I @ F(O)m(1))
+ (1= 1) (GO X(t) + (I @ F)ua (1))
— G(t) [AXl(t) v(1- A)Xg(t)]
+ (I, ® F(1) s (t) + (1 — Nua(t)].
Since [U(t)]* is convex, Auy (t) + (1 — Nug(t) € [U(t)]*, we have
X'(t) € G)X(t) + (I, @ F(t)[U(t)]".
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ie X € X Thus X is convex.

From Arzela-Ascoli theorem, we know that [X(¢)]* is compact in R" for
every ¢ € [0,T]. Also it is obvious that [X(£)]* is convex in R"*. Thus we
have [X ()]* € P,(R™) for every t € [0,T]. Hence the claim.

Claim (ii). [X(¢)]*2 C [X(#)]*, forall 0 < oy < ap < 1. Let 0 < oy < oy <
1. Since [U(t)]** C [U(t)]™, we have Sl c S! and the following

[U(t)]>2 [T (t)]*1
inclusion R R R
X,,(t) € G(t) Xa, + (In ® F())[U(t)]*
C G(t) X, + (I, @ F)[U )]
Therefore

A

Ko (1) € (6(8) ® 6(1)) X0 + / (Ut = 5) @ 6(t = ) (L ® F(5))Sy

C @O ® )Xo+ [ (0l =5 @ 0(t = )Ty & F($) Sy 00

Thus X € X, and hence [X (¢)]** C [X()]*'. Hence the claim.

Claim (iii). If {a;} is a non-decreasing sequence converging to a > 0, then
X (t) = Moy X(1D).

Since U(t) is fuzzy set, we have [U(t)] ﬂk>1[ (t)]** and then

1 _ a1
S O] Sﬂk>1[U( e . Therefore

X' (t) € G() Xy + (I, @ F(£)[U(t)]*

= Gt X, + (I, @ F(t)[U ()]
CGMXy+ (L@ FO)[U®)]*, ¥ k=1,2, ...
Thus we have X* C X“k, k =1,2,..., which implies that

X)X (3.8)

E>1
Let X be the solution to the inclusion
X (t) € G(t) Xy, + (I, @ FO)[U )], k > 1.

Then

X(0) € () @ 0%+ | (6t = 5) © 0(t — )1 ® F(5)) Sl onds
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it follows that

A

X(t) € () ® 6(£))Xo +/Ot<¢(t —5) © 0(t = ) (I @ F(5)) ) Sy d

k>1

= @O © 0K+ [ (5t =) 61t = )1, © F(s) Sy

This implies that X € X°. Therefore

(X cXxe (3.9)
k>1
From (3.8) and (3.9)), we have
K= () X
k>1
and hence A
= (X (1)
E>1

From Claims (i)-(iii) and applying Theorem , there exists X(t) € E"
on [0, 7] such that X®(t) is a solution to the differential inclusion and
(3.4). Hence the system , is a fuzzy dynamical Lyapunov system,
it can be expressed as

X'(t) = GOX (1) + (L, ® F()U (1), X(0) = {Xo}, (3.10)

Y(t) = (L, @ CO)X (1) + (L, ® D) U (). (3.11)

The solution of the fuzzy dynamical system (3.10), (3.11) is given by

X(t) € (h(t) @ p(t) Xo + /0 t(¢(t —5) @ ¢(t —5)) (I, ® F(s))U(s)ds. (3.12)

4 Controllability of fuzzy dynamical Lyapunov systems

In this section we study the controllability of the fuzzy system (3.10)) satis-
fying (3.11]).

Definition 4.1. The fuzzy system (3.10), (3.11) is said to be completely
controllable if for any ty, any initial state X(to) = X, and any giwen final
state Xf there exists a finite time t; > ty and a control ﬁ(t), to <t <t
such that X (t) = X.
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Lemma 4.1. If F is a fuzzy set, then fOT Fdt =TF.
Proof. For proof, we refer to Lemma 2 of [11]. ]

Lemma 4.2. Let P,Q be two fuzzy sets and h(t) be a non zero continuous
function on [0,T], satisfying

/O ' h(t)Pdt = /0 ' h(t)Qdt,

Proof. For proof, we refer to Lemma 3 of |11]. O

then P = Q.

Theorem 4.1. The fuzzy system (3.10), (3.11) is completely controllable if
the n? x n? symmetric controllability matrix

W(0,T) = /0 (W(T=1)@p(T—1)) (1,9 F (1)) (1. F ()" (Y (T=t)@(T 1)) dt.
(4.1)

is nonsingular. Furthermore, the fuzzy control U( ) transfer the state of the
system from X(O) Xo to a fuzzy state X(T) Xf, can be chosen as

A

U(t) = 7L ® F0) (T 1) @ §(T =)' Xy — (L@ F(8))"(W(T — 1) @

O(T =) W=H0,T)((T) @ ¢(T)) Xo

Proof. Suppose that the symmetric controllability matrix W (0,7") is nonsin-
(T) ®

gular. Therefore W~1(0,T) exists. Multiplying W=1(0,T) (¢ o(T)) X
on both sides of (4.1]), we have

(¢(T)®¢(T))Xo=/0 (T =) @o(T=1)) (L@ F (1) (In@ F(1))"

(T =) @ (T — 1)) W0, T)(&(T) ® 6(T)) Xodt. (4.2)
If the fuzzy control U(t) transfer the state of the system from X, to X; over

[0, 7], then from (3.12)), we get

A~ ~

X(T) =Xy = (¢(T)®¢(T))Xo+/0 (T =)@ (T =) (1, ® F(t)U(t)dt.

(4.3)
Using Lemma 4.1, Xy can be written as

T
0

K= 1 [ Xyt =7 [ @@ -0 - )t e F)
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(I, @ FO) X W(T =) @ ¢(T — 1)) Xpdt.  (4.4)
From and ([4.4)), we have

7 | wa=eam-0)1,e PO) 1,6 FO) @I -0 @oT )" S

= /0 (T =) @ (T = 1)1 @ F())(In @ F())"(W(T = 1) @ (T = 1))"

W0, T) ()@ 6(T)) Xodt+ / (ST —1) 2T 1)) (L@ F (1)U (t)dt.

It follows that

/0 ((T — ) ® O(T — 1))(I, ® F)0 (t)dt

T
Xy = (L@ F()"((T = t) @ ¢(T — ) W0, T)((T) @ ¢(T)) Xo}dt
By using Lemma [1.2] we get

= /0 (W(T—1) ®¢(T—t))(fn®F(t)){l(fn®F(t))_1(¢(T—t) ®(T—1))~

0(t) = (I @ P (6(T — 1) © 6(7 — 1)) X,

~(Ly® F() ((T = 1) @ $(T — )" W10, T)((T) ® ¢(T)) Xo.
O

Remark 4.1. The nonsingularity of the symmetric controllability matrix
W(0,T) in Theorem 4.1 is only a sufficient condition but not necessary.

Example 4.1. Consider the fuzzy dynamical matrix Lyapunov system (|1.1])

satisfying with
01 10 et 0

C(t)zm é] D(t):[o 0],T:1, andXO:[

3l

DO | on |

0 0

Also assume that a-level sets of the final state

N [a+1,2] [a—1,1-q]
X5 = { [200+1,3] [0, —1.5(cx — 1)] } '
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Then the fundamental matrices of ([2.5) and (2.6 are

oo 1] vo=5 2]

Now the fundamental matrix of (2.4) is

et tet 0 0 1 ¢+ 00
o e 0 0| L0100
vO@IM =10 o o et | T 001 ¢
0 0 0 e 0001
Consider
(Y(1-1)@¢(1-1))(L,@F (1)) [n@F(t))" (Y (1-t)@¢(1—t))"
11—t 0 0 1000 1000
10 1 0 o0 0100|,/]0100
:6 6
0 0 1 1—t¢ 0010 0010
0O 0 0 1 0001 000 1
1 0 0 0 2242 1—t 0 0
1=t 1 0 of 1—t 1 0 0
0O 0 1 0] 0 0 t2—-2t+2 1—t
0 01—t 1 0 0 1—t 1
Therefore
. 2 —2t+2 1—t 0 0
R 1—t 1 0 0
W(O’l)_/e 0 0 2-2t42 1-¢|%
0 0 0 1—t 1
% 100
SEERE:
00 %1
00 5 1

Clearly, it is nonsingular.

Thus from Theorem the input U (t) can be chosen by the following a-level
sets.

1000 1 t—10 0 [+ 1,2]
- slot1o00| ., ]0 1 0 o0 20+ 1, 3]
« _ t t—1 )
UO=c"19010] o 0 1t-1 [a—1,1-q]
0001 0 0 0 1 [0, —1.5(c — 1)]
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1000 1 0 0 0
|00 0] 1=t 1 0 0|12
0010 0 0 1 0113
0001 0 01—t 1
1 -1 0 0 1100 :
-3 3 0 0 0100 2
o o 1 -1 0011 1
0 0 —3 3 0001 1
(3t — 2) + a,2(t — D+ (t + 1)] 2
_ [2a+ 1, 3] 120 —2(5t—9)
(o —1)(2.5 — 1.5t),1 — ] 13 3
[0, —1.5(c — 1)] s
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