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Radius Problems for Certain Classes of
Analytic Functions

Basem Aref Frasin and Jin-Lin Liu

Abstract. Let P(51, B2, 83; A) be a subclass of analytic functions
f(2) which satisfies @ #0 (2 €U) and

n (7)) +a ()

for some complex numbers (1, 82, 83 and for some real A > 0.
The object of the present paper is to obtain radius problems of

<A (z e W),

$1(02) € P(B1, B2, B3; ) if f(z) satisfies Re{ll_:((fg’z:))'} - a

F(
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1 Introduction and definitions

Let A denote the class of the normalized functions of the form

f2) =2+ an", (1.1)
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which are analytic in the open unit disk U = {z € C : |z| < 1}. Further, let
H(ar) be the subclass of analytic functions f(z) defined by

1_Z<fzz))/l
Re v (Y (0§Oz< 1;ZEU), (12)
1+ (55)

~

where 775 =1+ 3 b2, by = |by| VY.
n=1

For a function f(z) belonging to A is said to be in the class P(Sy, 52, f3; A)
if it satisfies @ #0 (2 €U) and

w(7i5) +(555) =5 ()

for some complex numbers S, B2, f3 and for some real A > 0. Very recently,
Kobashi et al. [3] have studied the class P(S1, 52,0; \) ( see also, [2]) and
Kobashi et al. [1] have considered the class P4(\) = P(0,0,1; ) defined by

(7))

Let us consider the function f,(z) given by f,(2) = 77555 (v = 0).Then,we
observe that

<A (zew),  (1.3)

<A (z e U). (1.4)

and

i (%)” + 5y (%)”’ iy (%)’"'
= |Biy(y = DA = 2) + Bor(y = Dy = 2)(1 = 2)7°

+ Byy(y = (v = 2)(y = 3)(1 — 2)"™|
< [By(v =D+ Bar(v = Dy = 2)(2) 7
+ Bsy(y — 1) (v — 2)(y — 3)(2)" |

Therefore, if v = 2, then

w(zim) +2 () +» ()

This implies that fo(z) € P(B1, P, B33 A) for A > 2|f;|. If v = 3, then we
have

<2|B.
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P " P n P "
B (m) + 2 (M) + B3 (m) < 6(2|B1] + [B2])-
Thus, f3(z) € P(B1, B2, B3; A) for A > 6(2|51| + |52]). Further, if v = 4, then

we have

w(7im) +2 () +» ()

Therefore, f4(z) € P(B1, B2, B33 A) for A > 8(6|B1] + 6 B2] + 3[s])-
If we consider the function f(z) given by f(z) = =*— , then

#(7i5) +(555) =5 ()

< B Kk — 1) (8l S Kk — 1)k~ 2) 4 3] S k(- 1k — 2k~ 3

[Bo| (n = 1) [Bs](n=1)(n—2)  [Bs](n—1)(n—2)(n—3)
3 4 * 5 ]‘

< 8(6[B1] +6182] + 3153])-

~ ()|

Therefore, f(z) € P(p1, Be, B3; A), with
LLEINLCES IS RSO L0

A =n(nt1) { . y -

2 Radius problem for the class P(51, 2, 3; \)

To obtain the radius problem for the class P(f51, f2, f3; A), we need the fol-

lowing lemmas.

Lemma 2.1. Let f(z) € A and 555 =1+ 3 b2" # 0 (2 € U). If f(2)
n=1

satisfies

Yol =18+ (n=2)|B] + (0 =2)(n =3) |Ba]) bl <A (2.1)

n=2

for some complex numbers (B, fo, B3 and for some real X > 0, then f(z) €

:P(/Bla B2, B3; )\)-
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Proof. We observe that

w(7i5) +2(555) =5 ()

= |p Z n(n — 1)b,2" "% + Z n(n —1)(n — 2)b, 2"
n=2 n=2

+83 Y _n(n—1)(n—2)(n - 3)b,z""*

< B n(n = 1) b + 18] D n(n = 1)(n = 2) [ba| +
n=2 n=3

182> nn = 1)(n = 2)(n - 3) b

NE

n(n = 1)([61] + (n = 2) [Baf + (n = 2)(n = 3) [Bs]) |bn]

i
[\o}

Therefore, if f(z) satisfies the inequality (2.1), then f(z) € P(51, B2, 53; A). 1

Lemma 2.2. If f(2) € H(a),0 < a < 4 and = = 1+ > b2,

n=1
by = |bn| € V0 then

Znn—l+a\b\<1—a—a!b1| (2.2)
n=2

Proof. Let f(z) € H(a) and &5 = 14 3 bp2", by = |b,| €' (0 =
n=1
1,2,---). Then,

2 1— i n(n —1)b,z"!
1—=2 " n
Re {—(f Z)) } = Re n=2

1+ (f(Z)) 1+ > nbyzr—!
n=1

18

1— > n(n—1)]|b,| =01
= Re S >a  (zel).
1+ 3" nlb,|ein—10zn-1

n=1

[|
o




Vol. LI (2013) Radius Problems for Certain Classes of Analytic Functions 41

If we consider a point z = |z] e=®, then we have

L= 3 n(n—1) [ba] 2"

n=2

L [br| + 3 nfba] 2"
n=2

> Q.

Letting |z| — 17, we obtain the inequality (2.2), and this completes the
proof. §

Remark 2.1. If f(z) € H(a);0 < a< ﬁ, then the inequality

Zn(n—1+a)|bn|§1—a—a|b1|

n=2

implies that
> nn=1)|b" <1—a—alb].
n=2

Applying the above lemmas, we derive the following theorem.

Theorem 2.3. If f(z) € H(a);0 < a < 1+1|b1‘and6 e C(0< 0| <1), then

the function +f(0z) € P(B1, B2, B3; ) for 0 < [6] < [6o(N)|, where |6o(N)] is
the smallest positive root of the equation

6> /20 —a —albi) 6P /6(1+ 31811 — a — afbu] — 2[bf?)
(1— o) (1—16*)5/2

|wﬁ¢@u+8wﬁ+6wﬁu—a—awﬂ—ﬂ@f—m@ﬁ

|B1] + [ Ba|

|83
= A\
in0< 0| <1

Proof. Since ;75 =14 32 bu2" # 0 (2 € U) for f(z) € H(a), we see that
n=1

P o0
=1+ 5",
51(62) o

for 0 < 0] < 1. Thus, to show that %f(5z) € P(p, Pa, B3; ), from Lemma
2.1, it is sufficient to prove that

[e.9]

n(n = 1)(|Bi] + (n = 2) [Ba] + (n = 2)(n = 3) [B3]) [0]" [bn| < A.

n=2
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Applying Cauchy-Schwarz inequality, we note that

> n(n=10)(|8:] + (n = 2) |Ba] + (n = 2)(n = 3) |B]) |6]" |bal

< |5 (fj n(n 1) 5%)% (fjnm = bﬁ)é

+ | 2| (in (n—1)( ) (52n)é (in(nl)an);

18 (i - 1)( )2@3)25%)% (inmlm?)é
< &(in(nnﬁ");m 23

v 5l (£ ntn = )00 - 271) /1= 0 albl 2 o]

n=3

el (£ 0= D00 27200 - 371657 ) /1= =l = 2l =

n=4

We note that

> 1
"= <1
Sr=i (<,

thus, we have

> 222
Znn—l (1—x)3' (2.4)
n=2
Since
o o D / 2
x
(n—2)x = 22 ") = ,
2 27 ) =iy
we see that
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and thus, we obtain

_ 62°(1+ 3x)

n(n —1)(n — 2)%z"
S nln—1)(n—2) =

n=3

Furthermore, we have

Y (n—-1)(n-27°n-30%" = 2 (Z(n —1)(n—2)*(n— 3)21«”—4)

n=4

but

Z(n —2)(n—3)z" ' =2° (Z(n —2)(n— 3)5’7”4) - (1 2_$$)3

n=4 n=4

thus, we have

- 122 + 722° + 362°

d (n=1)(n—2)*(n-3)2" = o ,

n=4

which yields

 482%(1 + 8z 4 62?)

Zn(n—l)(n—Q) (n—3)%x 1)

n=4

(2.6)

Therefore, from (2.3)- (2.6) with |6|> = z, we obtain

oo

Y nln=1)(|Bi] + (n = 2) |Ba] + (n = 2)(n — 3) |Bs]) |6]" [ba]

n=2

0P 2T —a—am] ., 18P /(6+ 181531 —a—alb] - 2[b.)

< |6 + [ Ba|

(1= [a*)3/2 (1 [o*)5/2
| 6[* \/48(1 + 8167 +6]0/(1 —a—alb] —2|b)* —6]bs]?)

|53
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Now, let us consider the complex number 6 (0 < || < 1) such that

67 /61431811 — a2 |bu)

[ V2(1 — a)

+
|51| (1 - |5|2)3/2 |B2| (1 _ |5|2)5/2
| 81" \/48(1 + 818 + 6161 (1 — o — 2 [bal — 6]sf*)
3
(1 - |5|2)7/2
= A\

If we define the function h(|d]) by

RS = 16107 (= 162 V21 —a —a o)
18] 61 (1= 181%) /(6 + 18 16P)(1 — @ — ar[by] — 2 [bo]?)

1851101 \/48(1 + 816> + 6 81*)(1 — & —  [bn] — 2 af” — 6 [o]?)
A= o),

then we have

h(0) = =\ < 0 and h(1) = [Bs] /72001 — @ — ar[bu] — 2|l — 6]Bsf*) > 0.
This means that there exists some dp such that h(|dg]) = 0 (0 < |dp] < 1).
This completes the proof of the theorem. g
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