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Abstract. The aim of this paper is to give some necessary and
sufficient conditions for multi-step iterative scheme with errors
for a finite family of uniformly quasi-Lipschitzian mappings to
converge to common fixed point in a real Banach space. Our
results extend and improve the corresponding results of Quan [7],
Liu [5,6], Xu and Noor [9] and many others.
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1 Introduction and Preliminaries

Throughout this paper, we assume that E is a real Banach space and C' is
a nonempty convex subset of E. Let F(T) and N denote the set of fixed
points and the set of natural numbers, respectively. We recall the following
definitions:

Definition 1.1. (see [7]) Let T: C'— C be a mapping:

(1) T is said to be uniformly quasi-Lipschitzian if there exists L € [1,4+00),
such that
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7"z —pll < Lz —pll, (1.1)
forallz € C,pe F(T) and all n € N.

(2) T is said to be uniformly L-Lipschitzian if there exists L € [1,+00), such
that

|7 — T < Llo—yl, (1.2)
for all xz,y € C, and all n € N.

(8) T is said to be asymptotically quasi-nonexpansive if there exists k, €
[1,400) with lim,,_, o0 ky, = 1, such that

[T —pll < knlle—pl, (1.3)
forallz € C,pe F(T) and all n € N.

From the above definitions, it follows that if £'(7") is nonempty, a uniformly L-
Lipschitzian mapping must be uniformly quasi-Lipschitzian, and an asymp-
totically quasi-nonexpansive mapping must be uniformly quasi-Lipschitzian.
But the converse does not hold.

In 1973, Petryshyn and Williamson in [4] proved a sufficient and necessary
condition for Picard iterative sequences and Mann [3] iterative sequences to
converge to fixed points for quasi-nonexpansive mappings. In 1997, Ghosh
and Debnath [1] extended the result of [4] and gave a sufficient and necessary
condition for Ishikawa [2] iterative sequences to converge to fixed points for
quasi-nonexpansive mappings. In 2001, Liu [5,6] extended the above results
and obtained some sufficient and necessary conditions for Ishikawa iterative
sequences with errors members for asymptotically quasi-nonexpansive map-
pings to converge to fixed points.

Recently, in 2006 Quan in [7] gave the sufficient condition for convergence of
three-step iterative sequences with errors (TSISE) to converge to fixed point
for uniformly quasi-Lipschitzian mappings, he proved the following:

Theorem Q. Let E be a Banach space and C be a nonempty closed con-
ver subset of E and T: C' — C' be a uniformly quasi-Lipschitzian mapping
with the nonempty fixed point set F(T). For arbitrary x1 € C, let iterative

sequences {xn}, {yn}, {zn} defined by:

Zn = (1 - Tn — Vn)mn + ’YnTnxn + VpUn,
Yo = (1= Bn— pn)Tn + BT 2 + Hn¥n, (TSISE)
Tor1 = (1—ap— Nz, + T, + Aw,, n>1,
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where {u,}, {v,}, {wn} are bounded sequences in C' and {ay,}, {Bn}, {n},
{\}, A}, {vn} are appropriate sequences in [0,1] with the restrictions that
Yoy <00, >0 A, < oo. Then {z,} converges to a fized point if and
only if liminf, . d(z,, F(T)) = 0, where d(y,C) denotes the distance of y
to set C, that is, d(y,C) = infd(y,z),Vz € C.

The aim of this paper is to study convergence of multi-step iterative se-
quences with error term to converge to common fixed point for uniformly
quasi-Lipschitzian mappings and give the sufficient condition for convergence
of common fixed point for such maps in Banach spaces. The multi-step iter-
ation scheme with errors defined as follows:

Definition 1.2. Let C be a nonempty convexr subset of a normed space E,
and let Th, 15 ..., Ty: C'— C be N uniformly quasi-Lipschitzian mappings.
For a given x1 € C, and a fited N € N (N denote the set of all positive
integers), compute the sequence {x,} by

2V = o772, + V2, + yPul,
oD = o TPal) + P00, + oD,
A = AT 4 0, AP
oy =2 = aTRal"™ 4+ BV w, +4ulY, (1.4)

where{a,(f)}, {BS)}, {%(«f)} are appropriate sequences in [0, 1] with al? +ﬁ7(f) +
WD =1 for each i € {1,2,...,N}, and {ug)}, {u,(f)}, ce {u,(lN)} are bounded
sequences in C'.

In the sequel we need the following lemma.
Lemma 1.1.( [8]; Lemma 1) Let {a,}22, {8.}52, and {r,}>2, be sequences

of nonnegative real numbers satisfying

any1 < (L4 1ry)a, + B, ¥Yn € N.

(i) lim,, ., a, exists.

(i) If liminf, . a, =0, then lim, - a, = 0.
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2 Main Results

In this section, we prove strong convergence theorems of multi-step iterative
sequences with error term to converge to common fixed point for uniformly
quasi-Lipschitzian mappings in the framework of Banach spaces.

Lemma 2.1. Let E be a Banach space and C' be a nonempty closed convex
subset of E. Let T1,T5,..., Tn: C — C be N uniformly quasi-Lipschitzian
mappings. Assume that F = NY F(T;) # 0. From an arbitrary v, € C,

define the sequence {x,} ztemtwely by (1.4) with the restrictions > - A <
oo and Y2 0, < oo where 0, = (LY —1). Then

(N)

(i) |2y — %] = |23 — 2| < (1 +6,) o — 2% +d7Y, for alln > 1,

x* € F and nondecreasing sequence {dq(f_l)} foralli =1,2,...,N of numbers
such that > 7, 4V < .

(i1) There exists a constant M > 0 such that ||Tpim — 2*|| < M. ||, — 2| +
M. Z”+m ! (N_l) for allm,m > 1 and x* € F.

Proof. (i) Let 2* € F, then from (1.4) we have

ng) -zt = HO& " + B0z, 4 AWy — g
< o [T, — o) + B, — ]+ 40 uld) — o
< aﬁj)L |20 — @[] + BY |20 — 2| + 40 [ud — 2*
< (1- 67(}))[, |z — 2] + 5n L ||z, — *|| + %(11) Hug) _
< Llin— 2]+ o) - o
< Lz, —a*| +d (2.1)
where dY) = 4 H ult) — 2*||. Since 2%, WY < oo, then 322, dY

Next, we note that
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o =] = o2 Tyal) + AP+ 2P0 o
< @ T3 o 4 B o, — 7]+ o2 2
< QDL al) = "]+ B2l — 7] 422 [P — o
< alPLlL oy =+ )45 o =) 0 )
<[22 + APz — o'l + aP LA + o2 [l — 2|
(0 4 AV o) LD D [
= (et o
< Loy — 2|+ oD Ld? + 42 |[ul?) — 27
< L*||ay — a*|| + dWY (2.2)
where d) = aq(f)Ld(O) @ ‘ ul?) — 2*||. Since > ) < o0 and Yo 1%
00, and s0 >~ ) < . Similarly, we have
o =] = ol Tya + AV, 4 4P
< al® [ = a*|| + B i — ] +0 [
< AL — 2] + 5P e — ol +o82 o - 2
< 0D LIL? frn — "))+ d0) + B o — 2] 44D )
< [a®L + W) |lzn — 2*|| + P LdD) 4~ Hun — |
< (o) + BP)L? o — 2| +a<3>Ld£3> + 2 [Jus? =2
= (1 =)L |l —56‘H+d
< L3z, — 2% +d? (2.3)

(3)

where dT(f) = aS’)LdS’ﬂﬁ’) ‘ Un . Since )7 ) < coand Y Yo ® <

0o, thus Y >, 4 < .

By continuing the above (process there exists a nonnegative real sequence
{dl 2 } such that Y > < oo and

|2 — 2| < L’Hxn—x*H +d% Y vn>1, Vi=1,2,...,N. (24)
Thus
|Zns1 — 27| = ||$7(1N)_9‘7*

IN

LN |z — 2| + dV Y
= 1+ LN =1) ||z, — 2*| + dV
= (146,) ||z, — z*|| + d¥V (2.5)
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for all n € N, where 6,, = (LY — 1) with > >° 6, < co. This completes the
proof of part (i).

(ii) Since 1 +x < €” for all x > 0. Then from (i) it can be obtained that

-1)

Vs = 21 < (14 Bupnt) fmemos — 27+ A0
< P e — 2+ dU5 Y,
S 60n+m71 [60n+m 2 ||[L‘n+m 2 — s || + dn+m 2] + dn+m)1
S e(9n+m 1+0n+m—2) Hxn+m 9 — T H +e On+m— l[d;]—\(-;n)l + dn]'\if‘ml)Q]
<
<
n+m—1

n+m 1 n+m 1 N—

< (ST -+ (SEET) N AN (26)
k=n

for all z* € F and n,m > 1. Setting M = eXizn % then ||zp m — 2*|| <
M. ||, — | + M. S 2 ~Y This completes the proof of part (ii).

Theorem 2.1. Let E be a Banach space and C' be a nonempty closed convex
subset of E. Let T\, T5,...,Ty: C — C be N uniformly quasi-Lipschitzian
mappings. Assume that F = NN, F(T;) # 0. From an arbitrary v, € C,
define the sequence {x,} iteratively by (1.4) and some a,b € (0,1) with the
following restrictions:

(i)0<a<o<£f)§b<1,1§i§N,Vn2n0forsomen0€N;
(ii) >0 17n <00, 1<i<N;
(i) >0 0, < oo where 6, = (LY —1).

Then the iterative sequence {x,} converges strongly to a common fized point
x* of the mappings {T1,Ts, ..., Tn} if and only if

liminf d(x,,F) = 0,

n—oo

where d(x,F) denotes the distance between x and the set F.

Proof. The necessity is obvious, we only prove the sufficiency. Suppose
liminf, . d(z,,F) = 0. Then from Lemma 2.1(i), we have ||z 41 — 2*|| <
(1+6,) ||lzn — z*|| + d¥ ™, for all n > 1. Therefore

A(Tny1,F) < (14 60,)d(zn, TF) +dND. (2.7)
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Since Y~ 6, < ocand ) >, dNY < 00, so by Lemma 1.1 and liminf,_,

d(x,,F) =0, we get that lim, o d(z,,F) = 0. Next, we prove that {z,} is
a Cauchy sequence. From Lemma 2.1(ii), we have

n+m—1
* * N-—
|Tnim — 2| < M-llzg =2+ M- > Y (2.8)

k=n

for all z* € F and n,m > 1. Since lim,,_,, d(z,,F) = 0, for each € > 0, there
exists a natural number n; such that d(z,,F) < 557, for all n > n;. Hence,
there exists ¢ € J such that

n+m—1

g N—1 g
low —all < 537 Do &< g7 (2.9)

k=n1

From (2.8) and (2.9), for all n > ny, we have

”xn-i-m - xn” < ||$n+m - QH + ||$n - q”

n+m—1
N-1
< M||xn1_q||+M Z dl(c )+M'||$m—Q||
k=n1
19 g g
< M -—4+M-—+M —
3SM * 3M + 3M
g 19 g
= 4+ 4+ =¢ 2.10
373t37° (2.10)

Thus {z,} is a Cauchy sequence in E. By the completeness of E, we also
have that {x,} is a convergent sequence. Assume that {x,} converges to a
point ¢*, that is, lim,, .., z,, = ¢*. It will be prove that ¢* is a common fixed
point, that is, ¢* € &F.

Since lim,,_, z,, = ¢*, for each £ > 0, there exists a natural number n, such
that when n > no,

~

£

n— ¢ < =/—.

(2.11)

Moreover, lim,, o, d(x,,F) = 0 implies that there exists a natural number
ng > no, such that when n > ns,

é €

d(l’n,f_f) < m,

(2.12)
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Thus there exists a w* € F, such that

||xn3 - w*H - d($n3, w*) < (213)

21+ L)

From (2.12) and (2.13), for any ¢ € I and n > ng, we have

ITiq" = ¢l = 1Tiq" = w* +w" = 2ny + 20y — ¢"||
< Tg" = w'l| + o’ = @ || + [|2ng — 47
< Ll =wll + [0 = g || + 120y — 4"l
< Lllg" =z || + [J2ng = w I} + llw” = 2ny ]| + {20, — 47
< (U+ L) [J#ng = [l + (1 + L) [z, —w’|
€ €
< 1+L) ——+10+1L) ——
(1+1) 2(1+L)+( +D 2(1+1L)
£ £
< -+-=¢ 2.14
;tg=¢ (2.14)

This implies that T;¢* = ¢*. Hence ¢* € F(T;) for all i € [ and so ¢* € F =
MY, F(T;). This completes the proof.

Corollary 2.1. Let EE be a Banach space and C' be a nonempty closed con-
ver subset of E. Let T1,T5,..., Tn: C — C be N uniformly L-Lipschitzian
mappings. Assume that F = NN, F(T;) # 0. From an arbitrary z; € C,
define the sequence {x,} iteratively by (1.4) and some a,b € (0,1) with the
following restrictions:

(i)0<a§aq(f)§b<1,1§i§N,‘v’n2nof07"somen0€N;
(ii) 320 ) < 00,1 <i < N;
(i) >0 0, < oo where 6, = (LY —1).

Then the iterative sequence {x,} converges strongly to a common fixed point
x* of the mappings {11, Ty, ..., Tn} if and only if

liminfd(x,,F) =0,

n—oo

where d(x,F) denotes the distance between x and the set F.

Proof. Since F(T;) for all @ = 1,2,..., N is nonempty, a uniformly L-
Lipschitzian mapping must be uniformly quasi-Lipschitzian. Thus, Corollary
2.1 can be proved by using Theorem 2.1.
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Corollary 2.2. Let E be a Banach space and C be a nonempty closed con-
ver subset of E. Let T\, Ts,...,Ty: C — C be N asymptotically quasi-
nonezpansive mappings. Assume that F = NN F(T;) # 0. From an arbitrary
x1 € C, define the sequence {x,} iteratively by (1.4) and some a,b € (0,1)
with the following restrictions:

(i)0<a§a£f)§b<1, 1 <i< N, Vn>ng for some ng € N;
(ii) Yooy i) < 00, 1< i < N;
(1) >0 0, < oo where 6, = (LY —1).

Then the iterative sequence {x,} converges strongly to a common fized point
x* of the mappings {11, T, ..., Ty} if and only if

liminfd(x,, F) =0,

n—oo

where d(z,F) denotes the distance between x and the set F.

Proof. Since F(T;) for all ¢ = 1,2,..., N is nonempty, an asymptotically
quasi-nonexpansive mapping must be uniformly quasi-Lipschitzian. Thus,
Corollary 2.2 can be proved by using Theorem 2.1.

Theorem 2.2. Let E be a Banach space and C' be a nonempty closed convex
subset of E. Let T\, T, ..., Tn: C — C be N uniformly quasi-Lipschitzian
mappings. Assume that F = NN, F(T;) # 0. From an arbitrary ¥, € C,
define the sequence {x,} iteratively by (1.4) and some a,b € (0,1) with the
following restrictions:

(Z')0<a§a£f)§b<1,1§i§N,VnZnoforsomenoeN;
(i1) Zflozlm(f) <o00,1<i<N;
(1) > "y by < 00 where 6, = (LN —1).

Then the iterative sequence {x,} converges strongly to a common fixed point
p of the family of mappings {T1,Ts,...,Tn} if and only if there exists a
subsequence {x,,,} of {xn} which converges to p.

Proof. The proof of Theorem 2.2 follows from Lemma 1.1 and Theorem 2.1.

Theorem 2.3. Let E be a Banach space and C' be a nonempty closed convex
subset of E. Let T1,T5,...,Tn: C — C be N uniformly quasi-Lipschitzian
mappings. Assume that F = NN, F(T;) # 0. From an arbitrary z; € C,
define the sequence {x,} iteratively by (1.4) and some a,b € (0,1) with the
following restrictions:
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(i)0<a§oz£f) <b<1,1<i<N,Vn>ng for someng € N;

(ii) 320 ) < 00, 1 <i < N;

(iii) S>> 0, < oo where 6, = (LY —1).

Suppose that there exists a map T; which satisfies the following conditions:
(a) limysoo [ = Tyal] = 0;

(b) there exists a constant M > 0 such that ||z, — Tjx,| > Md(z,,F),
Vn > 1.

Then the iterative sequence {x,} converges strongly to a common fized point
of the family of mappings {T1,Ts,...,Tn}.

Proof. From (a) and (b), it follows that lim, . d(x,,F) = 0. By Theo-
rem 2.1, {x,} converges strongly to a common fixed point of the family of
mappings {11, T, ..., Tn}.

Remark 2.1. Our results extend and improve the corresponding results of
Petryshyn and Williamson [4], Ghosh and Debnath [1] and Xu and Noor [9]
to the case of quasi-nonexpansive and asymptotically nonexpansive mappings
to more general class of mappings, multi-step iteration with errors and finite
family of mappings.

Remark 2.2. Our results extend and generalize the corresponding results of
Liu [5,6] to the case of multi-step iteration with errors and finite family of
mappings.

Remark 2.3. Our results also extend and generalize the corresponding re-
sults of Quan [7] to the case of multi-step iteration with errors and finite
family of mappings.
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