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Abstract. In this paper we study some comparative growth properties
of composite entire and meromorphic functions on the basis of their gen-
eralized relative order, generalized relative type and generalized relative
weak type with respect to another entire function.

1 Introduction

Let f be an entire function defined in the finite complex plane C. The max-
imum modulus function corresponding to entire f is defined as Mg (r) =
max {|f (z)| : |z| = r}. If f is non-constant then it has the following property:

Property (A) [2] A non-constant entire function f is said have the Property
(A) if for any o > 1 and for all sufficiently large values of r, [M¢ (1‘)]2 < Mg (1)
holds. For examples of functions with or without the Property (A), one may
see [2].
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Mg (r)
Mg ()

growth of f with respect to g in terms of their maximum moduli. The order
(lower order) of an entire function f which is generally used in computational
purpose is defined in terms of the growth of f respect to the expz function
which is as follows:

as T — oo is called the

For any two entire functions f and g, the ratio

or = li log log M (1) lim s log log M¢ (1)
= lim su =limsup———>——=
R loglog Megpz (1) e’ log (1)
. . . loglog Ms (1) .. .loglog Mg (1)
Af = liminf =liminf ———~=
r—oo loglog Mexpz () T—00 log (1)

When f is meromorphic, M¢ (r) cannot be defined as f is not analytic. In
this case one may define another function T (1) known as Nevanlinna’s Char-
acteristic function of f, playing the same role as maximum modulus function
in the following manner:

Te (1) = N¢ () +ms (1),

where the function N¢(r, a) (Nf(r, a)) known as counting function of a-points
(distinct a-points) of meromorphic f is defined as

N¢ (r,a) = Jnf (t,a) Inf (©,0) dt +ns(0,a)logr
0
(]\Tf (r,a) = Jnf (t,a) Inf (0,0) dt +n¢(0,a)logr ),

0

moreover we denote by ng(r, a)(rff (T, a)) the number of a-points (distinct
a-points) of f in |z < v and an oo -point is a pole of f. In many occasions

N¢ (1, 00) and ]\Tf (r,00) are denoted by N¢ () and T\_lf (1) respectively.
And the function ms (r,00) alternatively denoted by ms (r) known as the
proximity function of f is defined as follows:

21

1 4
ms (r) = 27rJ log™ ‘f <re‘9)‘ d0, where
0

log™ x = max (logx,0) for all x >0 .
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Also we may denote m (T, =) by m¢ (, a).
If f is entire function, then the Nevanlinna’s Characteristic function T (1)
of f is defined as

Tp (r) =mg (r).
Further, if f is non-constant entire then T¢ (1) is strictly increasing and con-
tinuous functions of . Also its inverse T, 1 (T4 (0), 00) — (0, 00) exist and is
T (r)

such that Sll)m Tf (s) =
of f with resgce’ct to g in terms of the Nevanlinna’s Characteristic functions of
the meromorphic functions f and g. Moreover in case of meromorphic func-
tions, the growth indicators such as order and lower order which are classical
in complex analysis are defined in terms of their growths with respect to the
exp z function as the following:

Pr = lim SHPM = lim SUPM = lim Sup&
r—oo lOg Texpz (T) 00 log (%) r—oo 10g (T) + O(])

(?\f =limin fo() = lim infM — lim infong(r)>.

T, A48T — 00 is called the growth

=00 log Texpz (1) r—oo  log (7?) r—oo log (1) + O(1)

Bernal [1], [2] introduced the relative order between two entire functions to
avoid comparing growth just with exp z. Extending the notion of relative order
as cited in the reference, Lahiri and Banerjee [9] introduced the definition
of relative order of a meromorphic functions with respect to another entire
function.

For entire and meromorphic functions, the notion of the growth indicators
of its such as generalized order, generalized type and generalized weak type are
classical in complex analysis and during the past decades, several researchers
have already been continued their studies in the area of comparative growth
properties of composite entire and meromorphic functions in different direc-
tions using the growth indicator such as generalized order, generalized type
and generalized weak type. But at that time, the concept of generalized rela-
tive order and consequently generalized relative type and generalized relative
weak type of entire and meromorphic function with respect to another entire
function which have been discussed in the next section was mostly unknown
to complex analysis and was not aware of the technical advantage given by
such notion which gives an idea to avoid comparing growth just with exp func-
tion to calculate generalized order, generalized type and generalized weak type
respectively. Therefore the growth of composite entire and meromorphic func-
tions can be studied on the basis of their generalized relative order, generalized
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relative type and generalized relative weak which has been investigated in this
paper.

2 Notation and preliminary remarks

We denote by C the set of all finite complex numbers. Let f be a meromorphic
function and g be an entire function defined on C. We use the standard nota-
tions and definitions of the theory of entire and meromorphic functions which
are available in [8] and [12]. Hence we do not explain those in details. In the
consequence we use the following notation:

log[k} x = log (log[k_” x) for k=1,2,3,.... and logm X =X.
Now we just recall some definitions which will be needed in the sequel.

Definition 1 The order pr and lower order A¢ of an entire function f are
defined as

logZ M logZ M
ps = lim supu and As = lim infu.
T—00 logr T—00 logr
When f is meromorphic then
log T log T
ps = lim supM and Ay = lim infM.
roo  logT oo logT

In this connection Sato [10] define the generalized order pg} (respectively,

generalized lower order )\][cu) of an entire function f which is defined as

1 [ M 1 U M
p][cu = lim supiog t(r) respectively 7\1{U = lim inf g MelD) )
T—00 logr T—00 log
where 1 =1,2,3....

For meromorphic f, the above definition reduces to

1 -1 T (r
pg] — Jim sup og 7 (1)

log =1 T
<respectively 7\]{u = lim inf U
r—00 logr

T—00 logr

for any 1 > 1.
These definitions extended the definitions of order ps and lower order A¢ of
an entire or meromorphic function f which are classical in complex analysis for

integer 1 = 2 since these correspond to the particular case p][cﬁ =ps(2,1) = ps

and AP = \;(2,1) = Ar.
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Definition 2 The type of and lower type Of of an entire function f are de-
fined as

log M¢(r log M¢(r
of = limsupo() and Gf = liminfo(), 0 < pf < 0.
00 TPf T—00 o1
If £ is meromorphic then
Ts (v
of = lim sup and O = liminf il ), 0 < pr < 0.
r—oo TPf r—oo TPf

Consequently the generalized type G[f” and generalized lower type 6][}] of an

entire function f are defined as

log = M (r log= ! M (r
Giu = lim sup—g o () and 6][}] = lim inf e Y o il ), 0< p][cu < 0
T—00 ’rpf T—00 rpf
where 1 > 1. If f is meromorphic then
log™ 2 Te(r log™ 2 Te(r
0'][}] = lim supiOg o () and (?]El] = lim inf o8 A o i ), 0< p][cu < 0
T—00 Tpf T—00 Tpf
2 2]

where 1 > 1. Moreover, when 1 = 2 then Gf] and E]E are correspondingly
denoted as oy and 0f which are respectively known as type and lower type of
entire or meromorphic f.

Datta and Jha [6] introduced the definition of weak type of an entire function
of finite positive lower order in the following way:

Definition 3 [6] The weak type T¢ and the growth indicator T¢ of an entire
function f of finite positive lower order As are defined by

logM logM
Tr = limsupw and T = hminfM, 0 < Af < o0.
T—00 TAf T—00 A
When f is meromorphic then
T, T
Tr = lim sup (1) and Tf = lim inf f (T), 0 < Af < o0.
T—00 T [

Similarly, extending the notion of weak type as introduced by Datta and
Jha [6], one can define generalized weak type to determine the relative growth
of two entire functions having same non zero finite generalized lower order in
the following manner:
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Definition 4 The generalized weak type T][Cu for 1> 1 of an entire function f

of finite positive generalized lower order ?\]EU are defined by
)

T, = lim inf
T—00

log" ™" My(r)

[
T}\f

)
y 0 <A <oo.

Also one may define the growth indicator TE] of an entire function f in the
following way:
0 log" " My (r)

T, = limsup N
T—00 T

[
y 0 <Af < oo.

When f is meromorphic then

log" A T(r) oy log" A Ty(r)
————— and T, = limsup o ,
A T—00 A
T T f

TE] = lim inf
T—00

0< ?\E}] < 0.

If an entire function g is non-constant then Mg () and Ty (1) are both strictly
increasing and continuous function of r. Hence there exists inverse functions
Mg : (If (0)],00) = (0,00) with lim Mg' (s) = oo and T, : (Ty (0),00) —

S—00
(0,00) with lim Tg_1 (s) = oo respectively.
S§—00

Bernal [1], [2] introduced the definition of relative order of af an entire

function f with respect to an entire function g , denoted by pg (f) as follows:

pg (f) = inf{n>0:Ms(r) < Mg (r*) for all * > 1o (u) > 0}
: log Mg"'M; (1)
= limsup————=——.
00 logr

The definition coincides with the classical one [11] if g (z) = expz.
Similarly, one can define the relative lower order of an entire function f with
respect to an entire function g denoted by Ag (f) as follows:

log M "M (v
Ag (f) = lim i 08 Mg M ()
T—00 logr

Extending this notion, Lahiri and Banerjee [9] introduced the definition of
relative order of a meromorphic function f with respect to an entire function
g, denoted by pg (f) as follows:

pg (f) =inf{u > 0:T¢ (r) < Tq (r") for all sufficiently large r}

) log qu T¢ (1)
=limsup——=—.
T—00 logr
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The definition coincides with the classical one [9] if g (z) = expz.
In the same way, one can define the relative lower order of a meromorphic
function f with respect to an entire g denoted by A4 (f) in the following manner:

log T; ' T¢ (v
Ag (f) = lim 08 Te Tr (1)
T—00 logr
Further, Banerjee and Jana [6] gave a more generalized concept of relative
order of a meromorphic function with respect to an entire function in the
following way:

Definition 5 [6] If 1 > 1 is a positive integer, then the 1- th generalized
relative order of a meromorphic function f with respect to an entire function
g, denoted by pg} (f) is defined by
pg] (f) = lim supm.
T—00 logr
Likewise one can define the generalized relative lower order of a meromor-
phic function f with respect to an entire function g denoted by ?\g] (f) as

e
AV () = liminf ot te ()

T—00 logr
In the case of meromorphic functions, it therefore seems reasonable to define
suitably the generalized relative type and generalized relative weak type of a
meromorphic function with respect to an entire function to determine the
relative growth of two meromorphic functions having same non zero finite
generalized relative order or generalized relative lower order with respect to
an entire function. Next we give such definitions of generalized relative type
and generalized relative weak type of a meromorphic function f with respect

to an entire function g which are as follows:

Definition 6 The generalized relative type Gg} (f) of a meromorphic function
f with respect to an entire function g are defined as
log™™ ! T 1T ()

1] .
og (f) = limsup o
T—00 Tpg (f)

, where 0 < pgm (f) < oco.

Similarly, one can define the generalized lower relative type g (f) in the
following way:

log" " T 1T (v
& (f) = liminf—>—— 9 r(r)

1
m in s , where 0 < pg} (f) < oo.
P9




60 S. K. Datta, T. Biswas

Definition 7 The generalized relative weak type T[gu (f) of a meromorphic

function f with respect to an entire function g with finite positive relative
lower order 7\3] (f) is defined by

log™ " T 1T (v
() = liminf 29 i

T—00 r?\g] (f)

In a like manner, one can define the growth indicator Tg} (f) of a meromor-

phic function f with respect to an entire function g with finite positive relative
lower order 7\3] (f) as

1]

log"™ T 1T (v
Ty (f) = limsup g g Trl )

1
00 g ()

3 Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 1 [3] Let f be meromorphic and g be entire then for all sufficiently
large values of r,
Tg ()

Ttog (1) < {1+ 0(1)} Tog Mg (1)
g

Tr (Mg (7).

Lemma 2 [4] Let f be meromorphic and g be entire and suppose that 0 < p <
pg < 0o. Then for a sequence of values of T tending to infinity,

Tfog (T) > Tf (eXp (Tu)) .

Lemma 3 [7] Let f be an entire function which satisfy the Property (A), p >
0,0>1and x> 2. Then

BT; (1) < T; <cxr5) :

4 Main results

In this section we present the main results of the paper.

Theorem 1 Let f be meromorphic, g and h be any two entire functions such
that 0 < ?\E (f) < pﬁ] (f) < 00, 04 < 00 and h satisfy the Property (A) where
L> 1. Then

log T, "Trog (1) _ 0 - oy (f)

logV T ' T (expros) = AV ()

lim sup
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Proof. Let us suppose that o > 2.

Since T, () is an increasing function r, it follows from Lemma 1, Lemma
3 and the inequality Ty (r) < log Mg (1) {cf. [8]} that for all sufficiently large
values of r we have

T, Trog (1)

N

T 0+ (1)) T (Mg (1))
ey T g (1) < o [T (M ()]
ie., log" T Trog (1) < log" T T¢ (Mg (1)) + O(1) (1)

e, 108" Ty Tiog (1)
logm T}?]Tf (expTP9)
log" T, ' T; (Mg (1) +0(1) _ log" T, ' T (Mg (1)) + O(1).

logm T];]Tf (expTP9) log Mg (1)
log Mg (1) log exp P9 @)
P9 log! T 1 T¢ (exp 09)
log" T, ' T
i.e., limsup Olg ]h fog (1)
roo0  log!V T, Ty (exprPo)
log! T-1T; (M o1 log M
< lim sup og - Iy 7 ( g(r))‘f‘ (1) . lim sup og g(T)'
T—00 log My (1) oo TPg
. log exp 1P9
lim sup T
r—oo log™ T, " Ty (exp 1P9)
, _ log¥ T 1Tt (1) | 1
i.e., limsup 0 7]]1 9 < pL] (f) - og - 5
r—oo  log™ T, ' Ty (exp 1P9) Ay ()
Thus the theorem is established. O

In the line of Theorem 1 the following theorem can be proved:

Theorem 2 Let f be a meromorphic function, g and h be any two entire
functions such that )\][P (g) > 0, p&] (f) < 00, 0g < o0 and h satisfy the
Property (A) where 1 > 1. Then

log" T, "Trog (1) _ 0~ py, (f)
log! T}T]Tg (exprPe) A][P (9)

lim sup
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Using the notion of lower type we may state the following two theorems
without proof because it can be carried out in the line of Theorem 1 and
Theorem 2 respectively.

Theorem 3 Let f be meromorphic, g and h be any two entire functions such
that 0 < ?\E} (f) < pE (f) < 00, Gy < 00 and h satisfy the Property (A) where
L>1. Then

e 1T g (1) Ty -y ()
log" T 1T (expres) 7\%] ()

Theorem 4 Let f be a meromorphic function, g and h be any two entire

functions such that )\][P (g) > 0, p%] (f) < 00, Oy < oo and h satisfy the
Property (A) where 1 > 1. Then

W -1 — U
lim inf lﬁ]g jh Trog () < % 'mph ()
log™ T, " Tg (exp rP9) Ay (g)

Using the concept of the growth indicators T4 and T4 of an entire function g,
we may state the subsequent four theorems without their proofs since those can
be carried out in the line of Theorem 1, Theorem 2, Theorem 3 and Theorem
4 respectively.

Theorem 5 Let f be meromorphic, g and h be any two entire functions such
that 0 < ?\E (f) < pg} (f) < 00, Ty < 00 and h satisfy the Property (A) where
L>1. Then

-1 — U
log™ T, " Tiog (7) < Tg - Py, ()

lim su
P log!" T}:1Tf (exp T7‘9) - )\}[P (f)

Theorem 6 Let f be a meromorphic function, g and h be any two entire
functions such that )\E] (g) >0, pE (f) < 00, Ty < 0o and h satisfy the Property
(A) where L > 1. Then

— — L
log T ' Trog (1) _ Ty - py (1)

lim sup <
log T 1Ty (expr™s) = A (g)

Theorem 7 Let f be meromorphic, g and h be any two entire functions such
that 0 < 7\&1 (f) < pﬁ] (f) < 00, Tg < 00 and h satisfy the Property (A) where
L>1. Then

-1 (U
log™ T, " Tiog (1) < T9 Py (f)

lim inf <
log" T, 1T (exprhe) 7\%] (f)
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Theorem 8 Let f be a meromorphic function, g and h be any two entire

functions such that ?\&] (g) >0, p%} (f) < 00, Tg < 00 and h satisfy the Property
(A) where 1 > 1. Then

log! Ty Trog (1) _ g oy (1)

lim inf <
log" Ty 1Ty (exprie) =AY (g)

Theorem 9 Let f be meromorphic and g, h be any two entire functions such

that (1) 0 < pp (f) < o0, (il) plt (f) = pg, (iil) 04 < o0, (iv) 0 < ol (f) < oo

and h satisfy the Property (A) where 1 > 1. Then

lim inf <

log" T, " Trog (1) _ oy (£) - 0
r=o0 Jog U T 1T (1) 0‘%] f)

Proof. From (1), we get for all sufficiently large values of r that
log" Ty g (1) < (o) (1) + ¢ ) log Mg (1) + O(1). (3)
Using Definition 2 we obtain from (3) for all sufficiently large values of r that
log" Ty Trog (1) < (o3 (1) +¢) (0 + &) - 199 + O(1). (4)

Now in view of condition (ii) we obtain from (4) for all sufficiently large values
of r that

logm T}T]Tfog (1) < <pg] (f) + E) (0g+¢) -rpg](f) + 0(1). (5)

Again in view of Definition 6 we get for a sequence of values of r tending to
infinity that
w
log T (1) = (o () — e ) von . (6)
Now from (5) and (6), it follows for a sequence of values of r tending to infinity

that "
(Pl (1) +¢) (og+ ) -1 10+ O(1)

(f) (1)) ron'

Since € (> 0) is arbitrary, it follows from above that

log" T, 1 Trog (1)
log" U T1T¢ (1)

<

lim inf logm T?Tng () < p&] (f) - %% .
o log TR () T ol ()
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Hence the theorem follows. O

Using the notion of lower type and relative lower type, we may state the
following theorem without proof as it can be carried out in the line of Theo-
rem 9:

Theorem 10 Let f be meromorphic and g, h be any two entire functions such

that (1) 0 < pl () < oo, (ii) pl (f) = pg, (iil) Ty < 00, (iv) 0 < T (f) < o0

and h satisfy the Property (A) where 1 > 1. Then

o 108U T g (1) gy ()9
e log T () T Ty ()

Similarly using the notion of type and relative lower type one may state the
following two theorems without their proofs because those can also be carried
out in the line line of Theorem 9:

Theorem 11 Let f be meromorphic and g, h be any two entire functions
such that (1) 0 < AV (f) < ol (f) < oo, (il) pp (f) = pg, (iii) 0 < oo,
(iv) 0 < EE] (f) < 0o and h satisfy the Property (A) where L > 1. Then

U 7—1
liminflogHTh Trog (7) <
e log T () T G ()

Theorem 12 Let f be meromorphic and g, h be any two entire functions such

that (1) 0 < pl (f) < 00, (i1) pl (f) = pg, (iii) oq < o0, (V) 0 < Ty (f) < oo

and h satisfy the Property (A) where 1 > 1. Then

-1 [
i sup 80 i Trog (1) _ oy (f) - 0

r—00 logu_ﬂ T}T1Tf (T) - 6&} (f)

Similarly, using the concept of weak type and relative weak type, we may
state next four theorems without their proofs as those can be carried out in
the line of Theorem 9, Theorem 10, Theorem 11 and Theorem 12 respectively.

Theorem 13 Let f be meromorphic and g, h be any two entire functions
such that (1) 0 < AV (£) < ol () < o0, (iL) Al (f) = Ag, (iil) Ty < 0o, (iv)
0< ?&J (f) < 0o and h satisfy the Property (A) where L > 1. Then

o 1ogV T g (1) _ ey ()

lim inf [ < o

oo logt T T (1) T, (f)
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Theorem 14 Let f be meromorphic and g, h be any two entire functions

such that (1) 0 < AV (f) < pp (f) < oo, (il) AL (f) = Ag, (iil) Ty < oo,

(iv) 0 < T[H (f) < 0o and h satisfy the Property (A) where L > 1. Then

log! T Trog (1) o1 (F) - T4
h}g}}gf =) 1 S~ :
og" T T (1) < (p)

Theorem 15 Letf be meromorphic and g, h be any two entire functions such

that (1) 0 <Al (f) < o0, (1) A () = Ag, (iil) Ty < 00, (v) 0 < T (f) < 00

and h satisfy the Property (A) where 1 > 1. Then

log" T, " Ty, A ()7
lim inf ogl i _]f o (1) <R [(l]) T,

r=00 Jogh U T 1T (1) T, ()
Theorem 16 Let f be meromorphic and g, h be any two entire functions
such that (1) 0 < AV () < pP) (f) < oo, (i1) AL (f) = A, (ill) Ty < oo,
(iv) 0 < T}[P (f) < 0o and h satisfy the Property (A) where L > 1. Then

log" T—leo (M) _ ey ()7
lim sup = i J h 0 9.
T—00 lOg T Te (T) g (f)
Theorem 17 Let f be meromorphz’c g, h and 1 be any three entire functions
(n]

such that 0 < O'h (fog) < O'h (fog) <00, 0< Gl](f) <o, (f) < oo and
ph (f og) = p1 ( ) where m and n any positive integers > 1. Then

ml m—1] +—1 —[m]
f 1 T 'Te f
7( °9) < lim inf o8 = hi] fog (7) < h [(] °9)
o [n], (f) r=o0 Jog™ T (1) S (f)
- log™ VT ey (1) o™ (fog)
< lim sup e h_1 2 < }L[n} g.
r—o0  log Tl Te (1) 0, (f)

Proof. From the definition of oy (f) and oy (f o g), we have for arbitrary pos-
itive ¢ and for all sufficiently large values of r that

log™ T, M Trog (1) > (o (Fo g) — &) 124 (19 (7)

and -
log[“_” Tl_]Tf (r) < (G{n} (f) + €> reu () (8)
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Now from (7), (8) and the condition pgn] (fog) = p{n] (f), it follows for all
large values of r that,
—[m]
logm™—"! T Trog (1) S (Gh (fog)— 5)
log™ " T1_1Tf (r) (()'{n] (f) + s)

As ¢ (> 0) is arbitrary , we obtain that

log™ T, g (1) _ 9" (fo g)

lim inf o T e 9)
Again for a sequence of values of r tending to infinity,
log™ T, Trag (1) < (S (fo ) 4¢) 20 19 (10)
and for all sufficiently large values of r,,
log ! T T (1) > (0 (F) — e ) 1710, (11)

Combining the condition py, (f o g) = py (f), (10) and (11) we get for a sequence
of values of r tending to infinity that

—m]
log™ V' Ty MMrog (1) _ (011“ (f 09)+e)
g™ T () T (G (1))

Since ¢ (> 0) is arbitrary, it follows that

log™ " Ty M Thog (1) _ 9" (Fo g)

lim inf 12
e log™ T () T g (f) 2

Also for a sequence of values of r tending to infinity that
log" T T (1) < (o] (1) +¢) v 10, (13)

Now from (7), (13) and the condition py (fog) = pi(f), we obtain for a
sequence of values of r tending to infinity that

—[m]
log™ T Tpoq (1) - (% (f og)—e).
og" T (M) T (G (1 +e)
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As € (> 0) is arbitrary, we get from above that

log™ "1 T, "Trog (1) _ @ (o g)

lim sup > 14
r—00 log[niu Tf]Tf (T) 6{“ (f) ( )
Also for all sufficiently large values of r,,
[m]
logM™ VT Mg (1) < (6}[1“] (fog)+ e) ron (feg), (15)

As the condition py, (fo g) = py (f), it follows from (11) and (15) for all suffi-
ciently large values of r that

—[m]
log™ T Tpoq (1) _ (% (f og)+e)'
og" T (M) T (G (1 —e)

Since € (> 0) is arbitrary, we obtain that

log™ T, Trog (1) _ 9" (F0 g)

lim sup < (16)
T—00 log[nin Tf]Tf (1) 6?1} (f)
Thus the theorem follows from (9), (12), (14) and (16). O

The following theorem can be proved in the line of Theorem 17 and so the
proof is omitted.

Theorem 18 Let f be meromorphzc, g, h and k be any three entire functions

(n]

suchthat0<0 (fog)<0‘h (fog) < o0, O<O'H(g)§0'k (g) < 00 and

(fo g) = pk (g) where min{m,n} > 1. Then

oy’ (fog) _ . g™ T Teg (1) _ 5" (fog)
op'(g) T log" T () T crE”(g)
m—1] +—1
< limsuplog T, Tiog (1) < Gh (fog).

T—00 log[niﬂ T]:]Tg (r) 61[?} (g)

Theorem 19 Let f be meromorphic g, h and 1 be any three entire functions
such that 0 < O'h (fog) < 00, 0 < O"{}(f) < oo and p][ln} (fog) = p{n](f)
where m and N are any positive integers with m > 1 and n > 1 respectively.

Then

1 [mfﬂTf]TO (m] f 1 [mfﬂ'l'f]TO
lim inf > T Trog (1) o (709) oy, 08" T Treg (1)
=00 JogMm T T (1) o™ (f) oo log™ T 1T (v)
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Proof. From the definition of O'{n} (f), we get for a sequence of values of r
tending to infinity that

]

Now from (15), (17) and the condition p][ln] (fog) = p{b] (f), it follows for a
sequence of values of r tending to infinity that

[m]
logMm—Tl T}:]Tfog (1) < <Gh (fog)+ 5)
g™ T () T (oM (f) —e)

As € (> 0) is arbitrary, we obtain that

log™ ' T Mg (1) _ 0" (fo g)

lim inf 18
T—00 log[nf” Tf] Te(r) G]["rl] (f) ( )
Again for a sequence of values of r tending to infinity,
[m]
log[m_” T{]Tfog (r) > (cr][l“] (fog)— e) 1P (fog) (19)

So combining the condition pp (fog) = pi(f), (8) and (19), we get for a
sequence of values of r tending to infinity that

fm)
log™ 1 T oy (1) (011“ (fog)— 8)
log™ " T Te () ((Y{n] (f) + s)

Since € (> 0) is arbitrary, it follows that

log™ T, 'rog (1) _ 03" (fog)

lim sup > . 20
T—00 log[niu Tf]Tf (1) (y{n] (f) (20
Thus the theorem follows from (18) and (20). O

The following theorem can be carried out in the line of Theorem 19 and
therefore we omit its proof.

Theorem 20 Let f be meromorphic, g,h and k be any three entire functions
such that 0 < GE“J (fog) < o0, 0 < Gl[:ﬂ (g) < oo and pgn] (fog) = p][<n} (g)

where m and 1 are any positive integers > 1. Then

1 [m—1] T71T . [m] f 1 [m—1] Ti]T .
lim inf o8 T h_] fog () < n [ (] °9) < limsup o8 T h_] fog (r)
T Jog™ U T T (1) 0‘]? (g) r—oo log™ T Ty (1)
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The following theorem is a natural consequence of Theorem 17 and Theorem
19.
Theorem 21 Let f be meromorphic g, h and 1 be any three entire functions
such that 0 < crh (fog) < O‘h (fog) < o0, 0< 0‘{}(1’) < 0‘{11] (f) < oo and

(fo g) = p1 ( ) where m and n are any positive integers with m > 1 and
n > 1 respectively. Then

1] —[m] [ml]
lim inflog[m 1 Th ]Tfog (T) < min 0-}1:1 (f © 9) O_]—an (f o g)
=00 JogM T T (v) T

The proof is omitted.
Analogously one may state the following theorem without its proof as it is
also a natural consequence of Theorem 18 and Theorem 20.

Theorem 22 Let f be meromorphic, g, h and k be any three entire functions
such that 0 < crh (fog) < crh (fog) < o0, 0< GL}(Q) < cr][?](g) < oo and

(fo g) = pk (g) where m and N are any positive integers > 1. Then

liminf—=c - ] ' ]
log T, ' Tg (1) o, (g) o, (g)

—[m] [m] m—1] 71
Gh (f 0 g) G (f © 9) . log Th Tfog (T)
< max —y T < lim sup Toa T T—1T .
O-k (9) Gk (9) T 0g k 9 (T)

In the same way , using the concept of relative weak type, we may state
next two theorems without their proofs as those can be carried out in the line
of Theorem 17 and Theorem 19 respectively.

Theorem 23 Let f be memmorphic g, h and 1 be any three entire functions
such that 0 < T (fog) < Th (fog) < 00, 0< T{}(f) < T{n} (f) < o0 and

7\][;“] (fog) = 7\{“] (f) where m and n any positive integers > 1. Then

o (fog) o g™ T Ty (1) _ " (fog)
Il =R g T, (1) L
T, (f) 0g v helr T (f)
[m—1] -1 —[m]
< lim Suplog T, Tiog (1) <M (fo g).

oo log™ T T () T A ()
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Theorem 24 Let f be meromorphic g, h and 1 be any three entire functions
such that 0 < Th (fog) < o0, 0 < T{](f) < oo and AEM (fog) = ?\{n](f)
where M and N are any positive integers with m > 1 and n > 1 respectively.
Then

log™ " T ' Trog (1) _ Ty (fog) 1og™ T, T (1)

lim inf < limsu .
oo log™ T () T ot () T e’ logm T T (1)

The following theorem is a natural consequence of Theorem 23 and Theorem
24:

Theorem 25 Let f be meromorphic g, h and 1 be any three entire functions

such that 0 < T (fog) < T][LL (fog) < o0, 0 < T{n] (f) < f{n} (f) < co and

?\h (f og) = }‘1 ( ) where m and n any positive integers > 1. Then

Iminf—=r—r— ] YT ]
log T T (1) T (f) T (f)

_[m] [m] (m—1] -1
T, (fog) T, (fog) . log T, " Trog (1)
< max § — T < lim sup loa T 71T .
T (f) T (f) T00 og 1M (T‘)

1] 1 =[m]
og[m ]Th Trog (1) gmin{T':l (fog) Th (fo g)}

The following two theorems can be proved in the line of Theorem 23 and
Theorem 24 respectively and therefore their proofs are omitted.

Theorem 26 Let f be meromorphic, g, h and k be any three entire functions
such that 0 < T (fog) < Th (fog) < 00, 0< Tw(g) §TEL](9) < oo and

7\h (f og) = 7\][?] (g) where m and n are any positive integers > 1. Then

(m] m—1] 71 4™
f T Tro f
w < liminf o8 — h_] fog (T) < [ng °g)
T, (9) r—0o0  Jog T, T (7) Tk (g)
log™ T T, f
< lim sup—2 : h1f9(7)§ ™ 09)‘
T—00 log[mf ]TIZ Ty (1) TL“] (g)
Theorem 27 Let f be meromorphic, g,h and k be any three entire functions
such that0<Th (fog)<oo 0<T1[<}(9)<ooand)\ (fog) = M(g)

where m and N any positive integers > 1. Then

logm—1 71 . —[m] logm—1 71 .
lim inf o8 Ty Trog (v) < T (fog) < limsup o8 T Trog ()

=0 log™ UTAT (1) T 2 (g) oo logMm T 1Ty (1)
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The following theorem is a natural consequence of Theorem 26 and Theorem
27.

Theorem 28 Let f be meromorphzc, g, h and k be any three entire functions
such that 0 < Th (fog) < Th (fog) < 00, 0< Tk}(g) §?El](g) < oo and

?\h (f og) = )\k] (g) where m and n are any positive integers > 1. Then

1i£§2f1 m—1l T M > ]
og Ty (1) T, (g) T, (9)

e m [m—1] -1
<max{ W (fog) o (fog)} < limsup 2 T Tiog (1)
ol

Wig) " (g rooo log™ I TITy (1)

logm—1 T”Tfog (1) <mm{ ™ (fog) T (fog)}

Theorem 29 Letf be meromorphic, g and h be any two entire functions such
that 0 < 7\&] (f) < p}[P (f) < pg < 00 and O'E (f) < oo where 1 > 1. Then

— [
lim sup log " Ty Trog () > AN (f).
T—00 log“ ]]T}:]Tf (T) o o'}[P (f)

Proof. Since p}[y (f) < pgand T, ! (r) is a increasing function of r, we get from
Lemma 2 for a sequence of values of r tending to infinity that
log" T, " Trog (1) > log" T, Ty (exp (1)
i.e., logl T}:1Tfog(r > (?\%] (f) — s) -
ie, logl! T Trg(r) > (7\{}] (f) — s) yon (), (21)
Again in view of Definition 6, we get for all sufficiently large values of r that

tog™ T Ty (1) < (o) (1) 4-¢) 0 0. (22)

Now from (21) and (22), it follows for a sequence of values of r tending to
infinity that

[1] [U
logm T}j]Tfog(r) S ()‘h (f) — 5) cron (0
log T (1) 7 (o) (1) &) von ()

Since ¢ (> 0) is arbitrary, it follows from above that

og'! T*‘Tf () _ A (f)

°g h
hmsup — >
T—00 log Th Te (1) o, (f)
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Thus the theorem follows. O

Now we state the following theorem without its proof as it can be carried
out in the line of Theorem 29 and with the help of Definition 7:

Theorem 30 Let f be meromorphic, g and h be any two entire functions such
that 0 < 7\&] (f) < pg < 00 and T}[P (f) < oo where L > 1. Then

logVU T 1 Trog (1) AV ()
lim su h 9 > h .
r—)ooplogﬂi” T]:] Tf (T) o fm (f)
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