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Abstract. By making use of new linear fractional differential operator,
we introduce and study certain subclasses of analytic functions associ-
ated with Symmetric Conjugate Points and defined in the open unit disk
U = {z : |z| < 1}. Inclusion relationships are established and convolution
properties of functions in these subclasses are discussed.

1 Introduction and preliminaries

Let A denote the class of functions of the form
o0
flz) =z+ ) a2k, (1)
k=2

which are analytic in the open unit disk U = {z : |z| < 1} and normalized by
f(0) =f'(0)—1=0.
A function f € A is called starlike if and only if

zf'(z)
9“1( f2) > >0,(ze ).
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The class of starlike functions is denoted by S.
A function f € A is called convex if and only if

R (1 n Zf”m) >0,(z e U).

f'(z)

The class of convex functions is denoted by K.
A function f € A is called starlike of order p if and only if

m(ffé?) > 0,(p>0,z€ ). @)

The class of starlike functions of order p is denoted by SV*(p).
Similarly a function f € A is called convex of order p if and only if

zf"(z)
R(1 > >0 U). 3
The class of starlike functions of order p is denoted by KV(p).
It follows from (2) and (3) that f € KV(p) if and only if zf’(z) € SV*(p).
Let f € A and g € SV*(p), then f € A is called close-to-convex of order 0
and type p if and only if

/
R <Zf (Z)> >0,(0<8,p<1,zeU).
9(z)
The class of close-to-convex of order 6 and type p is denoted by CV(6, p).
In 1959, Sakaguchi [1] introduced the following class of analytic functions:
A function f € A is called starlike with respect to symmetrical points, and
its class is denoted by SV, if it satisfies the analytic criterion

zf'(z)
n <f(z) T

For more details we refer to study Shanmugam et al. [2], Chand and Singh [3]
and Das and Singh [4] respectively.

In 1987, El-Ashwah and Thomas [5] introduced the following class of analytic
functions:

A function f € A is called starlike with respect to symmetric conjugate
points, and its class is denoted by SV, if it satisfies the analytic criterion

m<2fﬁ)>>omzeuy
f(z) — f(—z)

>>O,(Z€[U).
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For two functions f and g analytic in U, we say that the function f is
subordinate to g in U and write

f(z) < g(z) (z € U),

if there exists a Schwarz function w(z) which (by definition) is analytic in U
with

w(0) =0 and [w(z)| < 1,

such that

Indeed it is known that
f(z) < g(z) z€e U = f(0) = g(0) and f(U) C g(U).

Furthermore, if the function g is univalent in U, then we have the following
equivalence:

f(z) < g(z) z€e U & 1(0) = g(0) and f(U) C g(U).

o0 o0

For functions f(z) = z+ Y ayz® and g(z) = z+ _ byz* the Hadamard product
k=2 k=2

(or convolution) f % g is defined as usual by

(fxg)(z) =z+ Z arbiz.
k=2

Let

ela,c;z) =zF(1,q;¢;2z) = E ((S))kzk_1, (zeU,c#0,—1,-2,.s),
k
k=0

where (a)y is the pochhammer symbol defined by

S T(k+a) 1 if k=0
(a)k—r(a)_{ ala+1(a+2)s(a+k—1) ifkeN}'

In 1987, Owa and Srivastava [7] introduced the operator as follow

Q%f(z) = T(2—a)z"Df(z) = 9(2,2 — o;z) * f(z),
x # 2,3,4,.... (4)
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Also note that Q%f(z) = f(z) and Df(z) is the fractional derivative of order
o given in [6].
For f € A, we define the linear fractional differential operator as follow:

(et B, wf(z) = f(2)
(o, By w)f(z) = ( Lok 7‘) Q%(z) + (512) 2(0%(2))’
12 (ot By w)f(z) = (1Y (e, By 1) f(2)) (5)

V(e B, w)f(z) = I?(IQ’”(O@ By wf(z)).

If f(z) is given by (1) then from (5) we have
Y (o By w)f(2)
(k+DF2—0)\ [v+(u+A) (k=D +B\\" L (6)
— 2 () () e

Using (4) we conclude that

I (o, By WF(2) = [9(2,2 — 02) * gl (2).59(2,2 — o52) # gl (2)] #E(2), (7)

where

, (vfwrfif?\) 72

v v+p
ggl)\(z) - (1—2)72
_ V—u+p—A,
—<z T >(1+2z+3z+ -)
:z+<1+u+}\>zz—|—<1 2u+}\>z3—|—--- (8)
v+3 + B
= (v+(u+AN) (k=1 +p
Iale Z( v+B )Zk

k=2

©(2,2— 052) * gy (2).59(2,2 — o 2) * g’ (z) = n-times product.
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Similarly, we find the following:

gpalz :z+Z<B+ bt Ak U)zk. (9)
k=2

v o e (VHAK=T1)+B

il _Hé( s ) (10)

gplz :z+é<v+y;é+ﬁ)z (11)

gh(z) =z+ Y (1+(n+A)(k—1))z" (12)
k=2

g(z) =z+) (T+Ak—1))z5 (13)
k=2

Further, a straightforward calculation reveals that many differential operators
introduced in other papers are special cases of the differential operator defined
by (6) which generalizes some well known differential operators.

1. B=1,u=0, =0, we obtain, Aouf et al. differential operator [8].
2. « =0, we obtain differential operator of Darus and Faisal [29].
3. B =0, a =0, we obtain differential operator Darus and Faisal [30].

4. v=1,p3 =0, pn =0, o« = 0, we obtain, Al-Oboudi differential operator

[9].
5. v=1,f =0, u=0,A=1, a =0, we obtain, Salagean’s operator [10].
6. p =1, u=0, «=p, we obtain, A. Catas operator [26].
7. v=1,p = o, u =0, we obtain, Al-Oboudi-Al-Amoudi operator [14, 25].
8. p=1,A=1,u=0, « =0, we obtain, Cho—Srivastava operator [12, 13].

9. v=1pB=1A=1u=0 « =0, we obtain, Uralegaddi-Somanatha
operator [11].

10. v=1, =0, 0 =0, A =0, n = 1, we obtain, Owa—Srivastava operator

[7]-
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11. =1 u=0, x =p, A =1, we obtain, Kumar et al. and Srivastava et
al. operators [27, 28].

For f € A, we define fr, by

3

fn(z) = %ﬂ [w’kf(wkz) + @MW z) ], (14)
0

i

where m be a positive integer and w = exp(27t/(m)).
A function f € A is called A-starlike with respect to 2m-symmetric conjugate
points and its class is denoted by SVi,(A), if it satisfy the analytic criterion

(1= N)zf'(z) + A(zf'(2))’
" < (1= A)fm(z) + Azff, (2) ) >0, (z€U, A=>0),

where fy, is given by (14). For details about SVi,(A), we refer to study [15, 16,
17, 18).
By using (14), we have

fim(z) ZL Z { f(w*z) + w f(wki)}, implies

Y (et By 1) Z {w™ Y (a, By W) f(w2)

k
+ wklxw(cx, B, Wf(wkz)},

m—1
25 (a0 By ) fn(2) = 3 3 {00 2 (e By ) (0*2))’ )
k=0

+ w z(DPY (&, B, W) f(wkz))'},

m—1
I (0, B, ) (2F (2 ;kz {0 (a0 B, ) 2 (0¥2)

+ IV (et By p) (2 (wk2Z)
I;\lyv(og B H) (LU Z) = wJInv(cx) B) )fm(z))
VY (e, By W fm(z) = B0Y(o, By W) fm(2).

Next we introduce new subclasses of analytic functions in U associated with
linear fractional differential operator IV («x, 3, u)f(z), as follow;
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Definition 1 Forn € NU{0}, m € N and o, B, A, 1, v > 0, let SV («, B, 1) (h)
denote the class of functions f defined by (1) and satisfying the analytic cri-
terion

z(IpY (o, B, w)f(z)’
(e, By ) fm(2)

where h is a convex function in U with h(0) = 1.

< h(z), z€ T,

Definition 2 Let KV (e, B, 1) (h) denote the class of functions f defined by
(1) and satisfying the analytic criterion if L (ooB wgm (z) #0 and

z(IPY (e, B, w)f(z))’

h U
(0, B, Wgm(z) b €D

for some g € SV («, B, u)(h).

Remark 1 In 2010, F. M. Al-oboudi [25], introduced certain subclasses of
analytic functions which contains only functions of the form given in (13),
but there were infinite analytic functions in the open unit disk U, of the form
given in (8), (9), (10), (11) and (12) respectively, which were out of range of
the classes given in [25]. Therefore it was necessary to find out or to intro-
duce a new differential operator of the form (6). We introduce the subclasses
SVale, By w)(h) and KVLY (e, B, 1) (h) of analytic functions by using such
differential operator, with a different approach that includes all functions of
the form given in (8) to (13).

2 Main results

In this section, we have discussed inclusion relations as well as convolution
properties for the function belonging to the classes SV’]}{}\(OC, B,u)(h) and
ICV;‘{}\(OC, B, 1) (h) respectively.

Lemma 1 [19] Let f and g be starlike functions of order 1/2 then so is fxg.

Lemma 2 [20] Let P be a complex function in U with R(P(z)) > 0 forze€ U
and let h be a convex function in U. If p is analytic in U with p(0) = h(0)
and if

p(z) + P(z)zp’(2) < h(z),
then p(z) < h(z).
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Lemma 3 [21] Let ¢ > —1 and let I : A — A be the integral operator defined
by F = 1.(f), where

] z

F(z) = & + J 71 f(t) dt.
z¢ 0

Let h be a convex function, with h(0) = 1 and then R(h(z) +¢) >0,z € U. If

feA and Z:((Z) < h(z), then

z)

< q(z) < h(z),

where q is uniwalent and satisfies the differential equation

zq'(z)
Q(z) + oy e — e

Lemma 4 [22] Let f and g, respectively be in the classes K and S, then for
every function F € A, we have

(f(z) * g(2)F(2))
(f(z) * g(2))

where co denotes the closed convex hull.

€ co(F(U)), ze T,

Lemma 5 [22] Let f and g be univalent starlike of order % for every function
F € A, we have

(f(2) * g(z)F(2))
(f(z) * g(2))

where co denotes the closed convex hull.

€ co(F(U)), ze U,

Theorem 1 Let h be a convezx function in U with h(0) =1, h(Z) = h(z) and
let u+A>v+B, if f e SV, B,y p)(h) then

z(IPY(, B, W) fm(z))’
Y («, B, 1w fm(z)

< h(z),ze U. (16)

Moreover, if R (h(z) + %) >0 in U then

/

(I (o, By 1((Q%F i (2)))

BT (e, (@) M EED (1)
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Where q is the univalent solution of the differential equation

zq'(z)

V+B—p—A
h(Z) + T

=h(z), q(0) = 1.

Proof. Because

z(IPY (e, B, w)f(2))’
V(e By 1) fm(2)

It is remaining to show that fi, € SVL(«, B, 1), since

SV (c, By 1) (h) = {f EA:

m—1
fm(z) = %1 > {wkf(wkz) + wkf(wkz)}.

k=0

z(IY (e, By 1) f(z)
Y (, B, wfm(z

(DR (e, By w)zf’(2))
MY (o, By 1 fim(2)

After replacing z by w/z and w'z, we get

fe SVl B,u) =

— |
~

=

i R (0B, wzf(w)z) | (G (e, B, Wf (w2))

< h(z), and w’

(et By ) fm(2)

because

(et By ) fim(2)

h(z) = h(Z), I;\l’v(‘xa B) H)fm(z) = I?’V(‘Xa B) H)fm(z)> and

I;\IYV(OQ [3) u)fm(w]Z) = wjl‘;\l’v(cx) B) H)fm(l)

Using (19) we have

o “Z“ (e By waf/(wlz) | (Y (o, By wzf (wi))
masT Y (o By ) (2) I (0 By 1) (2)
implies

k—1

V(o By Wmz) IV (o By 1) m(2)

: > o 2R (o B, wWflwz))” = z(Y (e, B, p)f(wiz))’

<h(z),z€ U}.

(18)

< h(z), (19)
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since we have

z(IPY(, By w)fm(2))’
m—1

— i 2 {0 R Buaafleota)) + (T B2 |
k=0

and this implies

k—1

] 2(0(0, By W) (T (e, By W H@Z))
am 2= =

V(e By Wm(z) IV (et, By 1) Fn(2)

z(IPY (o, By W) fm(2)’
Y (e, By Wfm(z)

therefore

z(IPY (o, By 1) fm(2))’
(e, By ) fm(2)

< h(z).

Hence (16) is satisfied.
From (5) we have
Y (o, By wf(2) = IR (e, By w)F(2)),
implies

V—pu+p—-A
v+3

+ (“”) 201 (o, By 1) Q% (2)),

I (o, B, 1) (2) = < ) (I (e, By 1) (% (2))

v+ B3
implies
n—1,v o4 v+ B : (u+ )=Tim,v
(X V(o By W) (Q%Fm(2)) = T O‘W+B T (e, B,y ) (B dt.
U+ A)z v+

Applying Lemma 3, we have

f(z) = I (o, By WFm(2), Flz) = (V" (e, B, W) (Q%Fim(2)),
and

2(2) _ 2(pY (o By w)fm(2))’
)~ (o By w)fn(2)

< h(z)(proved)
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with

Therefore

/

(I (o, By 1((Q%F i (2)))

- < q(z),
LMY (o, By 1) (Q% i (2))
and q satisfied the equation
z2q'(2)
q(z) + - h(z).
h(z) + VHEL = A
Hence proved. U

Corollary 1 Letﬂf{(h(z)) >0,iffeS ’T}{’V}\(oc, B, 1) (h) then IV (o, B, w)fm €
S and hence IV («, B, u)f is close to convex function.

Theorem 2 Let 9%(]1(2) > 0 and h(z) = h(z) then the following inclusions
hold

SVIEN (o, By w) (M) C SVIRY (00, By 1) (1) € SV (e, B, ) ().

Proof. Let f € SV“*”( , B, 1) (h). To prove SV“HV(oc,[S,u)( h) € SV
(o, B, 1) (h), it is enough to show that f € SV («, [5, u)(h).
Applying Theorem 1, if f € SV‘T}:] V(e B, p)( ) then

(Y (o, B, Wi (2))
Y (o, By ) i (2)

< h(z), z € U,

if Moreover, if R (h(z) + *£4=2) > 0 in U then

/

2T (o, By 1((Q%Fm(2)))
I;\I’V(CX) B) “') (Q(Xfm(z))

< q(z) < h(z),ze U,

and R(q(z) + “EA2) > 0 in U. Let

21 (o1, B, 1((Q%F(2)))
Y (o, By 1) (Q%m(2))

p(z) =
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Then p is analytic in U and satisfies

zp'(z)

V4+R—p—A
q(z) + 5%

p(z) + < h(z),

by using Lemma 2 p(z) < h(z), implies Q*f(z) € SV («, B, 1) (h), applying
Theorem 4 implies f(z) € SV (e, B, 1) (h). Hence

SYREY (o, By ) (h) € SV (o, By ) (h).

Similarly we can show that SVi3(«, B, p)(h) C SV, H(oc,ﬁ,u)(h), and
SV;‘;)] V(e By)(h) C SV’T};}\Z’V(OL, B,w)(h) and so on, therefore

SV (o, By ) (h) € SVIA (e, By ) () € SV (e, By 1) (R).s,

which generalized the Al-Amiri et al. [16] results. O
Corollary 2 Taking h(z) = }%ﬁ, in Theorem 2, then

14z 14z 1+z
SVE (06, By () € SV (a6 By 1) () € SV (06, By ().

Implies that SVL‘{) (a, B, )(%) are starlike functions with respect to symmet-
ric conjugate points.

Theorem 3 If f € SV3\(e, B, )(h) then fx g € SV (e, B, n)(h) where
SR(h(z)) >0 and g is a convex function with real coejﬁczents i U.

Proof. Since f € SV («, B, 1) (h), applying Theorem 1, we get I («, 3, 1)
fm(z) € S. Using the convolution properties we have

z(IPY (o, By 1) (F % g)(2))  z(IpY(e, By 1) (f(z) * g(2)))’

V(o By i) (fm % g)(z)  IVV(x, By ) (fm(z) % g(z))

~g(z) * (2(IPY(«, B, w)f(z)

o g(z) « IY(ey B, 1) fim(2)

~g(z) * (2(TY (e, By ) f(2) /T (o, By W) (2)) TPV (&, B,y 1) Fin(2)
B g(z) % IV (a, By 1) fm(2)

_g(z) * IV (e, By W fm(2) (z(TpY (o, By w)f(2) /TN (&, By W) fm(z))
B g(z) * IV (&, By 1) fin(2) '
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Implies that

23 (o, B w)(F £ 9)(2))” (z(w(oc,rs,u)f)’ )
BV (o By ) (Fr v )2 O\ (e, Byt () S 2

Hence

fx g€ SVRi(e, B, 1) (h).
[l
Theorem 4 If Q%f(z) € SV\(e, B, 1)(h) then f(z) € SVRi(«a, By ) (h),
where R(h(z)) > 0,h(z) = h(z).
Proof. Let Q%f(z) € SV (e, B, 1) (h), applying Theorem 1, implies

(TP («, B, W) Q% (z))’

Y (, By w) Q% (2) =< hiz),

or
(I (0, By W) Qi (2) € S,
Because
Q%*f(z) = @(2,2 — ;z) * f(2)
and

(e, B, W(z) = [0(2,2 = o52) * gx(2).50(2,2 — o5 2) * gy (2)] +F(2),

therefore we can write that
V(o By Wfm(z) = @(2 — &, 2;2) x DYV (&, B, 1) (Q%Fin(2))
i

20
2(IpY (o, By w)f(2) = @(2 — o, 2 2) * 2(I}Y (e, B, 1) (Q%f(2)), (20)
where @(2 — «,2;z) € K.
Using (20) we have
z(IPY (o By wf(2))" (2 — &, 25z) * 2(I1V (e, B, p) (Q*F(2)))’
V(o By 1) fm(2) (2 — o, 2;2) * IV («, By 1) (Q¥F i (2))
z(IY (e, By w)f(2))’
BoY(e By w)fim(z) ”
02— 2] I o By ) (O (2)) S 0 21
02—, 2;z) % Y (e, B, 1) (Q%Fn (2)) ’
z(IY (e, By w)f(2)) (Z(I’A"V(%B,u)ﬂ“ﬂ’ >
(o0 By Winlz) © O\ ¥ (e, B, w0ety, ) € MHUh 2el
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Hence
f(z) € SV («, B, 1) (h).
O

Theorem 5 Let 0 < oy < « < 1, and Re(h(z)) > %, then the following
inclusions hold

SVRY (0, B, ) () € SV (acr, By ) (h)
Proof. Let f(z) € SV («, B, u)(h), from (7) we have

Y (e, B, W(z) = [0(2,2 = o2) * gy (2).50(2,2 — o 2) * g3 (2)] +F(2),

implies

Y (ou, By Wf(z) = [0(2,2 — o3 2) * gy (2).59(2,2 — o3 2) * gy (2)] #F(2),

V(o By m)f(z) = [@(2— 0,2 —atg52) * .5 % @(2 — &, 2 — 13 2)]

w VY (a0, B, wf(2),

implies that
z(I0Y (o, By ) f(2) = [@(2— 0,2 — o3 2) % .5 % (2 — &, 2 — 15 2)]

wz(I0Y(«, B, n)f(z))’,

applying same technique, we have
V(o By W) fm(z) = @2 — a2 — ot152) * .5 % (2 — &, 2 — o5 2)]
* IV (o, By w)fm(2),
since Y. Ling and S. Ding [24] already proved that ¢(2—«,2—aq;z) € S(1/2),

therefore by Lemma 1 we get [@(2—o, 2—oq;z2)*.sx@(2—x,2—xq;2z)] € S(1/2).
From last two equations we get

(@2 — 0,2 —o;z) * .5 % @2 — &, 2 — ar; 2)] ez (1Y (e, B, W) f(2)’

Z(I;\I’V(oq ) B) H)f(l))/ —
I;\L’V(‘Xl ) 6) p')fm Z] [(p(Z — 0()2 — (X];Z) * .S x (P(Z - (X,Z - ‘X];Z)] *I;\I)V(‘X? B) H]fm(z) ’
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after simplification and using Lemma 5 we deduce that

Z(I;\lw(cx]) B, H)f(l))’ c CO(Z(I;\L,V((X) B3, p.)f)l
oY (o, By ) fim(z) Y (o, By 1) fin

therefore

(U)) Ch(U), zel,

feS TT}{}\(O(U B) H)(h)

Hence proved. O

Remark 2 1. Whenv =1, p=8 =0, SVih(x,0,0)(h) = SVi , («)(h),
the classes of functions related to starlike functions with respect to sym-
metric conjugate points, defined and studied by M. K. Al-Oboudi [25].

2. Forn=m=v=1,p=p=0,andh(z) = £, SV}1(,0,0) (%) =
Syh (]“) the class of A-starlike functions wzth respect to conjugate
points, defined and studied by Radha [23].

3. Forn=m=v=A=1, a=pu=p =0and h(z) = £, SV71(0,0,0)
(HZ) SV (]+Z) the class of starlike functions with respect to conjugate
points, defined and studied by El-Ashwah and Thomas [5].

4. Forn=v =1 a=u=p =0,andh(z) = £, SV})/,(0,0,0) (1) =
Sym™A (HZ ) the class of A-starlike functions with respect to 2m-symmetric
conjugate points, defined and studied by Al-Amiri et al. [15, 16].

5 Frm=v=1,n=p=p=0,SW A(OL,O 0)(h) = SV(«)(h), the class
of functions related to starlike functwns with respect to conjugate points,
defined and studied by Ravichandran [31].

6. Frm=n=v=1,a=pu=p=0andh(z) = }*i,SV 1(0,0,0) (H—z) _
% (%), the class of A-starlike functions with respect to conjugate
points, defined and studied by Radha [23].

7. ForA=mn=v=1a=p=p=0 and h(z) = %, SV};(0,0,0)(h) =
sym (HZ) the class of starlike functions with respect to 2m-symmetric
conjugate points, defined by Al-Amiri et al. [16].

8 Forv=1,u=p=0, ]CVE{]A(OC,O,O)(h) = KV"™"(«)(h), the classes of
functions related to starlike functions with respect to symmetric conju-
gate points, defined and studied by M.K. Al-Oboudi [25].
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9.

10.

Forn=v=1a=pu=p=0adh(z) = £, KV1(0,0,0) () =

1—z
vy (%), the class of A-close to convex functions with respect to sym-
metric conjugate points, defined and studied by Al-Amiri et al. [16].
Form=n=v=1a=pn=p=0andh(z) = £, KV]1(0,0,0) (1) =
J Q% (}%ﬁ), the class of A-close to convex functions with respect to sym-
metric conjugate points, defined and studied by Radha [23].
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