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Abstract. In the paper, the authors find necessary and sufficient con-
ditions such that a function related to the Catalan-Qi function, which is
an alternative generalization of the Catalan numbers, is logarithmically
complete monotonic.

1 Introduction

It is stated in [11, 40] that the Catalan numbers Cy for n > 0 form a sequence
of natural numbers that occur in tree enumeration problems such as “In how
many ways can a regular n-gon be divided into n — 2 triangles if different
orientations are counted separately?” whose solution is the Catalan number
Ch—2. The Catalan numbers C,, can be generated by
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2 =1 —4x
T+vV1—4x 2x
One of explicit formulas of C,, for n > 0 reads that

AT +1/2)
 y/arm+2)°

o0
Z CaxX™ = T4+x+2+5+1dx - .
n=0

Cn

where ~
I'(z) :J 7 Te tdt, MR(z) >0
0

is the classical Euler gamma function. In [8, 11, 40, 43], it was mentioned that
there exists an asymptotic expansion

c 4 1 21 145 1 1
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for the Catalan function Cj.
A generalization of the Catalan numbers C,, was defined in [9, 10, 16] by

d—l pno\ 1 pn
PP nn—=1) (p—Tn+1\n

for n > 1. The usual Catalan numbers C,, = ;d,, are a special case with p = 2.
In combinatorics and statistics, the Fuss-Catalan numbers Ay (p,r) are de-
fined [6, 45] as numbers of the form

T

An(par) = np —i—T‘(

np+r) _, Fnp+1)
n T4+ -1 +r+1)

It is easy to see that
An(2,1)=Cy, m2>0 and A,(p,p)=pdn, n>1.

There have existed some literature, such as [2, 4, 5, 7, 12, 14, 18, 19, 20, 21,
41, 42, 45], on the investigation of the Fuss-Catalan numbers Ay (p,1).

In [31, Remark 1], an alternative and analytical generalization of the Catalan
numbers C,, and the Catalan function Cyx was introduced by

_y_T() (b Nz+a)
C(a,b;z) = Ma) (a) Tz +b) R(a),R(b) >0, R(z)=>0.

For the uniqueness and convenience of referring to the quantity C(a,b;x),
we call the quantity C(a,b;x) the Catalan-Qi function and, when taking
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x =n > 0, call C(a,b;n) the Catalan-Qi numbers. In the recent papers [13,
15, 22, 24, 25, 29, 30, 31, 32, 33, 34, 39], among other things, some proper-
ties, including the general expression and a generalization of the asymptotic
expansion (1), the monotonicity, logarithmic convexity, (logarithmically) com-
plete monotonicity, minimality, Schur-convexity, product and determinantal
inequalities, exponential representations, integral representations, a generating
function, connections with the Bessel polynomials and the Bell polynomials
of the second kind, and identities, of the Catalan numbers C,, the Cata-
lan function Cy, the Catalan-Qi numbers C(a,b;n), the Catalan-Qi function
C(a,b;x), and the Fuss-Catalan numbers A, (p,r) were established. Very re-
cently, we discovered in [25, Theorem 1.1] a relation between the Fuss-Catalan
numbers Ay (p,r) and the Catalan-Qi numbers C(a, b;n), which reads that

T C(H;_]»V“)

[T727 C(&5,15m)

An(P,T) =T

for integersm > 0, p > 1, and v > 0.

Recall from [3, 26, 28, 38| that an infinitely differentiable and positive func-
tion f is said to be logarithmically completely monotonic on an interval I if it
satisfies 0 < (—1)*[n f(x)]® < oo on I for all k € N.

From the viewpoint of analysis, motivated by the idea in the papers [27,
35, 36, 37| and closely-related references cited therein, the author considered
in [23] the function Cqpix(t) = Cla +t,b + t;x) for t,x > 0 and a,b > 0 and
obtained the following conclusions:

1. the function Cqpx(t) is logarithmically completely monotonic on [0, co)
if and only if either 0 <x<lTanda<borx>1and a>Db,

2. the function m is logarithmically completely monotonic on [0, co)

ifandonlyifeitherOSxS]andazborx21anda§b.

This implies the logarithmically complete monotonicity of [Ga,b;x(t)]i] int>0

u(t) =a+t
along with the ray ) + on the plane (u,v), where x > 0 and
v(it)=b+t
a,b > 0. Then one may ask a question: how about its logarithmically complete
u(t) =a+ «at
monotonicity along the ra; for o, p > 0 with (. 0,0
y along Y Vo) = b+ Bt Bz (x, ) # (0,0)

when x,t > 0 and a,b > 07 In other words, is the function

Cabie,p(t) = Cla+ at, b+ pt;x), x>0, a,b>0
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of logarithmically complete monotonicity in t € [0,00)? When & = 3 # 0, this
question has been answered essentially by the above-mentioned conclusions
in [23]; when o« = 0 or 3 = 0, this question has been answered virtually by [34,
Theorem 1.2] which states that the function [C(a,b;x)]*! is logarithmically
completely monotonic

1. with respect to a > 0 if and only if x = 1,
2. with respect to b > 0 if and only if x < 1.

In this paper, we will discuss the rest cases &, 3 > 0 and « # 3 of the above
question. Our main results can be formulated as the following theorem.

Theorem 1 If and only if x =0 and >0, orax >0 andp =0, orax =3 >
0, the function Cqpixa,p(t) is of some logarithmically complete monotonicity.
Concretely speaking,

1. the function [C(a,b;x)1*" is logarithmically completely monotonic

(a) with respect to a > 0 if and only if x = 1
(b) with respect to b > 0 if and only if x §

2. the function Cqpx(t) is logarithmically completely monotonic on [0, 00)
if and only if either 0 < x<Tanda<borx>1and a>Db,

3. the function ﬁ is logarithmically completely monotonic on [0, 00) if
and only zfe@ther0<x<1 anda>b orx>1and a<b.

2 Proof of Theorem 1

Taking the logarithm of Cqpx.a,p(t) and differentiating with respect to t give

; ! 1
[In Cq pisa,p (t)]” = W(Bt +b) —P(axt + a) +X<[3t+ b ot+ a)

+ Pt +x+a)—Pp(pt+x+b).

Making use of
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in [1, p. 259, 6.3.21] leads to

o e—(a+oct)u _ e—(b+[3t)u

In ea,b;xmﬁ(t”/ - Jo 1—eu du

+x Joo |:ef(b+[5t)u o ef(a+oct)u} du
0

00 e—(b+[5t)u _ e—(a+oct)u
+ J e du
0

]—e v
) . N e*(b‘i’ﬁt)u - ef(aﬂxt)u
_L e T x-S du
Ve 1 — e Xu e*(bJrBt)u o ef(a+oct)u
= XJ < — > — udu.
0 u xu 1—ev

l—e ™
u

It is easy to see that the function is positive and strictly decreasing on

(0, 00). Hence,
T—e™ 1—e ¢

u xu

AV
o

(2)

for u € (0,00) if and only if x ; 1.

Recall from [17, Chapter XIII], [38, Chapter 1], and [44, Chapter IV] that
an infinitely differentiable function f is said to be completely monotonic on
an interval I if it satisfies 0 < (—1)*f™(x) < oo on I for all k > 0. It is
not difficult to see that a positive function f is logarithmically completely
monotonic if and only if the function —(Inf)’ is completely monotonic. The
famous Bernstein-Widder theorem, [44, p. 160, Theorem 12a], states that a
necessary and sufficient condition that f(x) should be completely monotonic
in 0 < x < oo is that f(x f >t d «(t), where « is bounded and non-
decreasing and the above 1ntegral converges for 0 < x < oo. Therefore, it is
sufficient to find necessary and sufficient conditions on a,b > 0 and «,f3 > 0
with « #  for the function

rlatot)u
e (b+Bu _ —(atatju _ eV dv

J(b+Bt)u
rl

— | [[a=1b) + (0 — )tjue 1=s)o+BOFs(atat]u g ¢
JO
1

= [( b) + (CX B) [(1—s)B+sodu ue*[ﬂfs)bjtsa]uds
Jo

to be completely monotonic in t € [0, c0) for all u € (0, c0).
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By induction, we obtain

k)

[(A+Bt)e P]™ = (—1)*D*"(BDt + AD —kB)e P!, k>0,

where A, B, D are real constants. Accordingly, the function (A + Bt)e P! is
completely monotonic in t € [0, 00) if and only if A;B >0, D > 0, and

D*'(BDt+AD —kB) >0, k>0, tel0,o00). (3)

Simply speaking, the function (A + Bt)e P! is completely monotonic in t €

[0,00) if and only if A > 0, B =0, and D > 0. Applying A to a— b, B to
x—B, and D to [(1—s)P + salu yields that the function e~ (P+Ptu _ g—(a+atiu
is completely monotonic in t € [0, 00) if and only if a > b, « = 3, and &, 3 > 0
with (o, B) # (0,0). Combining this result with the inequality (2) and with the
proofs of [23, Theorem 1.1] and [34, Theorem 1.2] concludes that, if and only
ifo=0and B >0,or x> 0and 3 =0, o0r «=f >0, the function Cqpx;a,p(t)
is of some logarithmically complete monotonicity. The proof of Theorem 1 is
thus complete.
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