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Abstract. In this paper we will investigate the growth of solutions of
certain class of nonhomogeneous linear differential equations with entire
coeflicients having the same order and type. This work improves and
extends some previous results in [1], [7] and [9].

1 Introduction and main results

Throughout this paper, we assume that the reader is familiar with the funda-
mental results and the standard notations of the Nevanlinna value distribution
theory (see [6]). We denote by o (f) the order of growth of f that defined by

log T(r, f)

b

o (f) = limsup
T—400 log T

and the type of a meromorphic function f of finite order o is defined by

T(f) = lim supT(T’ )

o400 TY

)

2010 Mathematics Subject Classification: Primary 34M10; Secondary 30D35
Key words and phrases: linear differential equations, growth of solutions, entire coeffi-
cients

15



16 B. Nacera, H. Saada

where T (1, f) is the Nevanlinna characteristic function of f. We remark that if
f is an entire function then we have

o (f) = lim sup 2228 M1 )
r—+00 log T

and Loz M(r. £
™ (f) = lim sume

T—+00 T°
where M (1, f) = max,_. [f (z)].
Consider the linear differential equation

5 4 A 1 (2) %) 4 L+ Ag(2)f = H(2), (1)

where Ag £ 0,Aq,...,Ax_1,H # 0 are entire functions. It is well known that
all solutions of (1) are entire functions. The case when the coefficients are
polynomials has been studied by Gundersen, Steinbart and Wang in [5] and
if p is the largest integer such that A, is transcendental, Frei proved in [3]
that there exist at most p linearely independent finite order solutions of the
corresponding homogeneous equation

09 1 Al (2)F1 L Ag(2)f = 0. (2)

Several authors studied the case when the coefficients have the same order.
In 2008, Tu and Yi investigated the growth of solutions of the homogeneous
equation (2) when most coefficients have the same order, see [8]. Next, in
2009, Wang and Laine improved this work to nonhomogeneous equation (1)
by proving the following result.

Theorem 1 [9] Suppose that A;j(z) = hj(z) e (G=0,...,k—1), where
P; (z) = ajnz™ + ..... + ajo are polynomials with degree n > 1, h; (z) are entire
functions of order less than n, not all vanishing, and that H(z) £ 0 is an en-
tire function of order less than n. If ajn (j = 0,...,k — 1) are distinct complex
numbers, then every solution of (1) is of infinite order.

Now how about the case when aj, (j =0,...,k—1) are equals? we will
answer this question in this paper. For the homogeneous equation case, Huang
and Sun proved the following result.

Theorem 2 [7] Let Aj(z) = Bj (z) ePi® (5 =0,...k—1),where Bj (z) are en-
tire functions, P; (z) are non constant polynomials with

deg (Pj (z) = Pi(z)) > 1 and max{o (B;), o (Bi)} < deg (P; (z) — Pi (z)) (i #7j).
Then every transcendental solution f of (2) satisfies o (f) = co.
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The nonhomogeneous case of this result is improved later in Theorem 4.
Recentely, in [1] the authors investigated the order and hyper-order of solutions
of the linear differential equation

¥ (A (2) P 1B 1By (2)) 5 44 (Ao (z)e™ @ " + By (2)) f = 0,

where A € C — {0}, m > 2 is an integer and maxj—o . x71{degP;j(z)} <
m, Aj,B; (j =0,...,k—1) are entire functions of order less than m.

In this paper we will investigate certain class of nonhomogeneous linear
differential equations with entire coefficients having the same order and type.
In fact we will prove the following results.

Theorem 3 Consider the linear differential equation
f0) 4 By (z) ePe1 @Mk 4 By (2) PP = H (2), (3)

where A # 0 is a complex constant, m > 2 is an integer, Pj(z) = ajnz™ +
.+ a0 (j =0,....,k—=1) be non constant polynomials such that n < m; By #
0,B1,..., Bxk_1, H #Z 0 are entire functions of order smaller than n. If one of
the following occurs:

(1) ajn (G =0,....,k—1) are distinct complex numbers;

(2) there exist s,t € {0,1,....,k — 1} such that arg asn # arg ayn and for j #
S,t ajn = ¢jasn or ajn = ¢ja with 0 < ¢5 < 1, BBy #0;

then every solution of (3) is of infinite order.
Corollary 1 Consider the linear differential equation
f(k) + By (Z) e)\z3+ak,1zz+bk,12f(k71) + ...+ By (Z) e?\23+aozz+b02f —H (Z)

where A € C—{0}, a; are distinct complex numbers (or satisfy the condition
(2) of Theorem 3) and By # 0,Bq, ..., Bx_1,H # 0 are entire functions of order
smaller than 2. Then every solution f of this differential equation is of infinite
order.

Theorem 4 Let Aj(z) = Bj (2) ePil® (j=0,...k—1), where B; (z) are entire
Junctions, P;j (z) be non constant polynomials with

deg (P (z) — Py (2)) > 1 and max {0 (By), 0 (By)) < deg (P} (2) — P1 (2) (i #9),
and let H (z) Z 0 be an entire function of order less than 1. Then every solution
of (1) is of infinite order.
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Example 1 Consider the linear differential equation
4 4 B3 (2) e 7#0) 4By (2) €241 4 By (2) 2 3 4 By (2) € HEf = H (2)

where By £ 0,B1,B2,H #Z 0 are entire functions of order less than 1. By
Theorem 4, every solution of this differential equation is of infinite order.

Theorem 5 Let Aj (z) = Bj (z) P, (eR(Z)) +G;j (2) Qj(e*R(Z)) fori=0,1,..,k—
1 where P,(z), Qj(z) and R(z) = cazd+ ...+ ciz4+co (d > 1) are polynomials;
and let Bj(z), Gj(z), H(z) # O be entire functions of order less than d.
Suppose that Bo (z) Py (z) + Go (z) Qo(z) #Z 0 and there exists s (0 <s <k—1)
such that for j # s, deg Ps > deg P; and deg Qs > deg Qj. Then every solution
f of (1) is of infinite order.

Example 2 By Theorem 5, every solution of the differential equation
f” + sin (222> f' + cos <z2> f=sinz

1s of infinite order.

2 Preliminaries Lemmas

We need the following lemmas for our proofs.

Lemma 1 [4] Let f(z) be a transcendental meromorphic function of finite
order o, and let € > 0 be a given constant. Then there exists a set E C [0, 271)
of linear measure zero such that for all z = re'® with |z| sufficiently large and
0 € [0,27) \E, and for all k,j, 0 <j <k, we have

< |Z|(k—]')(0—1+£) .

Lemma 2 [2] Let P (z) = anz™ + ... + ap, (an = a+1p # 0) be a polynomial
with degree 1 > 1 and A (z) (£ 0) be entire function with o (A) < n. Set
f(z) =A(z)eP®, z =rel® §(P,0) = xcosn® — Bsinnd. Then for any given
e > 0, there exists a set E C [0,27) that has linear measure zero, such that
for any © € [0,271) \E UH, where H={0 € [0,27) :  (P,0) = 0} is a finite set,
there is R > 0 such that for |z| =1 > R, we have
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(i) if 5 (P,0) > 0, then
exp{(1—¢€)8(P,0)r"} < [f (z)| < exp{(1+¢)5(P,0)r"},
(i1) #f & (P,0) < 0, then

exp{(1+¢) 8 (P,0) 1"} < [f ()] < exp{(1 —¢)5(P,0) "}

Lemma 3 [7] Let n > 2 and Aj(z) = Bj(z) eP® (1 <j<n), where each
B; (z) is an entire function and P; (z) is a nonconstant polynomial. Suppose that
deg (P (z) — Py (2)) > 1, max{o (Bj), 0 (B)} < deg (P (z) — Py (2)) for i # .
Then there exists a set Hy C [0,27) that has linear measure zero, such that
for any given constant M > 0 and z =1e'®; 0 € [0,27) — (H; U H,), we have
some integer s = s (0) € {1,2,...,n}, forj #s,

A (re®) |12

. — 0, asT — 0
|As (relf)] ’ ’

where Hy = {0 € [0,271) : 5 (P;,0) =0 or & (Py —P;,0) =0, i #j} is a finite
set.

Lemma 4 [9] Let f(z) be an entire function and suppose that

_ log™ }f(k) (z)‘
B |z|°

G(z)

s unbounded on some ray argz = 0 with constant o > 0. Then there exists an
infinite sequence of points zn = Tne® (m =1,2,...), where T, — o0, such that
G (zn) — o0 and

< — (140 (1)) i=0,1,.,k—1

Lemma 5 [9] Let f(z) be an entire function with finite order o (f). Suppose
that there exists a set B C [0,27) which has linear measure zero, such that
log™|f (Teie) | < Mrfor any ray argz = 0 € [0,27) \E, where M is a positive
constant depending on 0, while o is a positive constant independent of ©. Then
o(f) <o.
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Lemma 6 [10] Suppose that f1(z),f2(2),...,fn (z) (N> 2) are linearly inde-
pendent meromorphic functions and g1 (z) , g2 (z) ..., gn (z) are entire fuctions
satisfying the following conditions

(Z)Zf ) e9i(2) = .

(zz) g] — gk (z) are not constants for 1 <j <k <mn.
(iii) For] <i<n, 1<j<k<n,

T(r,fj)=o0 {T (r, eJi (Z)_gk(z)> } , (r—oo, 1€E)

where E is a set with finite linear measure.
ThenijO, 1<j<n.

3 Proof of main results

Proof. [Proof of Theorem 3] We will prove the two cases together. If we
suppose that f is a solution of (3) of finite order o (f) = 0 < oo, (contrary
to the assertion), then o > n. Indeed, if 0 < n then we get the following
contradiction. From (3), we can write

(BH (z) P 1@ 4B (2) ePO(Z)f) M =H(z) . (4)

Now for the condition (1), if By_1 (z) e (@01 1 +Bg (z) ePo@f = 0, then
by Lemma 6, we have By (z) f = 0, and since By (z) £ 0, then f = 0, which
implies that H (z) = 0, a contradiction. So

Bi1 (2) P N B (2) P £,

Then the order of growth of the left side of (4) is equal m and the order of
the right side is smaller than n, a contradiction. So, we have o (f) = 0 > n.
And for the condition (2), to apply Lemma 6 we may collecte terms of the
same power, and we have at least two terms linearly independents: if

B, (z) f¥)ePs(2) 1 By (2) fePe( +ZG eCinPs ZLeCw"t =0

by Lemma 6, B, (z) f®) = 0, and since By (z) % 0, then s} = 0 and so f¥ = 0,
which implies that H (z) = 0, a contradiction. So

B (z) f*)ePs(2) 4 By (z) fMeM(z +ZG eCiuPs(z +ZL ecivPi(2)
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By similar reasoning as above we get o (f) = 0 > n.
By Lemma 1, for any given ¢ (0 < ¢ < 1), there exists a set E; C [0, 271) that
has linear measure zero , such that if { € [0,27) \Ey, then

<, 0<i<j<k (5)

asz — oo along argz = 1. Denote E; = {0 € [0,27) : 5 (P;,0) =0, 0 <j < kJU
{6 €[0,27m) : 5 (P; — P;,0) =0, 0 <i<j<k}u{0 € [0,27) : & (Az™, 0) = 0}, so
E) is a finite set. Suppose that H; C [0,27) is the exceptional set applying
lemma 2 to Aj (z) = Bj (z) eM™ 4Pz (5 =0,..,k—1). Then E3 = U}:o] H; has
linear measure zero. Set E = E; U Ey U E3. Take argz = ¢ € [0,271) — E. We
need to treat two principal cases:

Case (i): 6 =8 (Az™,)) < 0. By lemma 2, for a given 0 < ¢ < 1, we have

Ay (z)] < exp{(1 —¢)dr™}. (6)
log" [fM (2)] .
Now we prove that W is bounded on the ray argz = 1. Sup-
z

pose that it is not the case. By Lemma 4, there is a sequence of points
zi =1ie® (1=1,2,...), such that 1; — co as i — 0o, and that

|Zi|0‘[H)+£ — 0 (7>
and | i) ‘
7 (z3) t—j .
mﬁ(]—}-o(]))n y ]—0,],...,](_]. (8)
From (7) and the definition of the order o (H), it is easy to see that
H (zi)
——1 =0 9
’f(k) (Zi)‘ ®)
as zi — oo. From (3), we obtain
1) (24) f(zi) H (zi)
1 <A ()| | ———— e A0 (7 10

Using (5)-(9) in (10), we get

1 < r¥exp{(1—¢) oM.
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log*|fM (zy) |

This is impossible since & < 0. Therefore is bounded on the ray

|Zi‘0(H)+€
_ log [ (z) | .
argz = 1. Assume that —————————— < M; (M, is a constant) and so
|z[o(H)+e
£ (2) | < My exp{roHFe). (11)

Using the elementary triangle inequality for the well know equality

z &
f(z) =f(0)+f (O)z+...+(k_1]),f(k_” (O)Zk—‘+J...Jf(kJ (£) AEdE;...dEx_1,
0 0

and (11), we obtain

If (2) < (140 ()M (2)] < (140 (1)) Myr* exp{r®H+e) < exp{roT+2),
(12)
on any ray argz =\ € [0,27) —
Case (ii): 6 = 8 (Az™, 1) > 0. Now we pass to d; = & (Pj, ) . For the condition
(1), since aj, (j =0,...,k — 1) are distinct complex numbers, then there exists
some s € {0,1,2...,k — 1} such that &5 > o; for all j # s. For the condition
(2), set &' = max{ds, 6t} and without loss of generality we may assume that
5" = §;. In both cases, we have

Ai(Z)] ™M 2™
zZ|™ — 0, and — 0, 13
e A (19
log" [f*) (2)] .
as |z| — oo, for any M > 0. Suppose that (e s unbounded on the

|zl

ray arg z = 1. Then by lemma 4 there is a sequence of points z; = rie', such
that r; — oo, and

log™ | 1) (zy)]

e % (14)

|zm|®
and
[ )]
[F ol =
From (14) and the definition of order, it is easy to see that
H (z;)
f(s) (z3)

+o(1)r] §i=0,1,.ys—1. (15)
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as 1y — 0o0. From (3), we can write

1 £K) (2 fR (2 AL (2
1 o], [ ) |l -
IAs (zi)] | £68) (2q) ) (zi) | 1As (z0)l
n ) () [ |Ag (2] 4 571 () [ A (z)] n
) (z;) | |As (21l ) (z) | [As(z)l 7
‘ f(zi) ||Ao (74)|+ 1 ’H(Zi)
) (zg) | [As (zi)]  |As (z)] [F68) (z¢) |
and by using (5), (13), (15) and (16) in (17) a contradiction follows as z; — oco.
1 + f (s)
Then ()?||G()| is bounded and we have [fl8) (z)| < M, exp{r°™+¢} on
Zi

the ray argz = 1. This implies, as in Case (i), that
If (2)] < exp{ro*2e),
We conclude that in all cases we have
If (2)] < exp{r*2)

on any ray argz = P € [0,27) — E, provided that r is large enough. Then
by Lemma 5, o (f) < 0(H) +2¢ <n (0 <2e <n—o0(H)), a contradiction.
Hence, every solution of (3) must be of infinite order. O

Proof. [Proof of Theorem 4] We suppose contrary to the assertion that f is
a solution of (1) of finite order o (f) = 0 < oco. First we prove that o > 1.
Indeed, if 0 < 1 then we will have the following contradiction. From (1), we
can write

By_1 (z) e 1D 4 By (z) ePoBf = H (z) — £, (18)

By the same rasoning as in the proof of Theorem 3, we get that the order of
the left side of (18) is greather than or equal to 1 and the order of the right
side of (18) is smaller than 1, a contradiction. Therefore o > 1.

Take argz = 1 € [0,27) — E where E has linear measure zero and set §; =
5 (Pj, ) (j =0,...,k—1). By Lemma 3, there exists some s € {0,1,2....,k — 1}
such that for j #s, M > 0, we have

2™

'A](Z) — 0, asz— oo. (19)

As (2)
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We need to treat two cases:
Case (i): 65 > 0. In this case we have also

1
A2 ZM 50, asz— oo. (20)
S
log* |f1¥) (2)]
We prove that — olie s bounded on the ray argz = 1. Suppose that

2|°
it is not the case. Then by lemma 4 there is a sequence of points z; = riet¥o,
such that 1y — oo, and (14), (15), (16) hold. As in the proof of Theorem 3, by

log™ |f(s) (z)‘
using (17) we get a contradiction. Therefore, W is bounded and so
z
we conclude that
[f (2)] < exp{ro(f)+2e}, (21)

Case (ii): 8 < 0. Obsiouly in this case §; < 0 for all j and we have
A (@) < exp {(1 =€) 8%},

where dj = deg (P;) ; which implies that
A (2)|1ZM = 0, as z — oco.

We use the same reasoning as in Case (i) in the proof of Theorem 3, we prove
log™ ‘f(s) (Z)|

that oliTe

2 is bounded on the ray argz =1 and we conclude that
z

[ (2)| < exp{ro(H2e),

Then by Lemma 5, 0 (f) < o(H)+2¢ <1 (0<2e<1—0(H)), a contradic-
tion. So, every solution of (1) must be of infinite order. O

Proof. [Proof of Theorem 5] Suppose that f is a solution of (1) of finite
order o (f) = 0 < oo. By the same reasoning as in the proof of Theorem
4 and taking account the assumption that Bg(z) Po(z) + Go (z) Qo(z) # 0
and there exists s (0 <s <k —1) such that for j # s, degPs > degP; and
deg Qs > deg Qj, we can prove that o > d.

Set & (R,0) = Real (cdeide) and

P]. (eR(Z)) = Qjm eij(z) + aj(mj_])e(mjfl)R(z) + ...+ aj1eR(Z) + ajo,
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Q (7)) = by, e ™R by e (WTIRE 4 by e e b

By Lemma 2, it is easy to get the following
(i) If 6 (R,0) > 0, then

exp{m —e)ms (R,G)rd} <A (2) < exp{m +e)m;d (R,e)rd}, (22)
(ii) if 8 (R,0) < 0, then
exp {— (1) m8 (R,0) 1} <IA; (2)] < exp {— (1+e)n;5 (R, 0)r¢}. (23)

Take argz =\ € [0,271) — E where E has linear measure zero. We prove that
log™ }f(s] (Z)‘

7 is bounded on the ray arg z = 1. Suppose that it is not the case.

|2|°
Then by lemma 4 there is a sequence of points z; = r;e'¥, such that r; — oo,
and (14), (15), (16) hold. From (1) we can write

19 (z1) V) (2))
As (z1)] < £ (1) + A1 (z1)] W + (24)
541 (z) 1) ()
+ A1 (z1)] W + A1 (z1)] & (z7) + ..
H (z)
o Z’“" Tyt (zi)‘

If 5 (R,0) > 0, then by using (14), (1 ) (1 ) and (22) in (24), we obtain
exp{(] —s)mss(R,e)rf} <1l exp{m +e) (ms —1)5(R,e)r§},

where M > 0 is a constant. A contradiction follows by taking 0 < &€ < 2m]ﬁ
Now if § (R,0) < 0, by using (23) instead of (22) in (24), we obtain

exp {— (1—¢)nsd(R,0) rd} < T?A exp {— (14+¢)(ns—1)6(R,0) r{i} ,

a contradiction follows by taking 0 < € < 271!7—1
log™ |f1¥) (z)]

Therefore, " ol Te

is bounded on any ray argz =1 € [0,27) — E and so
as the previous reasoning we conclude that
If (2)] < exp{roH 2},

Then by Lemma 5, ¢ (f) < o(H)+2¢ <d (0 <2¢e <d—o0(H)), a contradic-
tion. So, every solution of (1) must be of infinite order. O
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