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Abstract. Let R be a ring, M a module, S a monoid, w : S — End(R)
a monoid homomorphism and R * S a skew monoid ring. Then MI[S] =
{migi + -+ mpgnIn > 1, my € Mandg; € Sforeachl < i < n}
is a module over R % S. A module My is Baer (resp. quasi-Baer) if the
annihilator of every subset (resp. submodule) of M is generated by an
idempotent of R. In this paper we impose S-compatibility assumption on
the module My and prove: (1) Mg is quasi-Baer if and only if M[s]g.s
is quasi-Baer, (2) Mg is Baer (resp. p.p) if and only if M[S]r.s is Baer
(resp. p.p), where My is S-skew Armendariz, (3) My satisfies the ascend-
ing chain condition on annihilator of submodules if and only if so does
M[S]r«s, where Mg is S-skew quasi-Armendariz.
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1 Introduction and preliminaries

Throughout this paper R denotes an associative ring with identity and My is
a right R-module. According to [16] a ring R is Baer if the right annihilator of
every nonempty subset of R is generated by an idempotent. Quasi-Baer rings
were initially introduced by Clark [10]. A ring R is quasi-Baer if the right
annihilator of every right ideal of R generated by an idempotent. Another
generalization of Baer rings is p.p.-rings. Recall that a ring R is called right
(resp. left) p.p if right (left) annihilator of every element of R is generated by an
idempotent. Birkenmeier et al. in [7] introduced principally quasi-Baer rings.
A ring R is called right principally quasi-Baer (or p.q.-Baer for short) if the
right annihilator of a principal right ideal of R is generated by an idempotent.

In [1] Armendariz studied the behaver of a polynomial ring over Baer ring.
He proved for a reduced ring R, R[x] is Baer if and only if R is Baer [1, Theorem
BJ. Also, he provid an example to show that the “Armendariz” condition is
not superfluous. Birkenmeier and park [9] extended this result to monoid ring.

We now introduce the definitions and notions used in this paper. If A and
B are non-empty subsets of a monoid S, then an element so € AB ={ab:a €
A,b € B} is said to be a unique product element (u.p. element for short) in the
product of AB if it is uniquely presented in the form of s = ab where a € A
and b € B.

Recall that a monoid S is called unique product monoid (u.p. monoid for
short) if for any two non-empty finite subsets A;B C S there exist a € A
and b € B such that ab is u.p. element in the product of AB. The class
of u.p. monoids are quite large. For example this class includes the right or
left ordered monoid and torsion free nilpotent groups. Every u.p. monoid S is
cancellative [9, Lemma 1.1] and has no non-unit element of finite order.

Assume that R is a ring, S a monoid and w : S — End(R) a monoid homo-
morphism. For each g € S we denote the image of g by wgq (i.e., w(g) = wy).
Then all finite formal combinations ) ' ; a;igi, with point-wise addition and
multiplication induced by (ag)(bh) = (awgy(b))gh form a ring that is called
skew monoid ring and it is denoted by R*S. The construction of skew monoid
ring generalizes some classical ring construction such as skew polynomial rings,
skew Laurent polynomial rings and monoid rings. Hence any result on skew
monoid ring has its counterpart in each of the subclasses.

As a generalization of monoid rings, we introduce the notion of modules over
skew monoid rings. For a module Mg, let M[S] = {m;g; + - + mpgn|n >
1, my € Mand g; € Sfor each1 <1i < n}. Then M[S] is a right module over Rx
S under the following scaler product operation: for m(s) = myg;+---+mugn €



404 E. Hashemi, M. Yazdanfar, A. Alhevaz

MIS] and f(s) = ahy +--- + amhm € R% S, m(s)f(s) := Zi’j miwg (aj)gih;.

For a nonempty subset X of Mg, let anng(X) = {r € R|Xr = 0}.

The notion of reduced, Armendariz, Baer, p.p and quasi-Baer module in-
troduced in [18] by Lee and Zhou. A module My is called reduced if for any
m € M and a € R, ma = 0 implies mR N Ma = 0. A module My is called
Baer if, for any nonempty subset X of M, anng(X) = eR where ¢ = e € R.
A module My is called p.p if for any element m € M, anng(m) = eR where
e? = e € R. A module My is called quasi-Baer if, for any right R-submodule X
of M, anng(X) = eR where e? = e € R. Clearly, R is reduced (resp. Baer, right
p.p, quasi-Baer) if and only if Ry is reduced (resp. Baer, right p.p, quasi-Baer).
Lee and Zhou [18] proved that Mg is reduced if and only if M[x]g}, is reduced.
Various results of reduced rings were extended to modules in [18, 2].

Recall that from [6] an idempotent e € R is left (resp. right) semicentral
in R if exe = xe (resp. exe = ex) for all x € R. Equivalently, e = ¢ € R is
left (resp. right) semicentral if eR (resp. Re) is an ideal of R. Since the right
annihilator of a right R-module is an ideal, then the right annihilator of a
right R-module is generated by a left semicemtral idempotent in a quasi-Baer
module. We denote the set of all left (resp. right) semiccentral idempotents of
R with S¢(R) (resp. Sy(R)).

A module My, is called principally quasi-Baer (or p.q.-Baer for short) if, for
any m € M, anng(mR) = eR where e? = e € R. Clearly R is a right p.q.-Baer
if and only if Rg is p.q.-Baer module.

In this paper we introduce and study the concept of S-skew Armendariz
modules as a generalization of S-Armendariz rings [19]. For a u.p. monoid S
and monoid homomorphism w : S — End(R) we show that reduced module
My is S-skew Armendariz. We investigate the quasi-Baer and related con-
ditions on right R * S-module M([S] for a u.p. monoid S and monoid homo-
morphism w : S — Aut(R). We impose S-compatibility assumption on the
module Mg and prove: (1) My is quasi-Baer if and only if M[s]g.s is quasi-
Baer, (2) Mg is Baer (resp. p.p) if and only if M[S]r.s is Baer (resp. p.p),
when My is S-skew Armendariz, (3) Mg satisfies the ascending chain condi-
tion on annihilator of submodules if and only if so does M[S]r4s, when Mg
is S-skew quasi-Armendariz. Our results extend Armendariz [1, Theorem B],
Groenewald [11, Theorem 2], Birkenmeier, Kim and Park [8, Theorem 1.2],
Birkenmeier and Park [9, Theorem 1.2, Corollary 1.3].
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2 S-skew Armendariz modules

Let R be a ring with an endomorphism o. According to [4] for a module My
and an endomorphism o : R — R, we say that My is o-compatible if for each
m € M and r € R, we have mr = 0 if and only if mo(r) = 0. For more details
on o-compatible rings refer to [13, 14].

Definition 1 Let R be a ring, S a monoid and w : S — End(R) a monoid
homomorphism. We say that a module Mg is S-compatible if Mg is wg-
compatible for each g € S.

Notic that R is S-compatible if and only if Rg is S-compatible. Now we give
some examples of S-compatible modules.

Example 1 [4, Example 4.4] Let Ry be a domain of characteristic zero, and
R = Ro[t]. Define olg, = idgr, and o(t) = —t. Let Mg := Ry ® Ry @ Ry @

-+, where t € R acts on My as follows: for (mgy, myj,my,...) € M, we set
(mg, my, my,...).t := (0, moko, mykyi, maky,...) where the ki(i € N) are fixed
nonzero integers. We show that M is o-compatible. For this, it suffices to show
that ann(m) = 0 whenever 0 #= m € M. Suppose that (ap, aj, az,---)(byt" +
by t™ ! + “higher terms”) = 0, where ai, b; € Ry for every i € N and b, # 0.
First applying t™ to (ap, aj, az,...) gives

(0,0,---,0,a0kok - - - ke—1y arkiky - - - kry . . ) (br+brp1t+ « higher terms”) = 0.

Upon computing this expression, we deduce that apkoki...k._1br = 0. Since
the characteristic is zero, R is a domain, and koki...k._1b;y # 0, we deduce
that ap = 0. Now, we may proceed inductively to show that all a; = 0. From
this calculation, we deduce that My is o-compatible.

Example 2 [14, Example 1.1] Let Ry be a ring, D a domain and R = T, (Ry)®
Dlyl, where T,(Ry) is upper n x n triangular matriz ring over Ry. Let « :
Dly] — Dlyl] be a monomorphism which is not surjective. We define an
endomorphism & : R — R of R by ®(A & f(y)) = A & «lf(y)) for each
A € Ta(Ry) and f(y) € Dlyl. In [14, Example 1.1] it is shown that R is an
o-compatible.

Example 3 Let R be a ring and oy an endomorphism of R such that R be a o-
compatible for each 1 <1< n. Let S be a monoid generated by {x1,_x2, ceeyXn)
and w : S — End(R) a monoid homomorphism such that w; = (T]i. One can

show that R is S-compatible and R x S = R[X1,X2y...yXn; 01,02, ...,0n].



406 E. Hashemi, M. Yazdanfar, A. Alhevaz

According to Lee and Zhou [18] a module My is Armendariz if, for elements
m(x) = mo+myx+---+mpx™ € M[x] and f(x) = ap+a;x+- - -+amx™ € R[x],
m(x)f(x) = 0 implies mya; = 0 foreach 1 < i < n, 1 < j < m. In [21]
Zhang and Chen, introduced the concept of a o-skew Armendariz module and
studied its properties. A module My is called o-skew Armendariz module, if,
whenever m(x)f(x) = 0 where m(x) = mp + nmyx + - - - + mux™ € M[x] and
f(x) = ap+arx+- - -+amx™ € R[x; 0], we have m;o*(b;) = 0 for each 0 < i < m,
0 <j < m. In [19], Liu introduced the concept of a S-Armendariz ring and
studied its properties. In the following we introduce the concept of S-skew
Armendariz module as a generalization of S-Armendariz rings.

Definition 2 Let R be a ring, S a monoid and w : S — End(R) a monoid
homomorphism. We say that a module My is S-skew Armendariz module if, for
elements m(s) = mygi+- - -+mngn € M[S] and f(s) = ajh;+- - -+aghy € RxS,
m(s)f(s) =0 implies mywg, (a;) =0 for each 1 <1< n, 1 <j <t. In the case
of w is identity homomorphism, we say Mg is S-Armendariz module.

Notice that for a ring R and monid S with monoid homomorphism w : S —
End(R), R is S-skew Armendariz (resp. S-Armendariz) if and only if Ry is
S-skew Armendariz (resp. S-Armendariz).

Theorem 1 Let R be a ring, S a monoid and w : S — End(R) a monoid
homomorphism. Then My is S-skew Armendariz if and only if for every ele-
ments m(s) = mygy+- - +mpgn € M[S] and f(s) = ajhy+---+athy € RxS,
m(s)f(s) =0 implies my, Wy, (aj) =0 for each 1 <j <t and some 1 <1y < t.

Proof. The forward direction is clear. For the converse, suppose that m(s) =
migi+---+mngn € MI[S] and f(s) = ajhy+- - -+ athy € RxS with m(s)f(s)
0. Then there exists T < 1; < n such that mi, W, (a;) = 0 for each 1
j < t. Without loss of generality we can assume that iy = 1. Thus 0
m(s)f(s) = (mag2+---+mugn)f(s). Then by induction on n we can conclude
that mjwg, (a;) = 0 for each 1 < i <mand 1 <j < t. Hence Mg is S-skew
Armendariz. O

Al

If S is a monoid generated by {x} and w : S — End(R) such that w,: = o'
for an endomorphism o of R, then the skew monoid ring R* S is isomorphic to
skew polynomial ring R[x; o] and M[S] is isomorphic to M[x]. Thus we have
the following equivalent condition for a module to be o-skew Armendariz.

Corollary 1 Let My be a module and o an endomorphism of R. Then My is
o-skew Armendariz if and only if for every polynomials m(x) = my + myx +
o max™ € Mx] and f(x) = ap + arx + -+ - + axt € Rlx; 0], m(x)f(x) =0
implies my, ol (qj) =0 for each 0 <j <t and some 0 < 1i; < n.
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Corollary 2 Let R be a ring and o an endomorphism of R. Then R is o-skew
Armendariz if and only if for every polynomials f(x) = ap+ arx + - - + anx™,
g(x) =bo+bix+ -+ bnpx™ € RIx; 0], f(x)g(x) = 0 implies aiocrio(bj) =0
for each 0 <j <m and some 0 < iy < n.

Recall that a module My is reduced if, for any m € M and a € R, ma =0
implies mR N Ma = 0.

Lemma 1 The following are equivalent for a module Mg.
(i) Mg is reduced and S-compatible.
(ii) The following conditions hold for any m € M,a € R and g € S,

(a) ma =0 implies mRa = 0.
(b) ma =0 if and only if mwg(a) = 0.

(c) ma? =0 implies ma = 0.

Proof. The proof is straightforward. g

For an element f(s) = ajg; + -+ + angn € R xS with a; # 0 for each i, we
say that length (f(s)) = n and denote it by {(f(s)). Similarly, we can define
€(m(s)) =t for an element m(s) = mihy +--- + m¢hy € MJ[S].

Proposition 1 Let R be a ring, S a u.p. monoid and w : S — End(R)
a monoid homomorphism. Then S-compatible reduced module My is S-skew
Armendariz.

Proof. Assume that m(s) = myg; + -+ + mugn € MIS] and f(s) = ajhy +
-+ 4+ athy € R+ S with m(s)f(s) = 0. We proceed by induction on £(m(s)) +
0f(s)) = n+t. If £(m(s)) = 1 or £(f(s)) = 1, then the result is clear
Since u.p. monoids are cancellative by [6, Lemma 1.1]. From m(s)f(s) = 0
there exist 1 < 1 < n,1 < j < t such that gih; is u.p. element in the

product of two subsets {gi,...,gn} and {hi,...,h} of S. Without loss of
generality we can assume that i = j = 1. Thus mywg,(a;) = 0 and so
mya; = 0 since My is S-compatible. Therefore 0 = m(s)f(s)a; = (myg7 +

<o+ Mmpgn)(aiwy, (ar)hy + - -+ + arwp, (ar)ht). By using of Lemma 1, from
mia; = 0 we have mjwyg, (ajwhj(cu)) =0 for each 1 <j <t since My is re-
duced and S-Compatible. Thus 0 = m(s)f(s)a; = (mag2+- - -+mngn)f(s)a; =
m/(s)(f(s)ar). Since £(m/(s))+L(f(s)a;) < n+t satisfying m’(s)f(s)a; = 0, by
induction hypothesise miwgi(ajwhj (ar)) = 0 which implies that miaja; =0
for each 2 <1 < n,1T <j < t, since Mg is S-compatible. Thus mia% =90
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and so mya; = 0 for each 2 < i < n, by Lemma 1. Hence 0 = m(s)f(s) =
m(s)(azhy +-- -+ atht). Then by induction mijwg, (a;) =0 for each 1 <i<n
and 1 <j <t. Therefore My is S-skew Armendariz. O

If w is identity homomorphism (i.e. wy = idg the identity homomorphism of
R for each g € S) we deduce the following corollary.

Corollary 3 Let Mg be a reduced and S a u.p. monoid. Then Mg is S-
Armendariz.

Corollary 4 [2, Theorem 2.19] Every reduced module is Armendariz.

Corollary 5 Let R be a reduced ring, S a u.p. monoid and w : S — End(R)
a monoid homomorphism. Then R is S-skew Armendariz.

Proposition 2 Let S be a monoid and Mg a S-skew Armendariz module. If
m(s) =mygs + -+ Mugn € MIS] and fi(s) = ajh] + -+ aj hy € R*S for
1 <1i <X are such that m(s)fi(s)---fi(s) =0, then

1 2 K
ming(ah)wgiwhg] (a,)- Bt Thed EEE e i (a;) =0

foreach T <j<mnand1 <i, <t,1<r<k.

Proof. Suppose m(s)fi(s)---fx(s) = 0. Then from m(s)(fi(s)---fx(s)) =
0 we have mngj(a) = 0 for each 1 < j < n and each coefficient a of
f1(s)f2(s) - - - fi(s), since Mg is S-skew Armendariz and S-compatible. Thus
(mjgjfi(s))fa(s)--- fk(s) = Oforeach 1 <j <m.Thus mjwy, (al1 Jwg; Wy (a’) =
i
0 for each T <j <mn, 1 <1 <ty and each coefficient a’ of f3(s)---fi(s). By
continuing this manner, we see that mngj(ag])ng W1 (aizz) T Wg Wy .
U 1
W k-1 (afk):Oforeach]gjgnandlgirgti,lgrgk. O
k-1
As a consequence of Propositions 1 and 2 we have the following result.

Corollary 6 Let R be a ring, S a u.p. monoid and w : S — End(R) a
monoid homomorphism. Let Mg be a S-compatible reduced module. If m(s) =
migr + -+ Mngn € MIS] and fi(s) = alhl + - +a} €R*S for1<i<k
are such that m(s)fy(s)---f(s) =0, then

1 2 K
ming(%)ngwh;] (af,)- W Pl "‘wh‘f]:] (aj) =0

foreach1 <j<mnand1 <i, <t,1<r<k.
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It is proved in [18, Theorem 1.6] My is reduced if and only if Mx]gy is
reduced. In the following we extend this result to M[S]g.s.

Proposition 3 Let R be a ring, S a u.p. monoid and w : S — End(R) a
monotid homomorphism. Then module My is reduced and S-compatible if and
only if M[Slgrss is reduced.

f(s) = athy + - -- + athy € R% S with m(s)f(s) = 0. Let g(s) = biky + - --
bnkm € R+ S and k(s) = nysy + --- +npsp, € M[S] such that m(s)g(s)
k(s)f(s) € m(s)(R*S) N MI[S]f(s). From m(s)f(s) = 0 we have miwy, (a;) =
0 = myaq; for each 1 <1 <n,1 <j <t, by Proposition 1 and S-compatibility
assumption on Mg. Then by Lemma 1 we have m;ra; = 0 for each v € R
which implies that 0 = m(s)g(s)f(s) = k(s)f(s). Therefore niaja; = 0 for
each T < i <pand 1 <j,f <t by Proposition 2. Thus nia? = 0 and so
nia; = 0 for each 1 <i <pand 1 <j <t by Lemma 1. Therefore k(s)f(s) =0
which implies that m(s)(R * S) N M[S]f(s) = 0 and hence M[S]gs is reduced.
Conversely, assume that M[S]g.s is reduced and m € M, r € R with mr =
0. Also assume that n € M;a € R such that ma = nr € Mr N mR. Put
m(s) = mg and k(s) = nh for some g,h € S. Thus m(s)a = k(s)r € M[S]rN
m(s)(R xS). Since M[S]g4s is reduced M[S]r N m(s)(R * S) = 0 which implies
that ma = nr = 0. Hence My is reduced. Now, assume that mr = 0 for some
m € M and r € R. For each g € S we have mgr = mwg(r)g € M[S][rnm(RxS).
Since M([S]rss is reduced, M[S]rNm(R*S) = 0. Thus mwgy(r) = 0. Clearly, if
mwg(r) = 0 for each g € S we have mr = 0. Therefore My is S-compatible. []

Proof. Assume that My is reduced and m(s) = mygy + - - - + mugn € MIS],
+

Corollary 7 Let R be a ring and o an endomorphism of R. Then My is
reduced and o-compatible if and only if MIx|gy.q 5 reduced.

Corollary 8 Let R be a ring and o an endomorphism of R. Then R is reduced
and o-compatible if and only if R[x; 0] is reduced.

3 Extensions of Baer and quasi-Baer modules

In this section we study on the relationship between the Baerness and p.p-
property of a module Mg and right R * S-module M([S].

According to [5] a module My is called quasi-Armendariz if whenever m(x)
R[X]f(x) = 0 for m(x) = mo+myx+---+mux" € M[x] and f(x) = ap+ ajx+
-+ apx™ € R[x], then mijRa; =0 forall 1 <i<mnand1<j<m. LetS be
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a monoid. According to [12] a ring R is called S-quasi Armendariz if for each
two elements &« = ajgy + -+ + angn, B = bihy + --- + byhiy € RIS] satisfy
aR[s]3 = 0, implies that a;jRb; =0 foreach 1 <i<mand 1 <j <m.

Definition 3 Let R be a ring, S a monoid and w : S — End(R) a monoid
homomorphism. A module My is called S-skew quasi-Armendariz, if for any
m(s) =mygy+---+mngn € MIS] and f(s) = athy +-- -+ athy € R*S satisfy
m(s)(RxS)f(s) = 0 implies that migiRgajh; =0 for each 1 <i<n, 1 <j <t
and g € S.

Clearly a ring R is S-skew quasi-Armendariz if and only if Rg is S-skew quasi-
Armendariz.

Birkenmeier and Park in [9, Theorem 1.2] proved that for a u.p. monoid S
the monoid ring R[S] is quasi-Baer (resp. right p.q.-Baer) if and only if R is
quasi-Baer (resp. right p.q.-Baer). In the following we extend these results to
MIS] as a right R * S-module.

Theorem 2 Let R be a ring, S a w.p. monoid, w : S — Aut(R) a monoid
homomorphism. If My is S-compatible, then we have the following:

(i) Mg is right p.q.-Baer if and only if M[S]rs«s is right p.q.-Baer.
(ii) Mg is quasi-Baer if and only if M[Slr«s is quasi-Baer.
In this case, My is S-skew quasi-Armendariz.

Proof. (i) Assume that R is right p.q.-Baer. Let m(s) = myg;+---+mugn €
MIS]. There exists e; € S¢(R) such that anng(m;R) = eR for 1 < 1 < n.
Then e = ejez---en € S¢(R) and eR = (L, anng(m;R). Since every com-
patible automorphism is idempotent stabilizing by [3, Theorem 2.14] we have
e(Rx*S) C anngss(m(s)RxS). Note that anng.s(m(s)R*S) C anng.s(m(s)R).
Now we show that anng,s(m(s)R) C e(R*S). Let g(s) =bih;+---+bnhnm €
anngss(m(s)R). Then m(s)Rg(s) = 0. We proceed by induction on n to show
that g(s) € e(R*S). Let n = 1. Then mygi;R(bjh; + --- 4+ bthy) = 0. Thus
migi1Rbjh; = 0 for each 1 <j < t, since S is cancellative, by [9, Lemma 1.1].
Since wy, is automorphism mjRwyg, (b;) = 0 and so wg, (b;) € anng(mR) =
e1R for each 1 < j < t. Thus wg,(bj) = ejwg,(b;) and so b; = ejb; for
each T < j < t, since wy, is a compatible automorphism of R. Therefore
b; € e1R = eR. Hence g(s) = eg(s) € e(R x§), as desired. Now assume that

(%) (mygr + -+ -+ mngn)R(byhy +--- +bthy) = 0.
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Since S is u.p. monoid there exist 1 < i < n,1 < j < t such that gih;j is
u.p. element in the product of two subsets {g1,...,gn} and {hq,..., ¢} of S.
Without loss of generality we can assume that i = n,j = t. Thus m,;gnRbih; =
0. That is wyg, (bt) € anng(mpR) = exR and wy, (by) = enwy, (by). Since wg,
is a compatible automorphism of R, by = e, by and by € e,R. Replacing R by
Re, in the equation (x) we have (myg; + -+ + muy_1gn_1)R(enbihy + -+ +
enbithy) = 0. By induction on n we have enbj € RN eRN---Ney R
for each 1T < j < t. In particular, by € ejRN --- N ey_1R. Therefore by =
enbt € e RN---Ne,R =¢eR = ﬂ}; anng(myR). Since wg, is a compatible
automorphism of R for each T <1 < n we have

(%) (mygr + -+ mngn)R(b1hy +--- +by_1h1) =0.

Since S is u.p. monoid there exist 1 <1 < n,1 <j < t—1 such that gih;

is uw.p. element in the product of two subsets {g1,...,gn} and {hy,...,h_1}
of S. Without loss of generality we can assume that i = n,j = t — 1. Thus
MngnRb_1h1 = 0 which implies that wg, (by) € ann(m,R) = exR and

Wy, (bi—1) = enwg, (br_1). Therefore by_1 = enbi_1, since wy, is an idempo-
tent stabilizing automorphism of R. Replacing R by Re;, in the equation (x*) we
have (myg1+- - -+mMn_1gn—1)Ren(brhy+---+by_1ht_1) = 0. Then by induction
on n we can conclude that e bj € anng(m;R) N --- N anng(m,—1R) for each
1 <j <t—1and hence b1 = eybi—1 € NI ;anng(myR) = eR. Therefore from
the equation (#x) we have 0 = (mygy + -+ + mngn)R(b1hy + -+ - + brrh2).
By continuing this process we can conclude that b; € Ni*;anng(m;R) = eR
for each 1 < j < t which implies that g(s) = eg(s). Thus anng(m(s)R) C
e(R*S). So we have anng,s(m(s)(R*S)) C anng(m(s)R) C e(R % S). Hence
anngss(m(s)R* S) = e(R % S). Therefore M[S]g4s is p.q.-Baer.

Conversely assume that M[S]gss is p.q.-Baer. Take m € M. Then anngss
(m(R*S)) = e(s)(Rx*S) for some idempotent e(s) = ejs;+---+ensy in R*S.
Let a € anng(mR). Since My is S-compatible, anng(mR) C anng,s(m(R *
S)) = e(s)(R x S). Therefore a = e(s)a = (e1g1 + - - + engn)a. Thus there
exist 1 < ip < n such that a = eiowgio(a) and so anng(mR) C e;,R. Since
e(s) € anngys(m(R * S)) then 0 = mRe(s) = mR(eys71 + --- + engn). Since
S is cancellative mRe; = 0 for each 1 < 1 < n. Thus e;; € anng(mR) and
hence anng(mR) = e, R. Also, e;, is idempotent, since e;, € anng(mR),a =
eiowgio(a) for each a € anng(mR) and W, s idempotent stabilizing, we
have e;, = e, Wg;, (ey,) = eizo. Therefore R is p.q.-Baer.

(ii) Assume that My is quasi-Baer. First we show that My is S-skew quasi-
Armendariz. Suppose that m(s) = myg; + -+ + mugn € M[S] and f(s) =
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arhy 4+ -+ -+ athy € R% S such that m(s)(R x S)f(s) = 0. Thus m(s)rgf(s) =0
for each r € R, g € S. We proceed by induction on £(m(s)) + €(f(s)) =n+t.
If {(m(s)) = 1, then mygirg(aihy + - - + athy) = 0. Since S is cancellative
migirgajh; = 0, as desired. Also if {(f(s)) = 1 the result is clear. From

(%) (myg1 + -+ mngn)rglathy + -+ + athy) =0

there exist 1 <1 < n,1 <j <t such that gihj is u.p. element in the prod-
uct of two subsets {g1,...,gn} and {hy,...,h} of S. Without loss of gen-
erality we can assume that i = n,j = t. Then mpgnrgathy = 0 and so
MpWg, (Twg, wg(ay) =0 =mur'wg, wg(ay). Thus wg, wg(ai) € anng(myR)
eR such that e? = e € R and so Wy, wyl(ay) = ewg, wg(at). Replacing rg by
Teg in the equation () we have

(mig1 + -+ mMp_1gn_1)reglathy +--- +athy) =0

since wy is idempotent stabilizing by [3, Theorem 2.14]. Then by induction
we can conclude that mijgiregajh; = 0 for 1 <i <n—1,1 <j < t. Thus
migiregathy = 0 and so migirewg(ag)ghy = 0 for each 1 < i < n —1.
Since wg, wgy(ay) = ewg, wy(at) and wgy, is a compatible automorphism of
R, wg(ay) = ewg(ay). Thus 0 = mygirewq(as)ghy = migirwg(a¢)gh for each
1 <1< n—1.On the other hand m,gnregaihy = 0 and hence migirgathy =0
for each T < i < mn. Thus 0 = m(s)rgf(s) = (Mg + -+ + Mngn)rg(aihy +
-+-+a¢_1h¢_1). Then by induction hypothesis m;igirgajh; = 0 for each 1 <1 <
n, 1 <j <t—1. Therefore m;giRgajh; = 0 foreach 1 <1 <n,1 <j < t. Hence
Mg is S-skew quasi-Armendariz. Let V be a submodule of M[S]. Let U be a
right R-submodule of M generated by all coefficients of elements of V. Since Mg
is quasi-Baer anng(U) = eR for some e? = e € R. Thus e(R*S) C anng.s(V),
since ws is compatible automorphism for each s € S. Suppose that g(s) =
bihy+- - -+ bitht € anng.s(V). Thus for each m(s) = mygi+---+mugn €V,
m(s)(R * S)g(s) = 0 and hence migiRgbjh; =0 foreach 1 <i<n, 1 <j<t
since My is S-skew quasi-Armendariz. Therefore wg,wgy(bj) € anng(U) = eR
which implies that wg,wgy(bj) = ewg,wy(b;) for each 1 <1 <n, 1 <j <t
Since ws is compatible automorphism of R for each s € §, b; = eb; for each
1 <j <t Thatis g(s) € e(RxS) and so anng.s(V) C e(RxS). Hence M[S]rss
is quasi-Baer.

Conversely, assume that M[S]g.s is quasi-Bear and U is a right R-submodule
of Mg. Then as in the proof of the sufficiently of (i), one can show that
anng(U) is generated as a right R-submodule, by an idempotent of R.Therefore
M is quasi-Baer. O

Now we obtain the following results as a corollary of Theorem 2.
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Corollary 9 Let R be a ring, S a u.p. monoid, w : S — Aut(R) a monoid
homomorphism and Mg is a S-compatible module. Then we have the following:

(i) Mg is a reduced p.p.- module if and only if M[Slrss is a reduced p.p.-
module.

(ii) Mg is a reduced Baer module if and only if M[Slr«s is a reduced Baer
module.

Proof. (i) Clearly reduced p.p.- modules are p.q.-Baer. Then the result follows
from Theorem 2 and Proposition 3.

(ii) The result follows from Theorem 2 and the fact that a reduced quasi-
Baer module is Baer. g

Corollary 10 Let R be a ring and S a u.p. monoid. Then we have the follow-
mng:

(i) [6, Theorem 1.2] R is quasi-Baer (resp. right p.q.-Baer) if and only if
R[S] is quasi-Baer (resp. right p.q.-Baer).

(ii) [6, Corollary 1.3] R is reduced Baer (resp. p.p.- ring) if and only if R[S]
is a reduced Baer (resp. p.p.- ring).

Corollary 11 Let My be a module. Then the following are equivalent:
(i) Mg is quasi-Baer (resp. p.q.-Baer).

(ii) Mxlgp ts quasi-Baer (resp. p.q.-Baer).

(iii) MIx, X_]]R[x,x—‘] is quasi-Baer (resp. p.q.-Baer).

Corollary 12 Let R be a o-compatible ring for an automorphism o of R. Then
the following are equivalent:

(i) R is quasi-Baer (resp. p.q.-Baer).
(ii) R
(i)
)
)

[x; 0] is quasi-Baer (resp. p.q.-Baer).

R[x,x ;0] is quasi-Baer (resp. p.q.-Baer).
(iv) R[x] is quasi-Baer (resp. p.q.-Baer).
Rlx

(v

is quasi-Baer (resp. p.q.-Baer).
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Birkenmeier et al. [6, Example 1.5] showed that the “u.p. monoid” condition
on S in Theorem 2 is not superfluous.

The next example shows that the “S-compatibility” assumption on Rg in
Theorem 2 is not superfluous.

Example 4 [15, Example 2| Let K be a field, A = K[s,t] a commutative
polynomial ring, and consider the ring R = A/(st). Then R is reduced. Let
S=s+ (st) and t =t + (st) in R = A/(st). Define an automorphism o of R
by 0(s) =t and o(t) =5. Hirano in [15] showed that R[x; 0] is quasi-Baer but
R is not quasi-Baer. Since o(s5t) = 0 but 50(t) =52 # 0 (since R is reduced),
hence o is not compatible. Therefore the “compatibility” assumption on o is
not superfluous.

Theorem 3 Let R be a ring, S a u.p. monoid and w : S — Aut(R) a monoid
homomorphism. If My is a S-compatible and S-skew Armendariz module, then
Mg is Baer if and only if M[S]r«s is Baer.

Proof. The proof is similar to that of Theorem 2. O

Corollary 13 Let R be a ring, S a u.p. monoid and w : S — Aut(R) a
monoid homomorphism. Let Mg is S-compatible reduced module. Then Mg 1is
Baer if and only if M[Slr«s is Baer.

Proof. This follows from Proposition 1 and Theorem 3. g

Corollary 14 Let R be a o-compatible ring for an automorphism o of R. If R
is o-skew Armendariz, then the following are equivalent:

Theorem 4 Let R be a ring, S a monoid and w : S — End(R) a monoid
homomorphism. If My is S-compatible and S-skew quasi-Armendariz, then Mg

satisfies the ascending chain condition on annihilator of submodules if and only
if so does M[S]gss.
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Proof. Assume that My satisfies the ascending chain condition on annihilator
of submodules. Let V; C V, C ... be a chain of annihilator of submodules of
M[S]gr«s. Then there exist submodules K; of M[S]g.s such that anng.s(K;) =
Vi and K; D Ki g for each i > 1. Let U; be a submodule of M generated by
all coefficients of elements of K;. Clearly Uy D Uy D ---. Then anng(U;) C
anng(U;) C --- is a chain of annihilator of submodules of Mg. Since Mg
satisfies the ascending chain condition on annihilator of submodules there
exists 1 > 1 such that anng(U,) = anng(U;) for all i > n. We show that
anngss(Kn) = anng.s(K;) for all i > n. Let f(s) = ajhy + aoho +-- -+ athy €
anng.s(Ki). For each m(s) = myg; + - -+ + mugn € Ky, m(s)(R x S)f(s) =
0. Therefore m;giRgaph, = 0 for each 1 < j < n,T < p < t since M[S]
is S-skew quasi-Armendariz. Thus mjRwg wg(ay) = 0 and so mjRa, = 0,
since Mg is S-compatible. Therefore a, € ann(U;) = ann(U,) for each 1 <
p < t and hence f(s) € anng,s(K;y). Thus anng.s(Ky) = anng.s(Ki). Now
assume that M[S]g.s satisfies the ascending chain condition on annihilator of
submodules. Let U; € Uy C --- be a chain of annihilator of submodules of
Mg. Then there exist submodules M; of M such that anng(M;) = U;. Thus
M; D M; D ---. Hence My[S] is a submodule of M[S]gss, Mi[S] D M; 1[S]
and anng.s(M;i[S]) € annges(Mi1[S]) for all i > 1. Thus anng.s(M;[S]) C
anng.s(M;[S]) C --- is a chain of annihilator of submodules of M[S] and so
there exists n > 1 such that anng.s(Mn[S]) = anng.s(M;[S]). We show that
anng(M,) = anng(M,;) for 1 > n. Assume that r € anng(M;). Since M is
S-compatible, T € anng.s(M;[S]) = anng.s(Mnu[S]) for all i > n. For each
m(s) € Mu[S] and v € R, m(s)(R * S)r = 0 which implies that m,g,Rgr =
0 for each T < p < t,g € S, since My is S-skew quasi-Armendariz. Thus
mpRwg wy(r) = 0= myRr, since Mg is S-compatible, and so r € anng(M,).
Therefore anng(M;) = anng(M,,). O

Corollary 15 Let My be a module and o a compatible automorphism of R.
The following are equivalent:

(i) Mg satisfies the ascending chain condition on annihilator of submodules.

(ii) Mxlgpo) satisfies the ascending chain condition on annihilator of sub-

)

modules.

(iii) M[x, X’I]R[nyq;g] satisfies the ascending chain condition on annihilator
of submodules.
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