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Abstract. Recently Chaurasia and Gill [7], Chaurasia and Kumar [8]
have solved the one-dimensional integral equation of Fredholm type in-
volving the product of special functions. We solve an integral equation
involving the product of a class of multivariable polynomials, the mul-
tivariable H-function defined by Srivastava and Panda [29, 30] and the
multivariable I-function defined by Prasad [21] by the application of frac-
tional calculus theory. The results obtained here are general in nature and
capable of yielding a large number of results (known and new) scattered
in the literature.

1 Introduction and preliminaries

Fractional calculus is a field of applied mathematics that deals with derivatives
and integrals of any arbitrary real or complex order. The widely investigated
subject of fractional calculus has gained importance and popularity during
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the past four decades or so, chiefly due to its demonstrated applications in
numerous seemingly diverse fields of science and engineering including turbu-
lence and fluid dynamics, stochastic dynamical system, plasma physics and
controlled thermonuclear fusion, nonlinear control theory, image processing,
nonlinear biological systems, astrophysics (see, for details, [6, 5, 15, 26, 31]
and for recent works, see also [18, 19]). Under various fractional calculus oper-
ators, the computations of image formulas for special functions of one or more
variables are important from the point of view the solution of differential and
integral equations (see, [1, 2, 3, 13, 12, 15, 22, 23, 24, 25]). In this paper, we use
the fractional calculus, more precisely the Weyl fractional operator to resolve
the one-dimensional integral equation of Fredholm type involving the product
of special functions. The integral equations occur in many fields of physics,
mechanics and applied mathematics. In the last several years a large number
of Fredholm type integral equations involving various polynomials or special
functions as kernels have been studied by many authors notably Chaurasia et
al. [7, 8], Buchman [4], Higgins [10], Love [16, 17], Prabhakar and Kashyap [20]
and others. In the present paper, we obtain the solutions of following Fredholm
integral equation.
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(1)

The multivariable I-function defined by Prasad [21] is an extension of the
multivariable H-function defined by Srivastava and Panda [29, 30]. It is defined
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in term of multiple Mellin-Barnes type integral:

I (z1, · · · , zr) = I0,n2;0,n3;··· ;0,nr:m(1),n(1);··· ;m(r),n(r)
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(2)

the existence and convergence conditions for the defined integral (2), see
Prasad [21].

The condition for absolute convergence of multiple Mellin-Barnes type con-
tour (1) can be obtained by extension of the corresponding conditions for
multivariable H-function:
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(3)

where i = 1, · · · , r. The complex numbers zi are not zero. We establish the
asymptotic expansion in the following convenient form:

I (z1, · · · , zr) = O
(
|z1|

α1 , · · · , |zr|αr
)
, max (|z1| , · · · , |zr|)→ 0

I (z1, · · · , zr) = O
(
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β1 , · · · , |zr|βr
)
, min (|z1| , · · · , |zr|)→∞
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where k = 1, · · · , r; α ′k = min

[
<

(
b
(k)
j

β
(k)
j

)]
, j = 1, · · · ,m(k);

and β ′k = max

[
<

(
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(k)
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, j = 1, · · · , n(k).

The generalized class of multivariable polynomials defined by Srivastava [28],
is given as

SM1,··· ,Ms

N1,··· ,Ns
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· · ·
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(4)

whereM1, · · · ,Ms are arbitrary positive integers and the coefficients A[N1, K1;
· · · ;Ns, Ks] are arbitrary constants, real or complex.

The generalized polynomials of one variable defined by Srivastava [27], is
given in the following manner:

SMN (x) =

[N/M]∑
K=0

(−N)MK
K!

A [N,K] xK, (5)

where the coefficientsA [N,K] are arbitrary constants real or complex.
The series representation of the multivariable H-function defined by Srivastava
and Panda [29, 30] is given by Chaurasia and Olka [9] as
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and
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for i = 1, · · · , r and Ui =
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(i)
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+n ′
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, i = 1, · · · , r, which is valid under the

following conditions:

ε
(i)
mi

[
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(i)
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6= ε(i)j [pmi

+ ni] ,

for j = mi, mi = 1, · · · , α(i); pi, n
′
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C ′∑
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Let = denote the space of all functions f which are defined on R+ and satisfy
(i) f ∈ C∞ (R+)
(ii) limx→∞ [xγfr(x)] = 0 for all non-negative integersγ and r.
(iii) f(x) = 0(1) as x→ 0.
For correspondence to the space of good functions defined on the whole real
line (−∞,∞).

The Riemann-Liouville fractional integral (of order µ) is defined by

D−µ{f(x)} = 0D
−µ
x {f(x)}

=
1

Γ(µ)

∫x
0

(x−ω)µ−1 f (ω)dω (<(µ) > 0, f ∈ =) ,
(10)

where Dµ{f(x)} = φ(x) is understood to mean that φ is a locally integrable
solution of f(x) = D−µ{φ(x)}, implying that Dµ is the inverse of the fractional
operator D−µ.

The Weyl fractional (of order h) is defined by Laurent [14] as following:

W−h{f(x)} = xD
−h∞ {f(x)} =

1

Γ(h)

∫∞
x

(ξ− x)h−1 f(ξ)dξ, (11)

where <(h) > 0 and f ∈ =.
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2 Solution of the Fredholm integral equation (1)

For convenience, we shall use these following notations:

Ur = p2, q2;p3, q3; · · · ;pr−1, qr−1; Vr = 0, n2; 0, n3; · · · ; 0, nr−1, (12)
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; · · · ;
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(13)
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(14)
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(r)
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)
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k

)
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; · · · ;
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]
1,A ′

:
(
q(1), η(1)

)
1,M(1)

; · · · ;
(
q(r), η(r)
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. (21)

We have the following formula:

Lemma 1
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= y−β
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· · ·
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y
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y
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∑r
i=1Ui;q, · · · , q) ,B
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(22)

where φ1, φi and as are defined respectively by (7), (8) and (18). Also, provided
that
(a) <(α) > <(β),

(b) <

[
β+ p

∑r
i=1 min

1≤j≤M(i)

(
p
(i)
j
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b
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β
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(c) |arg zi| <
1
2Ωiπ, where Ωi is defined by (4),

(d) which is valid under the following conditions: ε
(i)
mi

[p
(i)
j +pi] 6= ε

(i)
j [pmi

+ni]

for j = mi,mi = 1 · · · , α(i); pi, n
′
i = 0, 1, 2, · · · ; vi 6= 0,
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j=1
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(i)
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C ′∑
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(i)
j < 0, ∀i ∈ {1, · · · , r}

Proof. To prove the lemma first we use the definition of Weyl fractional inte-
gral given by (11), express the class of multivariable polynomials SM1,··· ,Ms

N1,··· ,Ns
[.] in

series with the help of (4), the multivariable H-function in series with the help
of (6) and the multivariable I-function defined by Prasad [21] in Mellin-Barnes
type contour integral. Now we interchange the order of summation and inte-
grations (which is permissible under the conditions stated), we evaluate the
t-integral and reinterpreting the resulting Mellin-Barnes contour integral as
terms of the multivariable I-function, we obtain the desired result. �
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0
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∑s
i=1 Ki − p

∑r
i=1Ui;q, · · · , q) ,B

 f(y)dy

=

∫∞
0

y−α SM1,··· ,Ms

N1,··· ,Ns

[
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(
x

y

)t
, · · · , us

(
x

y
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y
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y
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∣∣∣∣∣∣
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(23)

under the same conditions and notations that (22).

Proof. Let E denote the first member of the equation (23). Then using the 1
and applying (11), we have

E =

∫∞
0

f(y)

Γ (α− β)
(ξ− y)α−β−1 ξ−α SM1,··· ,Ms

N1,··· ,Ns

[
u1

(
x

ξ

)t
, · · · , us

(
x

ξ

)t]

× H
[
v1

(
x

ξ

)p
, · · · , vr

(
x

ξ

)p]
I

[
z1

(
x

ξ

)q
, · · · , zr

(
x

ξ

)q]
dξdy

=

∫∞
0

ξ−α SM1,··· ,Ms

N1,··· ,Ns

[
u1

(
x

ξ

)t
, · · · , us

(
x

ξ

)t]
H

[
v1

(
x

ξ

)p
, · · · , vr

(
x

ξ

)p]
× I

[
z1

(
x

ξ

)q
, · · · , zr

(
x

ξ

)q]{∫ξ
0

(ξ− y)α−β−1

Γ(α− β)
f(y)dy

}
dξ. (24)

�

The change the order of integration is assumed to be permissible just as in the
proof of the lemma 1. Now by applying to definition (11) and (24), it gives

E =

∫∞
0

ξ−α SM1,··· ,Ms

N1,··· ,Ns

[
u1

(
x

ξ

)t
, · · · , us

(
x

ξ

)t]
H

[
v1

(
x

ξ

)p
, · · · , vr

(
x

ξ

)p]
× I

[
z1

(
x

ξ

)q
, · · · , zr

(
x

ξ

)q] {
Dβ−α {f(y)} dy

}
dξ. (25)

We obtain the desired result where f ∈ = andx > 0, under the same conditions
that (22).
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3 Particular cases

We obtain the similar formula with the class of polynomials of one variable
defined by Srivastava [27]. We have

Corollary 1∫∞
0

y−β
[N/M]∑
K=0

α(i)∑
mi=0

∞∑
n ′
i=0

φ

∏r
i=1φiv

Ui

i (−)
∑r

i=1 n
′
i∏r

i=1 ε
i
mi
n ′i!

(−N)MK
K!

A[N,K]

(
x

y

)tK+p∑r
i=1 Ui

uK × IVr;0,nr+1;Xr

Ur:pr+1,qr+1;Wr
z1

(
x
y

)q
:

zr

(
x
y

)q
∣∣∣∣ A; (1− β− tK− p

∑r
i=1Ui;q, · · · , q) ,A

B; (1− α− tK− p
∑r
i=1Ui;q, · · · , q) ,B

 f(y)dy

=

∫∞
0

y−α SMN

(
u

(
x

y

)t)
H0,λ

′;U
A ′,C ′;V


v1

(
x
y

)p
:

vr

(
x
y

)p
∣∣∣∣∣∣
C

:
D



IVr;0,nr;Xr

Ur:pr,qr;Wr


z1

(
x
y

)q
:

zr

(
x
y

)q
∣∣∣∣∣∣
A;A
:
B;B

× Dβ−α [f(x)] dy,

(26)

under the same conditions and notations that (22).

If the multivariable I-function reduces to the multivariable H-function defined
by Srivastava and Panda [29, 30], we obtain the following result:

Corollary 2∫∞
0

y−β
[N1/M1]∑
K1=0

· · ·
[Ns/Ms]∑
Ks=0

α(i)∑
mi=0

∞∑
n ′
i=0

φ

∏r
i=1φiv

Ui

i (−)
∑r

i=1 n
′
i∏r

i=1 ε
i
mi
n ′i!

as

(
x

y

)t∑s
i=1 Ki+p

∑r
i=1 Ui

uK1

1 · · ·u
Ks
s × H

0,nr+1;Xr

pr+1,qr+1;Wr
z1

(
x
y

)q
:

zr

(
x
y

)q
∣∣∣∣ (1− β− t

∑s
i=1 Ki − p

∑r
i=1Ui;q, · · · , q) ,A

(1− α− t
∑s
i=1 Ki − p

∑r
i=1Ui;q, · · · , q) ,B

 f(y)dy



14 F. Ayant, D. Kumar

=

∫∞
0

y−α SM1,··· ,Ms

N1,··· ,Ns

[
u1

(
x

y

)t
, · · · , us

(
x

y

)t]
H0,λ

′;U
A ′,C ′;V


v1

(
x
y

)p
:

vr

(
x
y

)p
∣∣∣∣∣∣
C

:
D



× H0,nr;Xr

pr,qr;Wr


z1

(
x
y

)q
:

zr

(
x
y

)q
∣∣∣∣∣∣
A
:
B

 Dβ−α [f(x)] dy,

(27)

under the same conditions and notations that (22) with Ur = Vr = A = B = 0.

4 Conclusion

The equation (1) is of general character. By suitably specializing the various
parameters of the multivariable I-function, the multivariable H-function and
the class of multivariable polynomials, our results can be reduce to a large
number of integral equations involving various polynomials or special functions
of one and several variables occur in many fields of physics, mechanics and
applied mathematics.
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