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Abstract. The first result in partition relations topic belongs to Ramsey
(1930). Since that this topic has been still explored. Probably the most
famous partition theorem is Erdés-Rado theorem (1956). On the other hand
in 60’s of the last century Efimov introduced strong sequences method, which
was used for proving some famous theorems in dyadic spaces. The aim of
this paper is to generalize theorem on strong sequences and to show that it is
equivalent to generalized version of well-known Erdés-Rado theorem. It will
be also shown that this equivalence holds for singulars. Some applications
and conclusions will be presented too.

1. Introduction

Let «, 5 and A be cardinals and n < w. The arrow notation

(@) = (B)X

denotes the following partition relation: if [a]” = J,_, P, then there are A C «
and ¢ < X such that |A| = 8 and [A]™ C P;, (see e.g. [2]).

Partition calculus has been considered by many researchers. Below there are
presented some famous results in this topic of partition relations, (followed by [1]).
The first result in this topic is given by Ramsey (1930) who proved that

U — (U)3

for non-principal ultrafiltres on w. Such ultrafiltres were called "Ramsey" by Galvin
around 1968. Other results belong to Rowbottom (1971) and Ketonen (1973).
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There are results for ultrafiltres on uncountable measurable cardinals. Moreover,
Sierpinski (1933) proved that
2% A ()3,

Probably the most famous theorem in partition calculus belongs to Erdés-Rado
(1956) who proved that for every n - natural number and § - cardinal there is

exp,, (6)F — (B)5+".

The existence of different kinds of partition relations is still explored.

On the other hand a combinatorial method, so called strong sequences method,
was introduced by Efimov in the 60s’ of the last century in the subbase of the
Cantor cube, which was used for proving some well known theorems in dyadic
spaces, i.e., continuous images of the Cantor cube, see [3].

The problem of the existence and consequences of the existence of strong
sequences in other spaces was explored in 90’s of the last century, see [§] and [9]
for some historical details.

The main goal of this paper is to show that the generalized versions on strong
sequences, see [10], and Erdds-Rado theorem, see [5], are equivalent for regular
and singular cardinals. There will be also shown some exceptions for which this
equivalence does not hold.

2. Notations and definitions

Let (X, r) be a set with relation r and let k be a cardinal. Let a,b,c € X. We
say that a and b have a bound iff there exists ¢ such that

(a,c) €r and (b,c) €.

We say that a set A C X is a k-directed iff every subset of A of cardinality less
than s has a bound.

DEFINITION 2.1 ([10])
A sequence (Hy)g<a, Hy C X is called a k-strong sequence if

(1) Hy is k-directed for all ¢ < a,
(2) Hy U Hy is not s-directed for all ¢ < ¢ < a.

Notice that in Definition 2.1 we do not really think about a sequence but rather
about the family of sets with properties[(1)]and so we can index (Hg)gp<q N0t
by ordinal but by cardinal numbers.

DEFINITION 2.2 ([13])
A pair (F, Q) of functions, where ® is an ordinal.

G:®— 2¥ and F:X —=2°

with the property that for any «, 8 if & < 8, then there exists @ € G(«) such that
B € F(a) is called twin functions.



Strong sequences and partition relations [53]

DEFINITION 2.3 ([13])
A map g: K — X, where K C ® such that

(1) g(a) € G(a) for any a € K,
(2) for any «, 8 € K if o < 3, then 8 € F(g(B))
is called a selector of twin functions (F, G).

All other notations are standard in the field and can find in [2] @] [7].

3. Theorems

In this part we present generalizations of three theorems: on strong sequences
(compare [10]), on twin functions (compare [I3]) and Erdés-Rado theorem (com-
pare [5} 2]). Theorem [3.1]is proved in [I0], Theorem [3.2]is a generalized version of
Theorem on twin functions in [I3]. Theorem [3.3| has been proved in [2], pp.8-11.

Let 8 and 7 be cardinals. By 8 < n we denote: 7 is 3-strong inaccessible, i.e.,
B < nand a* <7, whenever a < 3, A < 1.

THEOREM 3.1 (on k-strong sequences)
Let B, u, n be cardinals such that w < B <K n, p < B and B, n be regular. Let X be
a set of cardinality n. If there exists a k-strong sequences {H, C X : a <n} with
|Hy| < 2 for all a < m, then there exists a k-strong sequence {T, C X : a < 8}
with |Ty| < &k for all < B and k < 1.

THEOREM 3.2 (on twin functions)

Let B, p, n be cardinals such that w < 8 <K n, p < B and 5, n be regular. Let X be
a set of cardinality 1. If there exists a pair (F,G) of twin functions G: n — 2%,
F: X — 27 such that |G(a)| < 2* for all o < m, then there exists a selector
g: K — X of twin functions with |K| = .

THEOREM 3.3 (Erdos-Rado type)
Let 8, i, n be cardinals such that w < B <K n, u < B and B, n be reqular. Let X
be a set of cardinality 7. Then

() = (B)-

4. Proofs

In this part all proofs needed for showing equivalence of theorems from previous
part will be presented. We introduce the following notation

SS means theorem on strong sequence,
TF means theorem on twin functions,
ER means Erdés-Rado type theorem.
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The structure of this section is as follows

SS — TF

f I
TF <— FER

Proof. SS = TF
Take a pair (F, G) of twin functions such that |G(«)| < 2#. For any o < 7 consider

H, = G(a)\ F}(a).

Notice that {H, : « < n}is a k-strong sequence for £ < n. If not, then by Defini-
tion the set H, U Hg would be an s-directed set for o < 5. By Definition
there exists a € H,, such that 8 € F(a). Hence a € F~1(f), which contradicts to
definition of Hg.

By Theorem there exists a k-strong sequence {7, : « < (B} such that
|Tw| < k for any o < 8. Consider a function g: 8 — X such that g(a) € T, for
a < B. Obviously g(«) € H, C G(«), hence condition of Definition is
fulfilled. Let a € g(a) € G(«). By Definition 2.3 we have v € F(a) = F(g(c)) for
a < 7. Hence condition of Definition of twin functions is fulfilled.

Proof. TF — ER
Without the loss of generality we can assume that X = {z, : a <n}. Let

fIXP =
be a function which determines a partition
(X2 ={A,: v <AL

We will show that for some A, of cardinality 3 there is f|A, = const. Define
functions

G:n— 2% such that
G(a) ={zq € X : {24, ze} € A, for some v < A and any a < £},
F: X — 2" such that
F(zo) ={¢ <k: {za,z¢} € A, for some v < X and a < &},

We will show that functions in a pair (F,G) are twin functions.

Take a < €. Let zo € G(a), then {z,,z¢} € Ay for some a < A. Hence
¢ € F(z,). By Theorem there exists a selector of twin functions ¢g: K — X
with K C & such that |K| = . This means that for each a,{ € K we have
{zq,x¢} € A, for some a < £. Suppose that [K]? ¢ A, for any v < \. Let

{za,ze} € A, for o < ¢

and
{xy, 25} € As for v <6



Strong sequences and partition relations [55]

and p # o. By Definition [2.3] we have respectively

g(a) =z, and hence ¢ € F(g(a))

and
g(v) =2, and hence ¢ € F(g(v)).

If £ < 9, then £ € F(g(a)) and then {zq,z¢}, {2, 25} € A, If § < &, then
¢ € F(g(7)) and then {xq,z¢}, {z,, 25} € As. A contradiction. Hence [K]? C A,
for some v < A.

Proof. ER = TF
Without the loss of generality we can assume that X = {z, : a < n}. Assume
that (F,G) is a pair G:  — 2%, F: X — 27 of twin function. We can assume
that for any 8 <n

G(&) ={zy(&) : v <A}
Let P: [X]? — X be a function such that

if P({za,xe}) =7, then a € F(z,(£)).

By Theoremthere exists a set K C X of cardinality 8 such that [K]?> € P~1(y)
for some v < A. By above information, a € F(z(§)) for all o,§ € K with o < &.
Then g(§) = z(§) for £ € K is a selector of twin functions.

Proof. TF = SS
Assume that there exists a k-strong sequence {H, C X : « < n} for k < 5 such
that |H,| < 2*. Consider the following set

Ay ={T C Hy: |To| <wand T'U H¢ is not s-directed for any £ > a}.
By Definition the set A, is non-empty for any a < 7. Let
X={T: Te A, for some a < n}.
Define a pair of functions (F,G):

G: n — 2% such that G(a) = A,,
F: X — 2" such that F(T) = {{ <n: T U Hg is not k-directed}.

We will show that (F,G) are twin functions. Let a < €. Then for some T € G(«)
the set T'U H¢ is not x-directed. Hence & € F'(T'). By Theorem there exists
a selector of twin functions g: K — X, where |K| = 8. By [([1)]in Definition [2.3]the
sets g(a) are k-directed for any o € K, by [(2)|in Deﬁnitio the sets g(a) U He
are not k-directed whenever o < £. Hence {g(«) : a € K} is a required s-strong
sequence.



[56] Joanna Jureczko

5. Some counterexamples

We show that such strong assumptions of cardinals in Theorem are neces-
sary because if we omit them we can construct the following counterexamples.

EXAMPLE 5.1

Let p =Ny, n =Ry and X = wq. Let X = J{Ho : a < wq} with |[H,| =Ry be
a partition of X. Let G be a graph on X such that for each § < a < ws there
is eg,o between Hg and H, such that the endvertices of {ego : [ < a} in H,
are distinct. Define the relation r: for finite S C X there is b with (a,b) € r,
a € S iff S is bounded in Z. This gives a system {H, : « < ws} which is
an w-strong sequence assumed in the theorem. By Theorem [3.1] there exists an
w-strong sequence {7, : « < wi} consisting of finite sets. Define the set with
using the following function f: w; — P(w1) given by the formula n € f(§) iff there
are ¢ € Te, y € T,, y < « with {y,z} € Z. Then each f(§) is finite and for
£ < n < wy either £ € f(n) or n € f(£) holds, but this contradicts Hajnal Set
Mapping Theorem, (see [6]).

EXAMPLE 5.2

Let u = Xy and n = 2%, Let D®2, where D = {0, 1} denote the generalized Cantor
discontinuum. For each a < Ry consider the projection m,: D2 — {0,1} and let
B={r;': a <Ny, i€ {0,1}}. The family B forms a subbase in D"2. Take the
base generated by B as a set X and consider inclusion as a relation on X. The
weight and the character of D®2 are equal Ny, Let \: 2%2 — D®2 be a bijection.
Consider a family H, = {z € X : A(«) € z}. Hence the family is centered because
N Ha = Aa) and of cardinality Ry and obviously {H, : « < 282} forms an w-
strong sequence. By Theorem there exists an w-strong sequence {T,,: a < N}
consisting of finite sets. Then the family {7, : « < N;} is consisting of open
pairwise disjoint sets. It means that cellularity of D¥2 is not less than ;. But from
Marczewski Theorem on cellularity of generalized Cantor discontinua, (see [11]),
we have that the cellularity is Ng. A contradiction.

6. Applications and conclusions for regulars

In this section some applications and conclusions of theorems from Section 3
will be presented. The next theorem is the well known theorem proved by Erdés-
Rado in [5], (see also [2]).

COROLLARY 6.1 (Erdés-Rado theorem)
For any infinite cardinal \ the following statement is true

@M = (A3
Proof. We have (2*)* = 2} thus A\t < (2*)F for all A > w.

The next two corollaries were proved with using Theorem on strong se-
quences in [12].
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COROLLARY 6.2
If X is a regular topological space, then

d(X) < x (X)X,

COROLLARY 6.3
If X is a regular topological space, then

w(X) < x(X) .

For completeness this paper we prove two corollaries using Theorem on
strong sequences.

COROLLARY 6.4
If X, Y are topological spaces. Then

(X xY) < 26X +e()

Proof. Let
X ={U, xVy: a7}

be a family of open non-empty sets and let ¢(X x Y) < 2. We will show that
co(X)+c(Y)=A

Let My C X be a maximal family of pairwise disjoint sets. Let M be the first
element of an w-strong sequence. Suppose that for 3 < a < (2*)* the w-strong
sequence {Mg : B < a} such that Mz C X'\ |, 5 M, is a maximal family
of pairwise disjoint sets has been defined. Obviously M| < 2* for all 8 < a.
Hence X'\ Ug., Mp is non-empty. Let M, C X\ Us_, Mp be a maximal
family of pairwise disjoint sets. Thus we have obtained the w-strong sequence
{M,: a < (2")T}. By Theorem [3.1] applying for n = (2*)*, 3 = AT, u = A and
k = w there exists an w-strong sequence {7, : a < AT} such that |7,| < w for all
a < At. Hence ¢(X) = AT or ¢(Y) = AT. A contradiction.

COROLLARY 6.5
If X is a Hausdorff space then

|X| < 2x(X)+elX),

Proof. Let A = x(X)+c(X). Assume that |X| > 2*. Without the loss of generality
we can assume that X = {z, : a < (2*)*}. Let 79 € X be an arbitrary element,
By € X be a maximal local base in point zy and let By be the first element
in a strong sequence. Suppose that for § < a < (2>‘)+ the w-strong sequence
{Bs : B < a} such that Bs C X\ ,.4B, is a maximal local base in point
zg € X \ U, .5 By has been defined. Obviously |Bg| < 22 for all B < a. Hence
X\ Up<, Bp is non-empty. Let 2o € X \ Ug_, Bs be an arbitrary element. Let
Bo € X\ U, Bs be a maximal local base in point z,. Thus we have obtained
the w-strong sequence {B, : a < (2*)T}.

By Theorem applying for n = (2M)*, B = AT, p = X and k = w there
exists an w-strong sequence {7, : «a < A1} such that |7,| < w for all a < AT.
By Definition there exists a family of open non-empty pairwise disjoint sets
{Us: a < AT} such that U, € T,. Hence ¢(X) = AT. A contradiction.
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7. Results for singulars

In [2] p.8, the following result for singulars was proved. Since the proof of
Theorem is short we cite it here, (see also [2]).

THEOREM 7.1
Let B and n be cardinals such that w < < n with n-regular and B-singular. Then

(5) = (B3

Proof. For B-singular we have 8T < 1. By Theorem (with 8 and p replaced
by A% and 3 respectively) we obtain our claim.

Using the similar arguments as in Section [f] we easy obtain that Theorem [7.]]
is also equivalent to both following results.

THEOREM 7.2

Let B and n be cardinals such that w < B < n with n-regular and B-singular. Let
X be a set of cardinality n. If there exists a k-strong sequences {H, C X : a <n}
with |Hy| < 28 for all a < n, then there exists a k-strong sequence {T, C X :
a < BT} with |Ty| < K for all a < B+ and k < 1.

THEOREM 7.3

Let 8 and n be cardinals such that w < f < n with n-regular and [-singular.
Let X be a set of cardinality n. If there exists a pair (F,G) of twin functions
G:n — 2% F: X — 2" such that |G(a)| < 27 for all a < n, then there exists
a selector g: K — X of twin functions with |K| = 87.

Notice that the assumption of regularity of n cannot be omitted. The next

theorem says about it.

THEOREM 7.4
Let f and n be cardinals such that w < B <K 1 and p < B be cardinals with
n-singular and B-regular. Then

n# (B

Proof. Suppose that the theorem is not true. Let f: []?> — u be a function which
determines a partition

)* = {A¢: € <u}
Notice that at least one A¢ has cardinality greater than 5. If not, then
‘UA5‘22A5<M'ﬁ<T].
E<p E<p

A contradiction.

Consider a function g: u — 3 such that g(a) = |f~1(a)| for any a < p. Since
at least one A¢ has cardinality greater than 3, then sup{g(ce): o < pu} > 3, but S
is regular. A contradiction.

COROLLARY 7.5
If X is an infinite cardinal, then

2 4 (VD3
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