DE

G DE GRUYTER Ann. Univ. Paedagog. Crac. Stud. Math. 16 (2017), 117-120
OPEN DO 10.1515/aupesm-2017-0009

FOLIA 206

Annales Universitatis Paedagogicae Cracoviensis
Studia Mathematica XVI (2017)

Zenon Moszner
Translation equation and the Jordan
non-measurable continuous functions

Communicated by Justyna Szpond

Abstract. A connection between the continuous translation equation and the
Jordan non-measurable continuous functions is given.

It is well known that a continuous function is Lebesgue measurable. It is not
true for the Jordan measurability (in short: measurability). We give an example of
a non-measurable continuous function by the solution of the translation equation.

1. Continuous solutions of translation equation
Every continuous solution of the translation equation
F(F(z,t),s) = F(z,t +5), (1)

where F': I x R — I and [ is a non-degenerated interval, is of the form

g(x), for g(z) € g(I)\ U In, t € R, @

Flot) = { hit[hn(g(z)) +t], for g(z) € I,,, t €R,
where g: I — I is a continuous idempotent (gog=yg), I, C g(I) forn € Ny CN
are open and disjoint intervals and h,,: I,, = R are homeomorphisms.

Indeed, it is proved in the book [3] that every continuous solution Fj of the
translation equation for which Fi (z,0) = z is of the form (1) with g(x) = x. Let F’
be a continuous solution of the translation equation. The function Fy = F|p(1r)xr
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is a continuous solution of the translation equation for which F(z,0) = z, since
if x = F(x1,t1) for some (z1,t1) € I X R, then

Fl({,C,O) = Fl(F(.’E17t1)7O) = F(F(!El,tl),O) = F((El,tl) =XT.

Moreover, F(x,t) = F(F(x,t),0) = Fy(F(z,0),t) and F(z,0) is a continuous
idempotent.

2. Main considerations

DEFINITION
A function f: I} — Is, where I, I are the intervals in R, is said to be measurable
if the set {z € I : f(x) > a} is measurable for every a € R.

Let I C R be a non-degenerated interval, g: I — I a continuous idempotent
such that g(I) is a non-degenerated bounded interval. Let C be a set of the Smith-
Volterra-Cantor type in g(I), i.e. let C be a non-measurable set obtained in g(I)
as a modification of the construction of the Cantor set in which i is taken in place
of & ([1] p.191) (the Cantor set is here not good since it is of Jordan measure zero
as a closed set of Lebesgue measure zero). Let I, be the components of the open
set g(I) \ C. Let F be the function given by the formula with these intervals
I,, and arbitrary homeomorphisms h,,: I, — R. Fix an arbitrary ¢y # 0. We will
prove that the functions f(x) = F(z,ty) —g(x) and — f are continuous and at least
one of these functions is non-measurable.

Indeed, they are continuous since F' and g are continuous functions. We have

1) f(z) =0 for g(x) € C,

2) f(z) # 0 for g(z) € I,, n € N1 C N, otherwise we would have g(x) =
F(x,to) = h; [ha(g9(x))+to] and hy,(g(z)) = hn(g(z))+to, a contradiction.

Thus,

UL,={zeUlL,: fl&) >0}u{zeUl,: f(z) <0}
=g)N{zel: flx) >0}Ug(l)N{zxel: f(z)<O0}

The set |J I, is non-measurable since |J I, = g(I) \ C, thus at least one of the
sets {r € I: f(z) >0tand {z €I: f(x) <0t ={xel: —f(zx)>0}is
non-measurable. The proof is completed.

The type of monotonicity of homeomorphisms h,, decides partly which function:
f or —f, is not measurable., e.g. if t; > 0 and every h,, is increasing, then

F(x,to) = hy ' [ha(9(2)) + to] > By [ (g(2))] = g(x)

for g(x) € I,. Thus we have f(z) > 0 for g(x) € |JI,, hence the function f is
non-measurable. This type of monotonicity of h, may be of course different for
different n.

Let I be the bounded interval and g(z) = z in . In this case the function
F(x,0) = z is evidently measurable. Moreover, for every ty # 0, the function
F(-,t9): I — I is measurable too: for every real number a the set {x € T :
F(x,t9) > a} is an interval, as F'(-,tg) is onto, continuous and increasing.
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CONCLUSION
The difference of measurable functions (even continuous) may be non-measurable.

It is known that this situation is impossible for the Lebesgue measurable func-
tions.

There exists a continuous solution F' of such that for all ¢ € R, functions
F(-,t) are non-measurable.

Indeed, we put h(z) = d(z,C) + 1 for € [0,1) and h(z) = = for z € [1,2],
where C' is the above set on the interval [0, 1] and d(z, C) is the distance between
x and C. This function h is

1) continuous since the function d(z, C) is continuous ([2] p.103),

2) non-measurable since the set {z € [0,2] : h(z) > 1} = (I\C)U(1,2] is
non-measurable,

3) an idempotent function since it is the identity function on the range of the
function h (h([0,2]) = [1,2]).

Thus the function F(x,t) = h(z) for (z,t) € [0, 2] xR is the solution of (1)) and
F(-,t):[0,2] — [0,2] is a continuous, non-measurable function for every ¢ € R.

3. Remark

PROPOSITION
There exists a solution F of for which F(-,0) is measurable and F(-,1) is
non-measurable.

Proof. Let g1: (0,1]NnQ — (—00,0]NQ, g2: (0,1\Q — (0,4+0)\Q, g3: (1,3)NQ —
(0,+00)NQand g4: (1,3)\Q — (—o0,0]\Q be bijections such that g4((1,2)\Q) C
(—1,0]. The function g = g1 U g2 U g3 U g4 is a bijection from (0, 3) onto R.
This implies that the function F(z,t) = g~'[g(z) + ¢] is a solution of (I). The
function F(x,0) = « is evidently measurable. We prove that the function F(-,1)
is non-measurable by proving that the set S = {z € (0,3) : F(z,1) > 1} is
non-measurable. We have

i) (1,2)NQ C S since if z € (1,2) N Q, then g(z) € (0,+00) N Q, thus
g(x) +1 € (1,400) N Q and this yields that F(z,1) = g t[g(x) +1] €
(1,3)NQ,

i) [(1,2)\ Q)N S = 0. Indeed, suppose to the contrary that there exists
an zo € (1,2) \ Q such that F(zg,1) > 1. We obtain g(z¢) = ga(zo) €
(—00,0] \ Q, thus g(zo) and g(xg) + 1 are irrational numbers. Moreover,
9(x0)ega((1,2)\ Q) C (—1,0] hence g(xp) +1 € (0,1] and since g(zo) +1 is
an irrational number, we have g(zo) +1 € (0,1]\ Q C (0, +o0) \ Q. From
here F(z0,1) = g~ g(z0) + 1] = g5 [g(x0) + 1] € (0,1] \ Q. We obtain a
contradiction since F'(zq,1)>1.

Byli) and the set S is non-measurable.
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The function F' from the above proof is evidently discontinuous since, e.g. the
set F'((0,1],1) is not an interval.

QUESTION
Does there exist a continuous solution of which has the property as in the
Proposition?

Such a solution, if it exists, must be of the form (2) with Ny # 0 and the
function g which is not the identity function (see section [2)).
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