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Properties of two variables Toeplitz type operators

Abstract. The investigation of properties of generalized Toeplitz operators
with respect to the pairs of doubly commuting contractions (the abstract
analogue of classical two variable Toeplitz operators) is proceeded. We es-
pecially concentrate on the condition of existence such a non-zero operator.
There are also presented conditions of analyticity of such an operator.

1. Introduction

Let L(H;, Hs) denote the algebra of all bounded linear operators from H; into
H,, where Hq, Hy are complex, separable Hilbert spaces. If H; = Hy we will use
the notation L(Hj).

The classical Toeplitz operators on the Hardy space on the unit disc are well
known and they are fully characterized by the relation X = T XT,, where T}, is
the shift operator — the multiplication operator by the independent variable on
the Hardy space H? on the circle T. This notion can be generalized when instead
of the backward shift 77 in the equation above we will put arbitrary, possibly
different, contractions. Namely, for given contractions S € L(H;) and T € L(Ha),
an operator X € L(Ho, Hy) is called generalized Toeplitz operator if X = SXT*.
These type of operators were studied in [T}, [6] [IT].

The classical Toeplitz operators are also considered on the Hardy space on
the torus H2(T?). The space H?(T?) can be seen as a subspace of L?(T?) =
L*(T?,m ® m) (m denotes the normalized Lebesgue measure on T) and Pz (t2)
is the appropriate projection. For any ¢ € L>®(T?) = L*°(T? m ®@ m) we define
the Toeplitz operator T, € L(H?*(T?)) by T,f = Puzrz)(¢f) (f € H*(T?)).
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The function ¢ is called the symbol of the Toeplitz operator. The multiplication
operators by the independent variables in this space we denote by T,,7.,. As
it was shown in [9, Proposition 3.3], the set of Toeplitz operators on H?(T?) can
be characterized as a set of operators X € L(H?(T?)) such that X = T XT.,
and X = T} XT.,. In [I0], for given pairs of contractions Si,S> € L(H;) and
T,,T5 € L(H,), there were considered operators X € L(Hs, Hy) such that X =
S1XT} and X = S, XT3 and they were called generalized Toeplitz operators with
respect to the pairs S1, 5o and 17, T». A general assumption was that S, S doubly
commute (i.e. not only S7, S3 commute but also ST, Sy do) and T3, 7% also doubly
commute. Observe that in the previous case operators 17,77, doubly commute.
One of the results, see [10] and Theorem claims that for every generalized
Toeplitz operator X there is an operator Y € L(K), K;") with X = Py, Y|n,,
Y = WYV and Y = WY Vs, where pair Wi, Wy and pair Vi, V, are minimal
isometric dilations of the pairs of operators S, Se and 17, Ts, respectively, defined
on spaces K 1+ , K; , respectively. Such an operator Y is called the symbol of X.

In this paper we continue the investigation of properties of generalized Toeplitz
operator with respect to pairs of doubly commuting contractions. We especially
concentrate on the condition of existing such a non zero operator (Section 3).
There are also presented conditions of analyticity of such an operator (Section 4).
The dilation theory of the pairs of contractions is the main tool. Hence, in Sec-
tion 2, we recall results on dilations of pairs of doubly commuting contractions.
In both sections 3 and 4 examples are given.

2. Preliminaries on dilations of pairs of operators

In what follows some properties of a minimal isometric dilation for a pair of
contractions will be needed. For a pair T1,T» € L(H) of commuting contractions,
by Ando’s theorem [8, Theorem I1.6.1], there is a pair of commuting isometries
Vi,Va € L(KT), H C KT, being a minimal isometric dilation of the given pair
T1,T5, i.e. for all non-negative integers n, m the following holds

Ty = PgViVy'|, and  K'= \/ V'VJ'H. (1)

n,m2>=0

A minimal isometric dilations of a pair of commuting contractions is not unique
but for each minimal isometric dilation we have (see [, [10])
T,Py = PyV;, V;HCH and V|, =17, i=1,2. (2)
The aim of the paper is to consider a doubly commuting pairs of contractions
Ty,T, € L(H), i.e. we assume that not only 77,75 commute but also 17,75
commute. The important observation, which was made in [I2] (Lemma 1 and
remarks afterwards), is that in this case the isometries V;, V5 can be also chosen
doubly commuting. Then as it was noticed in [10, [12] 13] we have the specific
properties. Let R be a maximal subspace of KT, such that Ry = Vi|r, Ra = Va|r,
is a pair of unitary operators. As it was shown in [I0] the projection Pr can be
defined as follows
Prk = lim V*"Vy"Vi"V5™"k for ke K+ (3)

n,Mm—00
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and that

‘/iPR = PR‘/iv ‘/z*PR = P’RVL* for ¢ = 1, 2. (4)
The following will be used later.

LEMMmA 2.1

Let T1,T5 be a pair of doubly commuting contractions. Using the notations intro-
duced above the doubly index sequence of closed subspaces R} RY' Pr H is increasing
according to the natural order in N x N. Moreover,

R= \/ RIRyPrH. (5)

n,m=0

Proof. By and

Prh= lim V{V/TET3™h for h e H.

n,Mm—00
Hence
ViPRTih = lim V" VTP 3™ h = Prh
n,m—00
and
PrT{h = RiPrh for h € H.
Similarly

PrT3h = R3Prh for h € H,
which implies R} PrH C PrH thus PrH C R;PrH for i =1,2. In consequence

R?IRSZPRH C RTIR?QPRH for ny < mq, ny < Mmo.
Applying (1)) and (4) we have

R=PrKt*=Pr \/ VVy"H= \/ PrRV{'V;"H= \/ R/RyPrH.

n,m=0 n,m=0 n,m=0

3. Review on existence of a symbol
Let us consider two pairs of doubly commuting contractions
S1, 5 GL(Hl), Ty, 15 GL(HQ)

Let the pairs Wy, W € L(K;"), V1,Va € L(KJ) be minimal isometric dilations
of the pairs Sp,S52 and Ti,T5, respectively. Chose using [10, [12], as above, the
pairs Wi, Wy and Vi, V, doubly commuting. Let Ri,Ro be maximal subspaces
of K, K, respectively, such that both pairs Wi|z,, Wa|gr, and Vi|r,, Va|r, are
unitary. An operator Y € L(K;,K;"), following [I0], is called a symbol with
respect to the pairs S1,S2 and T, 15 if Y = W1 YV  and Y = WY V5.

Recall after [I0] some basic fact about the symbols.
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REMARK 3.1 (Remark 3.1, [10])
If an operator Y € L(K, K;) is a symbol with respect to the pairs Sy, Sy € L(H;)
and T1,T» € L(H,), then the operator X = Py, Y is a generalized Toeplitz

H
operator with respect to the pais Sy, 52 and 11, T5. ’

Now we recall a characterization of the symbol.

PROPOSITION 3.2 (Proposition 3.2, [10])
LetY € L(Ky ,K{"). Then the following are equivalent

(i) Y is a symbol with respect to the pairs S1,S2 and Ty, Ts,
(i) YV, =W,)Y,i=1,2 and Y =Y Pg,,
(iii) YV =W;Y,i=1,2 and Y = Pr,Y,
(iv) Y = iy ymosoe WPWE Py, Y Py, Vi V5™ in SOT.

Now let us recall the theorem about an existence of a symbol.

THEOREM 3.3 (Theorem 3.5, [10])
Suppose X € L(Hy,Hy). Let S1,S2 € L(Hy) and T1,T> € L(H3) be pairs of
doubly commuting contractions. Assume that X = S1 X1}, X = SoXT5. Then
there exists exactly one operator Y € L(K;r, Kf) such that
(i) Y is a symbol with respect to the pairs S1,Se and Ty, T,
(ii) X = Py, Y|n,,
(iii) | X[ = [[Y[].

4. Existence of non-zero generalized Toeplitz operators

The next two theorems characterize when a non—zero generalized Toeplitz
operator with respect to the pairs of doubly commuting contractions can exists.

THEOREM 4.1
Let T1, Ty € L(Hz) be a pair of doubly commuting contractions, then the following
are equivalent.
(i) The only operator X € L(Hz) satisfying X = T1 XTy and X = ToXTy is
the zero operator,
(if) limy, oo I3 T5™h =0 for h € Hy,

(iii) Pr,Hs =0,

(iv) Pg,R2 =0,

(v) Py,Pr,Pm, =0,
(vi) Re =

Proof. Note firstly that projection Pg, satisfies condition in Proposition
thus Pgr, is a symbol by condition |(i)| of this Proposition. Hence, by Remark
X = Py, Pr, |12, is a generalized Toeplitz operator with respect to the pair T, Tb.

If[(i)| is satisfied, then X = 0 and Pp,Pr,Pu, = X = 0 and is fulfilled. Note
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that 0 = PH2PR2PH2 = PH2PR2 (PHQPRQ)* implies PH2PR2 =0, i.e. =
If (iv)| is satisfied, then also Pr,Pr, = 0 and we obtain Assuming
by we get When we assume and apply we obtain Pr,Hy = 0.
Using and isometric properties of V1, V5 we get The implication =
is straightforward.

EXAMPLE 4.2

Let us now consider 77,77, the adjoints to the multiplication operators by the
independent variables in the space H?(T?) as a pair of contractions. Note that
the operators T, T, doubly commute. It was shown in [0, Example 3.7] that
a minimal isometric dilation for the pair T7 ,T7, is the pair M7 , M, of multipli-
cation operators by the conjugates of the independent variables in L?(T?). Hence
Ro = L*(T?), so it is far from being zero. On the other hand, if X € L(H?*(T?))
fulfils the equations X = T3 XT., for i = 1,2, then, as it was shown in [10, Exam-
ple 3.7], the symbol Y € L(L*(T?)) for X is represented by a function ¢ € L>(T?)
such that Y = My, (M,f)(z1,22) = ¢(21,22)f(21,22) for f € H?*(T?). Hence
X = Py2(12)My|g2(12) (Theorem . Thus the set of X fulfilling the equations
X =T; XT.,, X = T;,XT., can be identify with ¢ € L°°(T?). Hence the set of
generalized Toeplitz operators with respect to both pairs equal to 77,77, is "rich".
This is the case of the classical Toeplitz operator of two variables.

EXAMPLE 4.3

Let T,,,T,, be the multiplication operators by the independent variables in the
space H?(T?). Note that the operators T,,,T,, doubly commute. Since they
are isometries, a minimal isometric dilation is the same pair T},,T,, and K+ =
H?*(T?). It is easy to see that limy oo T2 T5"h = 0 for h € H?*(T?) so that
Ry = 0. Hence the only operator X € L(H?(T?)) satisfying X = T., XT7 and
X =T,,XT}, is the zero operator.

Now let us consider the general case.

THEOREM 4.4
Let 81,82 € L(Hy) and Ty, T € L(Hs) be pairs of doubly commuting contractions.
Then the following are equivalent.
(i) The only operator X € L(Ha, Hy) satisfying X = S1XTy and X = So XT3
s the zero operator.
(ii) One of the subspaces R1, Ro is trivial or the pairs of operators Wilg,,
Walgr, and Vi|r,, Va|r, are relatively singular.

Proof. Let X € L(Hs, Hy) satisfying X = S1XT}, X = S2XT;. Then there exists
its symbol Y € L(K,, Ki") such that

Y =WiYVy, Y =WoVVy.
Let Z =Y|g,. By definition of Ry, Ro we have

IVi|g, =Wilg 2, ZVa|, =Waly, Z.

’7?,2
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Let Z = AU be a polar decomposition of Z. By [I, Lemma 4.1] ker Z+ reduces
Vi|r, and Vz|r, and the subspace Ran Z reduces Wi |g,, Wa|g,. Moreover, opera-
tors Vilyer 7+, Wilgar5 are unitarily equivalent taking Uy, 71 : ker Z + 5 RanZ
and Va|ie, 71, Walg7 are unitarily equivalent taking the same unitary opera-
tor Ulye, z+- Thus pairs Vilie, 74, Valier z+ and Wilgz—, Walgo7 are unitarily
equivalent taking U, ,1.

By X have to be the zero operator. Hence Y and Z have to be zero
operators. If Z =Yg, is zero operator, then R; =0 or Ry = 0.

For the proof of the converse implication we assume that Ry # 0, Ry # 0. Let
A(D?) be the algebra of all holomorphic functions on D? and continuous in D2 (D
is the unit disc). It is a standard technique (see [4} B]) that the pair Wi|g,, Wa|r,
generate the representation @y : A(D?) — L(Ry), i.e. @y is linear, @y (uv) =
Oy (u), Py (v) and ||Pw (u)| < |lulleo for u,v € A(D?). For any polynomial p
of two variables the representation ®yy is defined as ®w (p) = p(Wilr,, Wa|r,)-
Next @y is uniquely extended to A(D?). Then, for any x € Ry, there exists
a positive regular Borel measure p; on T2 such that

(Pw (uw)z, z) = /ud,ux for x € Ry, u € A(D?)

and ||p. || < ||z||. Let M,, be a band of measures generated (for definition see [4])
by {ptz tzer, - Similarly the pair Vi|r,, Va|r, generate the representation ®y and
there are measures vy, y € Ro, such that

(Pyv(w)y,y) = /udz/y for y € Ro, u € A(D?).

Let M, be a band of measures generated by v, y € Ro. If the pairs W=y,
Ws|r, and Vi|g,, Va|r, are not singular, there is a measure n € M, N M,.
By [4, Proposition 1.4] there is © € R; such that n < p,. By the theory of
spectral multiplicity (see [2]), mainly by [2, §65, Theorem 3|, there are vectors
o € R1, Yo € R2 and a unitary operator U: Z(yg) — Z(z¢), where Z(xg) is
the smallest closed subspace containing zy and reducing for Wi|g, and Ws|g,
and Z(yo) is the smallest closed subspace containing yo and reducing for Vi|g,
and Va|g,. Moreover, UVi|z(y,) = Wi|z(2o)U for i = 1,2. Let us define nonzero
operator Y € L(Ky,K{") asY =U on Z(yp) and Y =0 on K2 & Z(yo). Clearly
Y = W;YV? for i = 1,2, i.e. Y is a symbol with respect to the pairs 57,5
and T1,T>. By Theorem and Remark the operator X = Py, Y|q, fulfils
equalities X = S1XTT and X = So XT5. Moreover, X # 0, since || X| = ||V

EXAMPLE 4.5

Let the first pair of contractions be the pair M, , M, of multiplication operators
by the independent variables in the space L?(T?, u ® i), where u is a non-atomic
normalized measure concentrated on the Cantor set on the unit circle T of the
Lebesgue measure zero. The operators M., , M., on L*(T?, u®u) doubly commute
as unitary. The pair M,,, M., is its own isometric (and unitary) dilation. Hence
the space R = L?(T?, u®pu) is non-zero. Let the second pair of contractions be as
in Example ie. T ,TZ in the space H*(T?). As we have noticed above Ry =
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L?(T?,m ® m), so it is also non-zero. There is no non-zero generalized Toeplitz
operator with respect to this two pairs since the pair M, , M., on L?(T?, u ® u)
and the pair M} , MZ, on L?*(T?,m ® m) are relatively singular (4 ® p and m @ m

219
are singular measures).

5. Analytic generalized Toeplitz operators

Let us above 51,52 € L(Hy) and T1,T5 € L(H2) be two pairs of doubly com-
muting contractions. Let Y € L(K4, K{") be a symbol with respect to this pairs.
We call a symbol Y analytic if Y Ho C Hy. The following theorem characterizes
the analyticity of the symbol.

THEOREM 5.1
Let S1,S2 € L(Hy) and T1,T> € L(H>s) be pairs of doubly commuting contractions.
Assume that X € L(Hay, Hy) such that

SIX = XTY  and  SiX = XT5. (6)

Then the operator Py, Pr, X is a generalized Toeplitz operator with respect to the
pairs S1,S2 and Ty, Ty and the following are equivalent

(i) X 14s a generalized Toeplitz operator with respect to the pairs Si,S2 and
T17T27

(11) X = PH1PR1X;

(iii) X = Py,nr, X,

(IV) X(HQ) Cc HHNR,.
Additionally, if the operator X satisfies @ and one of the above conditions is
fulfilled then X is a generalized Toeplitz operator whose symbol is analytic.

Adversely, if Y is an analytic symbol with respect to the pairs Sy, So and Ty, Ts,
then the related Toeplitz X = Py, Y |y, operator satisfies @ and conditions

[Gv)}
Proof. Let X € L(Hy,Hy) be such that SfX = XT} and S;X = XT5. Then,
by , we have

Sy Py, PR, XT; = S, P, Pr, ST X = Py, W1 Pr, St X
= Py, Wi PR, Wi X = Py, Wi W; Pg, X
= Py, Pr X,

since R is reducing for Wj. Similarly we prove that Sy Py, Pr, XT3 = Py, Pr, X.
Hence the operator Py, Pr, X is a generalized Toeplitz operator with respect to
the pairs Sy, 59 and 11, T5.

Let now be fulfilled. For nonnegative integers n, m and ho € Hs we have

Xhy = SPST XTI T ™hy = SPST ST X Ty hy = STSSI™S3™ X hy
= Py, WPW S 83 X hy = Py, WIW Wi W™ X h,
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by (1) and (2). Taking the limit when n,m — oo, by (3), we obtain
Py, WIWIW{"W3™ X hg — Py, Pr, Xhs (7)
and is satisfied. Assume that holds, then
X = (Py,Pr,)" Py, X — Pu,nr, X,

by [7, p.192]. The remaining implications in the equivalence |(i)| are straight-
forward.

Assume that @ hold and Y is a symbol for X. Using Proposition
, Theorem we have the following

Yhy = lim WPWJPy,Y P, Vi"Vi™hy = lim  WPWI Py, YT T3 ™ hy

n,Mm—00 n,Mm—00

= lm WIWIXTTihy = lim WPWIST X T hy

n,m—oo n,m—00

= lim W]Wy'S{"S5" Xhe = lim  W'WS'Vm VST Xhy = Pr, Xhs
= Xhy

by and Consequently Y is an analytic symbol.

For the proof of the converse implication we assume that Y is an analytic
symbol, X = Y|y, and X(Hy) = Y(H3) C H; NR; by Proposition [10]
Proposition 3.2,(3)]. Moreover, for ¢ = 1,2 and hy € Hy, we have

XTI ho =YT ho =YV ho = WY hy =W Xhg =5 Xha,
which finishes the proof of the theorem.

EXAMPLE 5.2

Let, as in Example @ T7 ,T7, be the adjoints to multiplication operators by the
independent variables in the space H?(T?) as both pairs of contractions. Looking
from one point of view, if an operator X fulfills (), then 7., X = XT., and
T,,X = XT,,, which means that X € {T,,T,,}’. Hence, by [3, Theorem 11], the
operator X have to be equal to a Toeplitz operator X = T;, with ¢ being a bounded
holomorphic function on D?. On the other hand the symbol Y € L(L?*(T?)) for
X is represented by a function ¢ € L>°(T?) such that Y = M. The analyticity
of the symbol means that Y (Hs(T?)) = M, (H2(T?)) C Hy(T?). It forces ¢ to be
holomorphic.

EXAMPLE 5.3

Let M,,, M., be the multiplication operators by the independent variables in the
space L%(T?). Note that the operators M,,, M,, doubly commute. Since they
are unitary operators a minimal isometric dilation is the same pair M,,, M,, and
K* = L*(T?). Hence the operator X € L(L*(T?)) satisfies X = M, XM},
and X = M., XM}, if and only if X belongs to the commutant {M.,,M.,} .
The commutant equals to the set of all multiplication operators M, with ¢ €
L>(T?). Thus each generalized Toeplitz operator X with respect to both pairs
being M.,, M., equals to its symbol Y and there is a function ¢ € L>(T?) such
that X = Y = M,. Moreover, the symbol Y is analytic in our sense, since
Y L?(T?) c L*(T?).
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