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Construction of a common element for the set of
solutions of fixed point problems and generalized
equilibrium problems in Hilbert spaces

Abstract. In this paper, we propose and analyse an iterative algorithm for
the approximation of a common solution for a finite family of k-strict pseudo-
contractions and two finite families of generalized equilibrium problems in
the setting of Hilbert spaces. Strong convergence results of the proposed
iterative algorithm together with some applications to solve the variational
inequality problems are established in such setting. Our results generalize
and improve various existing results in the current literature.

1. Introduction

Throughout this paper, we work in the setting of a real Hilbert space H
equipped with the inner product (- ,-) and the induced norm |[-||. Let C be
a nonempty subset of a real Hilbert space H and let T: C' — C be a mapping.
The set of fixed points of the mapping T is defined and denoted as F(T) = {x €
C': T(x) = x}. The mapping T is said to be

(i) a contraction, if | T2 — Ty|| < allz — y|| for all z,y € C and « € (0, 1);
(i¢) nonexpansive, if [|[Tz — Ty|| < ||z — y|| for all z,y € C;
(#91) Lipschitzian, if |Tz —Ty|| < L||x — y|| for some L > 0 and for all z,y € C;
(iv) firmly nonexpansive, if

Tz — Tyl < (z —y, Tz — Ty) for all z,y € C; (1)
(v) a pseudo-contraction, if

(x—y ,Tx—Ty) < foyHQ for all z,y € C, (2)
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(vi) a strict pseudo-contraction, if there exists 0 < A < 3, such that for all
z,y e,

(@ —y ,Te—Ty) <|lz—y|* = MU - T)x — (I = T)y|l* 3)

(vii) a strong pseudo-contraction, if there exists a positive constant § € (0, 1)
such that T'— 61 is a pseudo-contractive mapping.

It is remarked that the inequalities and are equivalent to
1Tz = Ty|* < |z = yl|* = I(I - T)z — (I = T)ylf?

and
Tz — Ty||* < [lz —y|I> + (I = T)z — (I = T)yll?,

respectively. Note that, if we set k =1 — 2X € [0,1), then takes the form
Tz = Ty|* < |l = y[|* + k(I = T)z — (I = T)y|*.

Throughout the manuscript, we use the above formulation of the k-strict pseudo-
contraction in the terminology of Browder and Petryshyn [3] which satisfies the
following Lipschitz condition

1+k
Tz - Tyll < T lle =l

Moreover, if we set A := I — T, where [ is the identity mapping, then (3] is
equivalent to
(x—y, Az — Ay) > | Az — Ay|*. (4)

For such a case, the mapping A is then referred as a A-inverse strongly monotone
mapping.

Metric fixed point theory has its roots in the celebrated Banach Contraction
Principle (BCP), which asserts that a contraction on a complete metric space has
a unique fixed point. Besides this, the BCP also provides a constructive procedure
for the approximation of such unique fixed points. Moreover, BCP has valuable
applications to various nonlinear problems such as Fredholm and Volterra integral
equations, ordinary differential equations, partial differential equations and image
processing. Since then, metric fixed point theory has emerged as a powerful tool
to solve various nonlinear problems arising in different branches of mathematical
sciences. As a consequence, the BCP is a highly cited result in the whole theory
of analysis.

It is worth mentioning that the BCP dominates fixed point theory only for the
class of contraction mappings. The essential ingredient of the BCP such as com-
pleteness of the metric space, uniqueness of the fixed point, and the sequence of
successive approximation whose order of convergence is of geometric progression,
are no longer true for the class of nonexpansive mappings. In fact, fixed point
theory of nonexpansive mappings depends on the geometrical structures of the
underlying space. Fixed points of nonexpansive mappings have a diverse range of
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applications to solve problems such as variational inequality problem, convex min-
imization problem of a function and zeros of a monotone operator. It is therefore,
natural to extend such powerful results of the class of nonexpansive mappings to
more general class of mappings such as asymptotically nonexpansive mappings,
pseudo-contractions, strict pseudo-contractions and others.

In 1967, Browder and Petryshyn [3] introduced the class of strict pseudo-
contractions as an important and significant generalization of the class of nonex-
pansive mappings. It is evident from the definition of a k-strict pseudo-contraction
T that

(¢) nonexpansive mappings are 0O-strict pseudo-contraction, whereas firmly
nonexpansive mappings are —1-strict pseudo-contraction, and therefore the
class of k-strict pseudo-contractions contains both firmly nonexpansive map-
pings and nonexpansive mappings;

(it) the class of k-strict pseudo-contractions falls into the one between the
classes of nonexpansive mappings and pseudo-contractions;

(7i1) the class of strong pseudo-contractions is independent of the class of k-
strict pseudo-contractions.

In view of the above the discussion, the class of k-strict pseudo-contractions
is prominent among various classes of nonlinear mappings in the current lit-
erature. The iterative construction of fixed points of nonexpansive mappings
have been extensively studied in the current literature. Although strict pseudo-
contractions have more powerful applications than the nonexpansive mappings for
solving inverse problems [19], iterative construction of fixed points of strict pseudo-
contractions are far less developed, because of the second term in the definition,
than those for nonexpansive mappings. On the other hand, various existing iter-
ative algorithms for k-strict pseudo-contractions possess only weakly convergent
characteristics. It is therefore, natural to propose and analyse iterative algorithms
for the construction of fixed points of k-strict pseudo-contractions and established
strong convergence results under suitable conditions.

Equilibrium problem theory provides a unified approach to address a variety
of problems arising in various disciplines of science such as physics, optimization
and economics. The existence result of an equilibrium problem can be found in
the seminal work of Blum and Oettli [2]. From the computational view point,
Combettes and Hirstoaga [0] introduced an iterative algorithm in Hilbert space
for the best approximation of the equilibrium point assuming the set of solutions
of equilibrium points is nonempty. It is worth to mention that the KKM lemma
of Ky Fan [7] not only plays a key role in the development of a classical existence
result of equilibrium problem theory but still in practice to prove the existence of
equilibrium points for various generalized versions of classical equilibrium prob-
lems.

Let C be a nonempty subset of a real Hilbert space H, let A: C — H be
a nonlinear mapping and let f: C x C — R (the set of reals) be a bifunction.
A generalized equilibrium problem, is to find z € C such that

f(x,y) + (Az,y —x) 20 forally e C. (5)
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We denote the solution set of a generalized equilibrium problem by GEP(f, A).
For solving the equilibrium problem, let us assume that the bifunction f sat-
isfies the following conditions (c.f. [2] and [5])

(A1) f(z,z) =0 forall z € C;

(A2) f is monotone, ie. f(z,y)+ f(y,z) <0 for all z,y € C;
(A3) for all z,y,z € C, limsup,, f(tz + (1 — t)z,y) < f(x,y);
(

A4) f(zx,-) is convex and lower semi-continuous for all x € C.

Note that, if A = 0 then the problem reduces to the classical equilibrium
problem EP(f). That is, to find « € C such that f(z,y) > 0. Moreover, if
f(z,y) = 0 then the problem reduces to the classical variational inequality
problem VI(C, A). That is, to find « € C such that (Az,y —x) > 0.

We remark that the generalized equilibrium problem includes - as a special case
- fixed point problems, the Nash equilibrium problem in noncooperative games
and variational inequality problem. Moreover, as a direct consequence of the
variational inequality problem, the generalized equilibrium problem can also be
used to solve image recovery problems, inverse problems, transportation problems,
optimization problems, minimax problems and others; see for instance [2] [ [12]
15 20, 17, [18].

It is worth mentioning that the problem of finding a common element in the
set of solutions of an equilibrium problem and the set of fixed points of a nonlinear
mapping is a fascinating field of research. Therefore, numerous iterative algorithms
have been proposed and analyzed to solve such problems, see, for example, [4, 8]
10} 1T}, 13}, 211 22} 23] and the references cited therein. Approximation of a common
solution for a pair of equilibrium problems has relevant important applications in
various branches of applied mathematics. In fact, a common solution of the system
of equilibrium problems solves the corresponding system of problems as mentioned
above. In particular, a common solution of two or more equilibrium problems can
be used to solve various forms of feasibility problems, see, for example, [11 [6] and
the references cited therein.

In 2010, Kim et al. [14] approximated a common element of the set of common
solutions of two generalized equilibrium problems and the set of fixed points of
a strict pseudo-contraction in a Hilbert space. They proved the following result.

THEOREM KCQ ([14])

Let C be a nonempty closed convex subset of a real Hilbert space H and let T: C' —
C be a k-strict pseudo-contraction. Let Fi,Fy: C x C — R be two bifunctions
satisfying |(A1)H(A4)| and let A, B: C — H be n-inverse-strongly monotone and
(-inverse-strongly monotone mappings, respectively. Let {r,} and {s,} be two
positive real sequences. Assume that F:= F(T)NGEP(Fy,A)NGEP(Fy,B) # 0,
and the sequence {x,} is generated by
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.13160120,

1
Fi(up,u) + (Azp,u — up) + — (U — Up, Uy — x,) >0, Yu € C,

T'n

1
Fy(vn,v) + (Bxp,v —vp) + —{(v — v, 0, — ) >0, YveC,
s (6)
Zn = YnlUn + (1 - ’Yn)vnv
Yn = QnpTp + (1 - an)(ﬁnzn + (1 - /Bn)TZn)v
Crnp1={2€Cn: |lyn — 2|l < [lzn — 2|},
Tny1 = Po, 71, n>1,

where {an}, {Bn} and {yn} are sequences in (0,1). Assume that {an}, {Bn},
{Vn}, {rn} and {s,} satisfy the following restrictions:

(1) 0<a, <a<l1;

(i) 0<k<B,<b< 1;

(#i1) 0<c<y, <d<1;

(w) 0<e<r,<f<2ny and0<e'§sn§f'<2(.
Then the sequence {x,} generated by @ converges strongly to x = Ppx1, where
Pr is the metric projection of H onto F.

In order to reduce the computational cost of the iteration (@, Kangtunyakarn
[9] proposed an efficient and simple hybrid iteration - wherein the y,, component
is modified - for the following strong convergence result.

THEOREM K ([9])
Let C be a nonempty closed convex subset of a real Hilbert space H and let T: C' —
C be a k-strict pseudo-contraction. Let F,G: C' x C — R be two bifunctions

satisfying |(A1)H(A4)| and let A, B: C — H be n-inverse-strongly monotone and

C-inverse-strongly monotone mappings, respectively. Let {rp} and {s,} be two
positive real sequences. Assume that F := F(T) N GEP(F,A) NGEP(G,B) # 0,
and the sequence {x,} is generated by

$1€C1:C,

1
F(up,u) + (Azp,u — Up) + — (U — Up, Uy, — ) >0, Yu e C,

Tn

1
G(Un,v) + (Bxp,v — vp) + — (0 — vy, 05 — xp) >0, Vo€ C,
Sn (7)
Zn = YnUn + (1 - Vn)vna
Yn = Qp2n + (1 - an)TZru
Cni1={2€Cpn: |lyn — 2l <|lzn — 2},
Tpy1 = Po, 71, n=>1,

where {a,} is a sequences in [0,1], r, € [a,b] C (0,2n) and s, € [c,d] C (0,2()
satisfy the following conditions:
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(Z) lim, 400 7n =7 € (07 1);
(#11) 0 <k <a,<1 foralln>1.

Then the sequence {x,} generated by converges strongly to x = Prx1.

Inspired and motivated by the works of Kim et al. [I4] and Kangtunyakarn [9],
we propose and analyze an iterative algorithm to find a common element in the set
of common solutions of two finite families of generalized equilibrium problems and
the set of common fixed points of a finite family of k-strict pseudo-contraction in
the setting of Hilbert spaces. We establish strong convergence results under some
mild conditions on the control sequences of parameters and consequently refine
and improve various results announced in the current literature.

2. Preliminaries

Throughout this paper, we write x,, — x (resp. x, — x) to indicate strong
convergence (resp. weak convergence) of a sequence {z,}52 . Let H be a Hilbert
space and let C' be a nonempty closed and convex subset of H. For each x € H,
there exists a unique nearest point of C', denoted by Pcx, such that

|z — Pox| < ||z — vyl for all y € C.

Such a mapping Po: H — C is known as a metric projection or a nearest point
projection of H onto C. Moreover, P¢ is characterized as the nonexpansive map-
ping in a Hilbert space that satisfies (x — Pox, Pox — y) > 0 for all z,y € C.
Recall that a nonlinear mapping A: C' — H is A-inverse strongly monotone if it
satisfies . Note that, if A := 1 — T is a A-inverse strongly monotone mapping,
then

(1) Ais (%)—Lipschitz continuous mapping;
(#4) if T is a nonexpansive mapping, then A is (%)-inverse strongly monotone
mapping;
(iii) if T is a k-strict pseudo-contraction, then A is (15%)-inverse strongly
monotone mapping;
(iv) if n € (0,2)], then I — nA is a nonexpansive mapping.

The nonexpansivity of I —nA can be inferred from the following estimate

(I = nA)z — (I —nA)y|]* = ||z —y — n(Az — Ay)|?
= |lz —y|I* - 2n{z — y, Az — Ay)

+ || Az — Ay||? (8)
< |l = ylI> + n(n — 2\) || Az — Ay|?
< |z —yl*

Hence, when 1 < 2, then I — nA is nonexpansive.
The following result is crucial for the best approximation of equilibrium points
and can be found in [2].
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LEMMA 2.1
Let C be a closed convex subset of a real Hilbert space H and let f: C' x C — R be

a bifunction satisfying (A4)l Forr >0 and x € H, there exists z € C such
that

1
f(z,y)+;<y—z,zfx>20 for ally € C.

Moreover, define a mapping V,.: H — C by
1
Vi(z) = {ZGC’: f(z,y)+;(yfz,zf:c> >0 forallyGC}

for allx € H. Then, the following hold
(1) EP(f) is closed and convex;
(2) V.. is single-valued;

(3) V; is firmly nonexpansive-type mapping, i.e.
Vex = Viyll> < (Vew = Viy,x —y)  forallz,y € H,
(4) F(V.) = EP(f).

The following results collect some of the characterizations of a k-strict pseudo-
contraction T" and the set of fixed points F(T') in Hilbert spaces.

LEMMA 2.2 ([16, Proposition 2.1 (iii)])

Let C' be a nonempty closed conver subset of a real Hilbert space H. If T: C — H
is a k-strict pseudo-contraction, then the fixed point set F(T') is closed and convex
so that the projection Pp(ry is well defined.

LEMMA 2.3 ([16, Proposition 2.1 (ii)])

Let C be a nonempty closed convex subset of a real Hilbert space H andT: C' — C
a k-strict pseudo-contraction. Then (I — T) is demiclosed, that is, if {x,} is
a sequence in C with ,, = x and x,, — Tx,, — 0, then x € F(T).

The following identity in the form of a lemma is well-known in the context of
a real Hilbert space.

LEMMA 2.4
Let H be a real Hilbert space, then the following identity holds

loz + (1 = a)yll* = aflz]* + (1 = )lyl* = a(l = a)[lz = y]*.

3. Strong convergence results

We first set some of the notions required in the sequel for our main result of
this section. For a nonempty subset C of a real Hilbert space H, we assume that

(1) T;(mod N): C — C be a finite family of k-strict pseudo-contractions such
that k = max{k;: 1 <i< N}
(i) fi(mod N): C x C — R be a finite family of bifunctions;
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(#i1) A;j(mod N): C — H be a finite family of n-inverse-strongly monotone
mappings such that 7 = max{n; : 1 <i< N} and

(iv) Bi(mod N): C' — H be a finite family of (-inverse-strongly monotone
mappings such that ( = max{¢;: 1 <i< N}

We are now in a position to prove our main result of this section.

THEOREM 3.1
Let C be a nonempty closed convex subset of a real Hilbert space H and let T;: C —
C be a finite family of k-strict pseudo-contractions. Let f;,g;: C x C — R be

two finite families of bifunctions satisfying [(A1)H(A4)| and let A;, B;: C — H be
two finite families of n-inverse-strongly monotone and (-inverse-strongly monotone
mappings, respectively. Assume that

N N N
Fi | P 0| N oertan|n| (eare )] 20
i=1 i=1 i=1
and the sequence {x,} is generated by

171601:0,

fi(un,ia 'LL) + <Azxn7u - un,i> + <u - un,iaun,i - mn> Z 07 V'LL S C,

n,i
1
gi(vn,i7 U) + <B1Ina U= Un,i> +

<U — Un,iyUn, — In> Z Oa Vv € C’

n,i
Zn,i = On iUn i + (]- - Oén,i)vn,iv

Yn,i = Bn,izn,i + (1 - Bn,i)Tizn,h
Cusr = {2 € s sup lyns — 2] < 1z — 211},
i>1
Tny1 = Po, 11, n2>1,

where {ry i}, {sn,i} are two positive real sequences and {ou, i}, {Bn.i} are sequences
in (0,1). Assume that {an i}, {Bni}s {rni} and {sn;} satisfy the following re-
strictions:

(C1l) 0<k<a<an, Bn: <b<1;
(C2) 0<ec<r,,, <d<2n and0<cl§3n7i§d,<2Cf0ra,lanlandfor
alliel.

Then the sequence {x,} generated by @ converges strongly to x = Prpxy.

Proof. Let p € F is a common element, therefore p = T;p, for each 1 < i < N,
represents that p is a common fixed point of the finite family of strict pseudo-
contractions T;. Moreover,

N N
p={\Ve.(p = rniAip) = [ (Va,.(p = 50, Bip)),

i=1 i=1
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as mentioned in Lemma represents that p is a common solution of two finite
families of generalized equilibrium problems. Furthermore, Lemma [2.1] implies
that u,,; can be written as u,; = V,,_ ,(xn — rnidizy) for all n > 1. It follows

Tn,i
from the estimate , that I — 7, ;A; is nonexpansive. Similarly, we can establish
the nonexpansivity of I — s, ;B;. This further implies that V;., (I — 7, ;A4;) and
Vs, . (I — sn,;B;) are nonexpansive as well. Hence we have

Sn,i
luni —pll < llzn —pll and  |Jvn: = pl| < |lzn —pl|- (10)
As a direct consequence of we get

1zn.i = pll < llan — pll. (11)

It is now easy to show that (), is closed and convex for every n € N. It follows
from the definition that C, 41 is closed. Next, we show by induction that C, 41 is
convex. Since C7 = C' is convex, we assume that C}, is convex for some k > 2. For
any z € Cy, the inequality ||y, ; — 2| < ||xn — 2|| is equivalent to

lynill® = lzall® = 2(z, yni — @a,) 2 0.

This implies that Cy41 is convex and hence we conclude that C,, 1 is convex
for each n > 1. It remains to show that F C C,4; for all n > 1. Obviously,
F C Cy = C. Let p € F. Utilizing (10)—(11) and Lemma[2.4] we have the following
estimate
| Yn.i — sz = 1Bn,i(2ni —p) + (1 = Bni)(Tizn,i —p)||2
= Buillzni = plII> + (1 = B i) | Tizn,i — pl?
= Bri(1 = Bri)l|zn,i — Tiznil?
< Brillzni — plI® (12)
+ (1= Bui)(|2ni = pII* + kllzn,i = Tiznill?)
— Bri(1 = Bri) | 2ni — Tin,ill?
< |lzn,i —p||2 — (1= Bn,i) B — k)||lzn,i — Tizn,i”2~

Since B,,; —k > 0 (by|(C1)), therefore the above estimate yields
[yni = 2l < llzni = pll < |20 = pl- (13)

This implies that p € C,, 41 for all n > 1 and hence the iteration @D is well-defined.
We now only compute estimates which we subsequently use in the sequel.
Note that z,41 = Pc,, ,x1, therefore ||z, 41 —z1|| < [[zo—21] forall zg € Cry1.

In particular, we have ||z,+1 — 21| < ||Prz1 — 21]]. This implies that {x,} is

bounded, so are {u,;}, {vn,i}, {Yn,i} and {z,;}. On the other hand, z,, = P¢, 1

and x,41 = Pc,,,71 € Cphy1 C Cp, we have

0 < (1 — Tn, Tn — Tpt1)
= (T1 = Tn, Tn — 1 + T1 — Tpt1)

< —llzr — Zp1]? + [#ng1 — 21 |llzn — 21|
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The above estimate implies that ||z, — 21| < ||£p41 — x1]|. That is, the sequence
{||#s, — z1||} is nondecreasing. This implies that the following limit exists

lim |2, — 1] (14)
n— o0
Observe that
Tyt — $n||2 = |Tps1 — 21 + 21 — an2

= |Tps1 — 21?4+ lzn — 1% = 2(20 — 21, Tpg1 — 71)

= ||Tns1 — 21 |2+ |zn — 21))? — 2(zn — 21, Tpg1 — T + Ty — T1)

= |Tnt1 — 21> = lon — 21)* — 2(z0, — 21, Tpg1 — T0)

< Nwngr — 1] = o — 21|

Taking limsup on both sides of the above estimate and utilizing (14), we have
limsup,,_, o [|Tnt1 — zn||* = 0. That is

lim ||2p4+1 — 2] = 0. (15)
n—oQ
Since zp41 € Cp1, we have ||yn; — Tnt1l| < ||Zn — Tn+1||- This implies that

lim Hyn,z = Zn41] = 0. (16)

n—oo

Utilizing and and the following triangular inequality

[Yni = @nll < llyni = Tngall + 2041 — 2,
we get
lim ||yn,; — 2] =0 for all i € I. (17)
n—oo

Since up,; =V, (xn, — Tn,iBizyn). Therefore,

Tn,i

observe the following variant of the estimate ([13))

(Tp — rpiAizy) and v, = Vi, |
yni = pII?
< lzn,i =2l < anlluni = pl1* + (1 = i) on,i — pl?
i (@ = i Aixn) = Vi, (p — Tn,iAip)HQ
+(1— anZ)”Vsnl(xn — 8n,iBity) — Vsn,i(p - Sn,iBip)||2
(n = p) = rni(Aizn — Aip)|? (18)
+ (1 = ani)|(@n —p) = 8n,i(Biwy — Bip)||2
= i ([len — PII* = 2rn,i(@n — p, Ain, — Aip) + 17 || Asn — Aipl|?)
+ (1= ani)(len — plI?> = 28n.i(xn — p, Bix — Bip) + 52, ;|| Bizn, — Bip||?)
< |lzn — pH2 —1,i(20 — o) | Aizn — Aip||2 — 8n,i(2C — $n,i) || Bizn — Bip\|2~

= an,i”‘/r

S an,i|

The following two consequences of the estimate (18] are crucial
P (20 = i) || Aien — Aipl|®
< lzn =2l = 1yn.i — pII?
= (lzn =2+ yni =PI lzn —p = yni + pll)
< (llen = pll + llyni — pIDl2n — ynall
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and )
$n,i(2¢ — $n,i)|| Bizn — Bip|

< @y, —p||2 — |Yn.i —p||2

(20)
= (lzn =P +yni = PIDUlzn =P = yni +2l)
< (#n = pll + llyn,i — P llzn — yn.atll.
Utilizing the restriction [(C2)] and estimate (I7), it follows from that
lim ||Ajz, — Aip|| =0 for all i € I. (21)
n—oo
Reasoning as above, the estimate implies that,
lim ||B;x, — Bip|| =0 for all i € I. (22)

n—roo

On the other hand, it follows from the firm nonexpansivity of V;., , that

[, = plI* = IVro., (I = 7 Ad)p|?
< <(I - Tn,iAi)xn - (I - rn,iAi)Z% Un,i —p>

1
= 5(\\(1 — i Ai) T — (I = i A)p| + [lun,: — pl?

(I — Tn,iAi)-Tn -V

Tn,i

- Hxn — Un,; — ’rn,i(Aixn - Azp)”2)

1 2 2
= 5 (IT = rnsAi)wn — (I =70 A)pl* + [luni = pll

= (lzn = wnll* + 75 ;| Aien — Aip|®

- 2rn,i<xn — Un,i, Azxn - A1p>))

< 5 (len = pl* + lluni = pI” = llon = wnill* = v il Aiwn — Aip|®

+ 27"n,i<xn — Un,i, Aimn - A1P>) .

That is
i = plI* < lzm = plI* = llon = vnill* = 73 il Aizn — Ap]|? (23)
+ 27|20 — ||| Aizn — Apl].
Similarly
lvns = pI* < llam = plI* = e — vnill® = 57, il Bizn — Bipl|* (24)

+ 25p,il|Tn — vpill| Bizn — Bip|.

Since [|yn,i — plI* < anyillun — plI* + (1 — ani)||vn, — pl|?, therefore substituting

and , we get

[n.i — ol < ami(llan = plI* = llzn — un il — 72 ;|| Az — Aipl|®
+ (1= ang)([lzn = plI* = |20 — vnyl

+ 2Tn,i‘|xn - un,i'

> — 57 || Bizn — Bipl|?
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+ 28nill2n — vnill| Biwn — Bipl)).
Simplifying the above estimate and utilizing [(C'1)] we obtain the following two
estimates )

< (e = pll + lyn,i — I Tn — Ynill

allzn — un,il

+ 21 illTn — tnl|| Aizn — Aipl| (25)
+ 28p||Tn — v il||| Bixn — Bip||,
and
(1 =b)[len = vnill® < (Jzn = pll + [Yni — D 120 — yn.ill
+ 2rpillTn — wnl||Aizn — Aipl| (26)
+ 28|20 — vnilll| Bizn — Bip).

Letting n — oo in the estimates 7 respectively, and then utilizing ,
and we have

lim ||z — up || =0= lm |z, — vy forall i e I. (27)
n—oo n— oo

Observe that ||z, — 2 ||? < anilltn: — znll® + (1 — @ni)||Vn: — zn|/?. Hence
implies that

le |2n,: —zn]| =0 for all i € I. (28)
Also from and , we get that
lim ||yn,; — 2nil| =0 for all ¢ € I. (29)
n—oo

Further ||yn.i — zn.ill = (1 = Bn.i)|Tizn,i — 2n.ill. It follows from and the fact
that A <a < B,,; <b <1, we get

lim || Tizn: — #nql| =0  foralli> 1. (30)
n— oo

Next we show that w(z,) C F, where w(z,) is the set of all weak w-limits of
{zn}. Since {x,} is bounded, therefore w(z,) # 0. Let ¢ € w(x,), there exists
subsequence {z,,} of {x,} such that x,, — ¢. It follows from the first estimate
of that w,, ; — q. We first show that ¢ € EP(f1, A1), where f1 = f,, for
some j > 1. Note that, for a finite family of generalized equilibrium problems, the
indexing f1 = f,, results from the modulo function j = 1(mod N) whereas the
corresponding term of the infinite sequence {z,,} would then be {,,}. Similarly,
we can have f,, = fo for some k > 1. From uy,; = V;, (I —ry; :iA;)z, for all

Tnj,i
n > 1, we have

1
fl(unj,i7y) + <A1$nj7y_unj,i> + 7<y_unj,iaunj,i _xnj> > 0 for all Y€ C.

nj,i

From [(A2)| we have

<A1‘Tnj7y - unj7i> + <y = Uny;,isUn;i — ynj,’i> > fl(y7unj,i)7 Yy € C. (31)

;5,2
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Let ys =ty+ (1 —t)gfor 0 <t < 1and y € C. Since ¢ € C. this implies that
yp € C. It follows from the estimate that

<yt — Un; i, Alyt> > <yt — Uny,i, Alyt> - <A1xn]‘7yt - Unj,i>
Up, i — Tn,
- <yt — Un, i, M> + fl(ytvunj,i)
nj,i
= (Yt — Un,is A1y — Artin, i) (32)
Yt — Un; iy ArUn, i — A1Tp;)
Up, i — Tn,
- <yt — Un, i, M> + fl(ytvunj,i)~
K3

TLJ',

Since limy, 00 [|Zn; — Un, i|| = 0, therefore lim,, o0 [|A12n, — A1y, || = 0. More-
over, it follows from the monotonicity of Ay that (y; — wun, s, A1ys — A1tun, ) > 0.

Finally, |(A4)|implies that
(ye — q, Avye) = fr(ye, @) (33)
Using (33), [(A1)] and [(A4)] the following estimate

0= fl(ytvyt) < tfl(ytvy) + (1 - t)fl(yt7Q)
<tfilyy) + (1 —t)(ye — ¢, Arye)
=tfi(ys,y) + (1 = )ty — q, A1ys),

implies that

fi(yesy) + (1 =)y — q, Arye) > 0. (34)
Letting t — 0, we have fi1(q,y) + (y — ¢, A1¢) > 0 for all y € C. Thus, ¢ €
GEP(f1,A1). In a similar fashion, we we can show that ¢ € GEP(f2, As), where
fo = fn, for some [ > 1. Therefore, q € ﬂf\[:l GEP(f;, A;). Reasoning as above, we
can also show that ¢ € (X, GEP(g;, B;). Since Ty, — g, so it follows from

and Lemma that ¢ € ﬂfil F(T;). Hence g € F. Let © = Fyaq, since ||zp41 —
z1|| < [Jxo — x1|| for all g € Cyq1. It follows that

[z1 — | < [lzr — ¢l| < liminf |21 — @y, || < limsup [|z1 — 2, || < [[1 — .
n—0o0 n—00

On the other hand,
1 = qll = lim [lzy — 2y, || = [J1 — 2]|.
j—o0
This implies Tn, = q= Przy. From the arbitrariness of the subsequence {a:n]} of
{zn}, we conclude that x,, — z as n — oco. This completes the proof.

In particular, if T; - in iteration (@ - is a finite family of nonexpansive map-
pings, then the following result holds

COROLLARY 3.1
Let C be a nonempty closed conver subset of a real Hilbert space H and let
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T;: C — C be a finite family of nonexpansive mappings. Let f;,g;: C x C — R be
two finite families of bifunctions satisfying [(A1)H(A4)| and let A;, B;: C — H be

two finite families of n-inverse-strongly monotone and (-inverse-strongly monotone

mappings, respectively. Let {om i}, {Bn,i}, {rni} and {sni} be as in Theorem[3.]]
and satisfy the following restrictions

(Cl) 0<k<a<ap;fn: <b<]1;
(C2) 0<c<r,,, <d<2n and 0 < ¢ < Sp <d < 2¢ for all n > 1 and for
alliel.

Assume that

F = [éF(T)} N [ﬁGEP(fi,Ai)} N [ﬁGEP(gi,Bi)} £,

i=1
then the sequence {x,} generated by @[) converges strongly to x = Prx1.

In order to solve the variational inequality problem together with the fixed
point problem, we prove the following result.

THEOREM 3.2

Let C be a nonempty closed convexr subset of a real Hilbert space H and let
T;: C — C be a finite family of k-strict pseudo-contractions. Let A;, B;: C — H be
two finite families of n-inverse-strongly monotone and (-inverse-strongly monotone
mappings, respectively. Let {cu, i}, {Bn.i}, {rn,:} and {s,} be as in Theorem|3.1
and satisfy the following restrictions

(Cl) 0 S k <a S a7z,i; Bn,i S b < 17'

(C2) 0<c<ry; <d<2n and0<clgsn,igd/<2gf0ralln21andfor
allie 1.

Assume that
N N N
F:= {ﬂ F(Ti)} N {ﬂ VI(C, Al-)] N [ﬂ VI(C, Bl-)] #0,
i=1 i=1 i=1
and the sequence {x,} generated by
r1€Cy = C,
¢n,i = PC(I - Tn,iAi)xn7
Pn,i = PC(I - sn,iBi)xru

Zni = an,i¢n,i + (1 - O‘n,i)son,ia
Ynyi = Bn,iznyi + (1 — Bni)Tizn,is

< Jlan - 211},

Chy1 = {z € Cy : sup ||yn — 2|
i>1
Tpy1 = Pe, ., 71, n2>1,

converges strongly to x = Prxy.
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Proof. Set fi(x,y) = gi(x,y) =0 for each i > 1, then

1
<Aixna y— un,i> +

<y — Un,iy Un,i — xn) Z 0

n,

is equivalent to

<517n - Tn,iAi-Tn — Un,i, Un,i — y> > 0.
This implies that w,; = Po(zy, — Tn,iAiTy) = ¢n,. Similarly, v, ; = Po(z, —
Sn,iBi%n) = ¢ni. The desired result then follows from Theoremimmediately.

If we substitute A; = B; = 0 - in iteration @D - then we have the following
result for the equilibrium problem together with the fixed point problem.

THEOREM 3.3
Let C be a nonempty closed convex subset of a real Hilbert space H and let T;: C' —
C be a finite family of k-strict pseudo-contractions. Let f;,g;: C x C' — R be two

finite families of bifunctions satisfying (A4). Let {ani}, {Bni}s {rn,i} and
{sni} be as in Theorem and satisfy the following restriction

(Cl) O§k<a§an,i,ﬁn7i§b<1.

Assume that

Fim | ﬁ_v] P n | (f} e n| rf] EP(@)] 20,

then the sequence {x,} generated by

Ty € Cl = C7

fi(un,iau) + r <U, — Un,i, Un,i — xn) Z 0; Vu € Ca
n,i

gi(’vn,ivv) + S 4<’U — Un,i, Un,i — xn> Z Oa You € Ca
n,i

Zn,i = OniUn i + (1 - an,i)vn,iv
Yn,i = ﬁn,izn,i + (1 - Bn,i)/Tizn,ia

Chy1 = {z e () : sup
i>1

Yn,i — 2| < llen — 2]},
Tny1 = Po, 21, n2>1,
converges strongly to x = Prxy.

THEOREM 3.4

Let C be a nonempty closed convex subset of a real Hilbert space H and let T;: C —
C be a finite family of k-strict pseudo-contractions. Let f;: C' x C — R be a finite
family of bifunctions satisfying |(A1)H(A4)| and let A;: C — H be a finite family
of n-inverse-strongly monotone mappings. Let {ay, i}, {Bn:} and {ry;} be as in
Theorem [3-1] and satisfy the following restrictions

(C1) 0<k<a<an, Bn: <b<1;
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(C2) 0<ec<rp; <d<2n foralln>1 and forall i € I.

Assume that

Fe | f)F(T)} dl rf] GEP(fi 4] #9,

then the sequence {x,} generated by

1:1601:0,

1
fi(un,i»u> + <Azmnau - un7i> + 7<’U/ — Un,i, Un,i — xn> Z Oa Yu € 07

n,t

Ynyi = Pritin, + (1 — Bn,i) Titin,i,

Ci1 = {2 €Cus suplyns — 2 < o — 211},
i>1

$n+1 = PC"+1:I;1) n Z 1)

converges strongly to x = Prxy.

Proof. The desired result is an immediate consequence of the proof of Theorem 3.1
by substituting f; = ¢;, A; = B; and u,,; = v,; for all i € I.

REMARK 3.1

The results presented in this section improve and extend various results announced
in the current literature, in particular established in [9] and [14]. Tt is of worth
interest to establish such results in general Banach spaces.

References

1]

2]

3]

[4]

[5]

[6]

Bauschke, Heinz H., and Jonathan M. Borwein. "On projection algorithms for
solving convex feasibility problems." STAM Rev. 38, no. 3 (1996): 367-426. Cited
on [52]

Blum, Eugen, and Werner Oettli. "From optimization and variational inequalities
to equilibrium problems." Math. Student 63, no. 1-4 (1994): 123-145. Cited on

Bl B2 and [84

Browder, Felix E., and Wolodymyr V. Petryshyn. "Construction of fixed points of
nonlinear mappings in Hilbert space." J. Math. Anal. Appl. 20 (1967): 197-228.
Cited on [80] and

Cholamjiak, Prasit, and Suthep Suantai. "Convergence analysis for a system of
generalized equilibrium problems and a countable family of strict pseudocontrac-
tions." Fized Point Theory Appl. 2011 (2011): Art. ID 941090. Cited on

Combettes, Patrick L., and Sever A. Hirstoaga. "Equilibrium programming in
Hilbert spaces." J. Nonlinear Conver Anal. 6, no. 1 (2005): 117-136. Cited on
Bl and

Combettes, Patrick L. "Constrained image recovery in a product space." Vol. 2
of Proceedings of the IEEE International Conference on Image Processing, 2025—
2028. Washington DC: IEEE Computer Society Press, 1995. Cited on[82]



Construction of a common element for the set of solutions [95]

[7]

8]

[9]

(10]

(11]

(12]

(13]

(14]

(15]

(19]

20]

(21]

Fan, Ky. "A generalization of Tychonoff’s fixed point theorem." Math. Ann. 142
(1961): 305-310. Cited on [81]

Huang, Chunyan, and Xiaoyan Ma. "On generalized equilibrium problems and
strictly pseudocontractive mappings in Hilbert spaces." Fized Point Theory Appl.
2014, 2014:145. Cited on [82]

Kangtunyakarn, Atid. "Hybrid algorithm for finding common elements of the
set of generalized equilibrium problems and the set of fixed point problems of
strictly pseudocontractive mapping." Fized Point Theory Appl. 2011 (2011): Art.
ID 274820. Cited on [83] [84] and [04]

Khan, Muhammad A.A., and Hafiz Fukhar-ud-din. "Strong convergence by the
shrinking effect of two half-spaces and applications." Fized Point Theory Appl.
2013, 2013:30. Cited on [63}

Khan, Muhammad A.A., and Hafiz Fukhar-ud-din, and Abdul R. Khan. "Mosco
convergence results for common fixed point problems and generalized equilibrium
problems in Banach spaces." Fized Point Theory Appl. 2014, 2014:59. Cited on

Khéanh, Phan Quoc, and Le Minh Luu. "On the existence of solutions to vec-
tor quasivariational inequalities and quasicomplementarity problems with appli-
cations to traffic network equilibria." J. Optim. Theory Appl. 123, no. 3 (2004):
533-548. Cited on

Kim, Jong Kyu. "Convergence theorems of iterative sequences for generalized
equilibrium problems involving strictly pseudocontractive mappings in Hilbert
spaces." J. Comput. Anal. Appl. 18, no. 3 (2015): 454-471. Cited on

Kim, Jong Kyu, and Sun Young Cho, and Xiaolong Qin. "Hybrid projection algo-
rithms for generalized equilibrium problems and strictly pseudocontractive map-
pings." J. Inequal. Appl. 2010 (2010): Art. ID 312602. Cited on [82] [84] and

Luu, Do Van. "On constraint qualifications and optimality conditions in locally
Lipschitz multiobjective programming problems." Nonlinear Funct. Anal. Appl.
14, no. 1 (2009): 81-97. Cited on [82]

Marino, Giuseppe, and Hong-Kun Xu. "Weak and strong convergence theorems
for strict pseudo-contractions in Hilbert spaces." J. Math. Anal. Appl. 329, no. 1
(2007): 336-346. Cited on

Moudafi, Abdellatif. "Second-order differential proximal methods for equilibrium
problems." JIPAM. J. Inequal. Pure Appl. Math. 4, no. 1 (2003): Article 18. Cited
on |82

Moudafi, Abdellatif, and Michel Théra. "Proximal and dynamical approaches to
equilibrium problems." Vol. 477 of Lecture Notes in Econom. and Math. Systems,
187-201. Berlin: Springer, 1999. Cited on[82

Scherzer, Otmar. "Convergence criteria of iterative methods based on Landweber
iteration for solving nonlinear problems." J. Math. Anal. Appl. 194, no. 3 (1995):
911-933. Cited on[B1l

Su, Tran Van. "Second-order optimality conditions for vector equilibrium prob-
lems." J. Nonlinear Funct. Anal. 2015 (2015): Article ID 6. Cited on

Takahashi, Satoru, and Wataru Takahashi. "Strong convergence theorem for a
generalized equilibrium problem and a nonexpansive mapping in a Hilbert space."
Nonlinear Anal. 69, no. 3 (2008): 1025-1033. Cited on



[96] Muhammad A.A. Khan

[22] Wen, Dao-Jun, and Yi-An Chen. "General iterative methods for generalized equi-
librium problems and fixed point problems of k-strict pseudo-contractions." Fized
Point Theory Appl. 2012, 2012:125. Cited on [82]

[23] Zhang, Lingmin, and Yan Hao. "Fixed point methods for solving solutions of a
generalized equilibrium problem." J. Nonlinear Sci. Appl. 9, no. 1 (2016): 149-159.
Cited on

Department of Mathematics

Comsats Institute of Information Technology
Lahore 54000

Pakistan

FE-mail: itsakb@hotmail.com

Received: May 25, 2016; final version: September 26, 2016;
available online: November 9, 2016.



	Introduction
	Preliminaries
	Strong convergence results

