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Revisiting of some outstanding metric fixed
point theorems via E-contraction
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Abstract

In this paper, we introduce the notion of a-1)-contractive mapping of
type E, to remedy of the weakness of the existing contraction mappings.
We investigate the existence and uniqueness of a fixed point of such
mappings. We also list some examples to illustrate our results that
unify and generalize the several well-known results including the famous
Banach contraction mapping principle.

1 Introduction and Preliminaries

Throughout the manuscript, we denote Ny := NU {0} where N is the positive
integers. Further, R represent the real numbers and R := [0, 00).

Let ¥ be the family of nondecreasing functions v : [0, 00) — [0, 00) satis-
fying the following conditions:

(1) ¥(t) < t, for any t > 0.
(T3) ¢ is continuous at 0;

In the literatures, there are well-known examples for such functions, such as,
comparison functions [3, 25] and (c)-comparison functions [3, 25].

Popescu [22] suggested the concept of a-orbital admissible as a refinement
of the alpha-admissible notion, defined in [29, 11].
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Definition 1.1. [22] Let T : X — X be a mapping and o : X X X — [0,00)
be a function. We say that T is an a-orbital admissible if

afz,Tz) > 1= Tz, T?x) > 1.
If the additional condition,
alz,y) > 1and a(y,Ty) > 1= oz, Ty) > 1,

1s fulfilled, then the a-admissible mapping T is called triangular a-orbital ad-
missible.

Notice that each a-admissible mapping is an a-orbital admissible. For
more details and counter examples, see e.g. [1, 4, 5, 11, 12, 16, 22].

In this manuscript, we define a new notion, a--contractive mapping of
type E, and derive some existence and uniqueness fixed point theorems for
such mappings. Our results remove some weakness of the existing fixed point
theorems including the initial metric fixed point theorem, Banach contraction
mapping principle. We list some immediate consequence and examples that
illustrates our results.

2 Main results

Definition 2.1 (¢f. [8]). Let (X,d) be a metric space and T : X — X be
given mapping. We say that T is an a--contractive mapping of type E if
there exist two functions a: X x X — [0,00) and ¢ € U such that

a(z,y)d(Tz, Ty) < V(E(x,y)), for alz,ye X, (1)

where
E(z,y) = d(z,y) + |d(z,Tz) — d(y, Ty)| (2)

The following lemma is a standard argument to prove that the given se-
quence is Cauchy

Lemma 2.1. (See e.g. [23]) Let (X,d) be a metric space and let {z,} be a se-
quence in X such that d(z,41,x,) is nonincreasing and lim,, oo d(Tpy1,T,) =
0. If {z,} is not a Cauchy sequence, then there exist an € > 0 and two
sequences {my} and {ny} of positive integers such that the following four se-
quences tend to € when k — oo:

d(xm;C s x?m)v d(mmk+1a mnk+1)’ d(xmk*b xnk)v d(ajmk ; xnk*1>7 d(mmk*h xnk*]-)

Theorem 2.1. Let (X,d) be a complete metric space. Let T : X — X be
a--contractive mapping of type E satisfying the following conditions:
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(1) T is triangular a-orbital admissible;

(1) there exists xo € X such that a(xg, Txg) > 1 ;
(#it) T 14s continuous.
Then, there exists a fized point x* such that Tx* = x*.

Proof. By assumption (i7), there exists a point xg € X such that «a(xg, T'zg) >
1. We construct an iterative sequence {z,} such that z,, = Tx,_1 for all
n € N. Owing to the fact that T is a—orbital admissible, we derive

oz, z1) = a(xo, Txo) > 1 = a(Txe, Tx1) = alry,22) > 1.
Recursively, we have
a(Tp, Tne1) > 1, for all n € Ny. (3)
Since T is triangular a—orbital admissible, we find from (3) that
a(Xp, Tpy1) > 1 and a(@ni1, Tnio) > 1= a(@n, Tnia),
for any n € N. Inductively, we conclude that
Ty, Tpyj) > 1, for all m,j € N. (4)

If 2, = zpy+1 = T'zy, for some nyg € Ny, then z* = z,, forms a fixed
point for T" that the proof finishes. Hence, from now on, we assume that

T # Tpa for all n € Np. (5)

We shall prove that the sequence {d(zy,%n+1)} is monotone. By taking
x = x, and y = 2,41 in the inequality (1) and by regarding (3) and (5), we
obtain

d(xna xn+1) = d(Txn—la Tzn) S Oé(xn—la zn)d(TIn—la Txn)

S 77[J(E‘($nfl7xn))
(6)
= Y(d(zn-1,2n) + |d(@pn-1,TTpn_1) — d(xpn, Sp)|)

< Yld(xp—1,zn) + |d(@n—1,2n) — d(Tp, Tni1)|)

Suppose that d(zn,Tnt1) > d(@n—1,2y,). In this case, the inequality (6),
becomes
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d(xru anrl) S 1/J(d($n—1, ‘rn) - d(xnfla xn) + d(!En, anrl))

= ¢(d($m$n+1)) < d(xn: xn"rl)a

a contradiction. Hence, we deduce that d(z,, xnt1) < d(2n—1,2,) for each n.
Moreover, we can derive an estimation from (6) that

d(l’n, xn+1) < 1/’(E(96n71, xn)) = 1/1(2d($n717$n) - d($n,$n+1)) (7)
S 7#(203(%—17%)) < 2d(xn—la xn)7

for each n.
Since the sequence {d(x,,xn+1)} decreasing and bounded from below, we
conclude that it converges to some nonnegative number d > 0, that is,

lim d(z,,zn41) = d.
n— oo

Notice also that
lim E(z,,zn+1) =d.

n—oo
We claim that d = 0. Suppose, on the contrary, that d > 0. Taking lim sup
of the inequality (7), and taking the basic condition (V1) into account, we get
that
d<(d) < d,

a contradiction. Hence, we conclude that

lim d(xn,zp+1) = 0. (8)

n—roo

We shall proved that the sequence {x,} is Cauchy. Suppose, on the con-
trary, that there exist £ > 0 and sequences {z,, (k) },{zm (k)} of positive integers
such that n(k) > m(k) >k and

{d(Tnry, Tmk)) = € d(Tnk)—1, Tmr)) < €, for all k € N,

Due to Lemma 2.1, we have
lim d(z, ), Tmr)) = Jim A(Tp(k)—1, T(k)—1) = € 9)

k—o0

On the other hand, from (4), we have a2y k)1, Tm()—1) = 1. Thus, from
(1) and the assumption (ii), we deduce that

e S d(@nk), Tmk)) = AT Tnk)y—1, TTm)-1)
< ad(@n(k)—1, Tmk) - 1) AT Tn k)1, TTm(r)—1) (10)

S Y(E(Tnk)y—15 Tm(k)—1))



REVISITING OF SOME OUTSTANDING METRIC FIXED POINT VIA
E-CONTRACTION 77

Since

E(@nk)—1,Tmk)-1) = A Tnk)—15 Tm(r)—1)+
(@) =1 T =1) — AT (ky—15 TTm(k)—1)]

= d(Tp(k)y—15 Tmk)—1)+
(@ (k)—1> T (k) = AT (k)—1> T (i) |

using (9) and (8) we obtain that

lim E(xn(k:)fhxm(k)fl) =E&. (11)

k—o0

Finally, letting & — oo in (10) and using (9) and (11), we get
e < (e). (12)
On account of (¥y), the inequality (12) turns into
e <(e) <k,

which is a contradiction. Hence, we find that ¢ = 0. Therefore, z,, is a
Cauchy sequences. By completeness of (X, d), the sequence x,, converges to
some point z* € X as n — oo. From the continuity of 7', it follows that
Tpe1 = Tz, — Ta*) as n — oo. By the uniqueness of the limit, we get
x* =Tx*, that is, z* is a fixed point of T

O

We say that a complete metric space (X, d) is regular if {z,,} is a sequence
in X such that a(x,,z,41) > 1 for all n and 2, - 2 € X as n — oo, then
there exists a subsequence () of x,, such that a(z,),z) > 1 for all k.

As it is known well, the continuity condition is a very heavy condition.
Like in [29], we realize that we can replace the continuity of the operator T
by a regularity condition on a complete metric space (X, d).

Theorem 2.2. Let (X,d) be a complete metric space. Let T : X — X be
a--contractive mapping of type E satisfying the following conditions:

(1) T is triangular a-orbital admissible;
(1) there exists xo € X such that a(xo, Txo) > 1 ;
(i1) (X,d) is regular.

Then, there exists a fived point x* such that Tx* = x*.
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Proof. Following the proof of Theorem 2.1, we know that {z,} is a Cauchy
sequence in the complete metric space (X, d). Then, there exists z* € X such
that x, — 2* as n — oco. By the hypothesis (ii7) we deduce that there exists
a subsequence ¥,y of x, such that a(z,x),z*) > 1 for all k. Therefore, we
have

ATy, Tz*) = d(Trpgy-1,Tr") < alTnmy—1,2")d(T k)1, TT*)

< 1/)(E(xn(k)—17 {E*))
(13)
where

E(zn)—1,7%) = d(@n(k)—1, %) + |d(@np) -1, TTn(y—1) — d(a*, Ta*)|

Now, we shall show that Tx* = x*. Suppose, on the contrary, that Tx* # x*
that is, d(x*,Tz*) > 0. Letting k — oo in the above inequality, and taking
(¥) into account, we find that

0 <d(z*,Tx*) < (d(z*,z")) < d(z*,z"),
which yields d(z*, Tz*) = 0, a contradiction. Therefore Tz* = z*. O

The assure the uniqueness of the fixed point, we will consider the following
hypothesis

(U) for all z # y € X, there exists z € X such that a(z,2) > 1, a(y,z) > 1
and a(z,Tz) > 1

Theorem 2.3. The fized point x* of T, in Theorem 2.1 (resp. Theorem 2.2),
is unique, if assume an additional condition (U).

Proof. If we consider that z = xy we obtain that a(zg,Tz¢) > 1, so even
hypotheses (i), from Theorem 2.1 (resp. Theorem 2.2) so we obtain that
z* is a point fixed of T, where z* = lim, _oo®n = lim,_ocT"x. Suppose
that z* and y* are two fixed points of T" such that z* = y*. Then, from (U)
there exists z € X such that a(z*,2) > 1, a(y*,z) > 1 and a(z,Tz) > 1.
Since T is a triangular a-orbital admissible, we get that a(z*,7"z) > 1 and

a(y*,T"z) > 1. Thus, from (1) we have

d(z*, T 12) = d(Tx*, T(T"2)) < a(z*,T"2)d(Tx*, T(T"z))
(14)
<Y(E(z*,T"z)) < E(z*,T"z)
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This imply that
d(I*,TnJrlZ) < d(x*’Tnz) + |d(I*,TI’*) _ d(TnI’,Tn+1;L')|

By Theorem 2.2 we deduce that the sequence Tz converges to a fixed point
z* of T. Letting n — oo in the above inequality, we get d(xy, 2*) < d(z4, 2*).
This implies that d(z*, z*) = 0 so * = z*. Similarly, we get y* = z*. Hence,
x* = y*, which is a contradiction. O

2.1 Examples

Now, we shall consider some examples that illustrate and support our main
results.

Example 2.1. Let X = R. Consider the self mapping T : X — X such that

2 ifzel0,1],
Tx =
2
%213 otherwise
Define a metricd : X x X — RS’ as d(z,y) = |‘T;y‘
Definea: X x X — RS‘ such that

4 if (z,y) €[0,1]
0 otherwise.

ate) = {

Notice that the self-mapping T is continuous.
Further, several well-known contraction types does not hold for (z,y) €
[0,1], that s,

3|z —y
16

3|z —y

d(Tz, Ty) =
(Tz, Ty) TR

and hence a(z,y)d(Tz, Ty) =
but d(z,y) = ‘z;yl. Hence, there is no k € [0,1) or v € U such that the con-
ditions of a-i-contractive mapping or Banach contraction mapping principle
are fulfilled.

On the other hand, for all z,y € [0, 1], one can easily derive that

3y 13la—y

v —y| 1
E - -
(z,y) + 3 16

2 2

3
o= = Iy , for all 2,y € [0,1],
which yields that T : X — X is an a-y-contractive mapping of type E with

Y(t) = at with a > 1%, for exzample a = 22. Indeed, we have for z,y € [0,1]

Ble—y| _ 2z -yl _ 25E(x.y)

a(z,y)d(Tz, Ty) = T S 6

= Y(E(z,y)).
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Note that if ©,y € R\ [0, 1], then the result is provided easily from the fact that

alz,y) =0.
Let us check that T is a-orbital admissible:

oz, Te) =a(x,2) >1 = alz,T?r)=o(%, %) > 1.
As a second step, let us prove that T is triangular c-orbital admissible:
a(z,y) > 1and a(y, Ty) =a(y, §) > 1 = alz,Ty) = a(z, ) > 1,

Thus, the first condition (i) of Theorem 2.1 is satisfied. The second condition
(#4) of Theorem 2.1 is also fulfilled. Indeed, for xq = 0, we have a(0,T0) =
a(0,0) =5>1.

Thus, all conditions of Theorem 2.1 are satisfied. Here, T0 = 0 is the fized
point of T.

Example 2.2. Let X = AURJ where A = {a,b,c}. Consider the self mapping
T:X — X such that

z+1 ifzeR],
Tx = c ifx=a,
b ifx e {bc}

Define a metric d: X x X — R{ as

e —y| ifz,yeRy,

d(z,y) =

OO N W
. . e . .
jarig
A~~~
&

Define v : X x X — R{ such that
a(z,y) = { 1 if (z,y) € {(a,c), (a,b), (b,b), (c,b)}

0 otherwise.
It is easy to get that
E(a,b)=1+13—-0=4,E(a,c) =3+ 3—-2|=4,E(b,c) =2+10—-2| =4.

From the above calculations, we can easily conclude that T : X — X is an a-
W-contractive mapping of type E, for (t) = % Indeed, we have the following
possibilities:

a(a, b)d(Ta, Tb) =2 S E(;J)) — 27

— E(a,c) _ 4
ala,c)d(Ta,Tc) =2 < (; =i=2
a(b, C)d(Tb, TC) = 0 S E(;)?C) _ % _ 2
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Thus, the condition (1) is satisﬁed for all x,y € A. Notice that the condition
(1) is fulfilled trivially for z,y € Ry, since a(z,y) =0 for x,y € R7.
Let us check that T' is a-orbital admissible:

a(a,Ta) = ala,c) >1 = a(Ta,T?a) = a(c,b) > 1
a(b,Th) = a(b,b) >1 = a(Tbh, T?b) = a(b,b) > 1
a(e,Te) = a(e,b) > 1 = a(Te,T?c) = a(b,b) > 1

As a second step, let us prove that T is triangular c-orbital admissible:

ala,b) > 1 and a(b,Th) = a(b,b) >1 = «a(a,Th) = a(a,b) > 1,
ala,¢) > 1 and afc,Te) = a(e,b) > 1 = a(a,Tc) = afa,b) > 1,
a(b,b) > 1 and a(b, Th) = a(b,b) > 1 a(b, Tbh) = a(b,b) > 1,

a(c,b) > 1 and a(b, Th) = a(b,b) > 1 = a(c Tb) = a(b,b) > 1.

Thus, the first condition (i) of Theorem 2.2 is satisfied. The second condi-
tion (it) of Theorem 2.2 is also fulfilled. Indeed, for any xo € A, we have
axg, Txg) > 1.

It is also easy to see that (X,d) is regular. Indeed, whatever the initial
point xg € A is chosen, the sequence {x,} tends to b. By definition of the
auzxiliary function o, we have

a(a,b) > 1,a(b,b) > 1 and a(c,b) > 1

Thus, all conditions of Theorem 2.2 are provided. Notice that Tb = b is
the fixed point of T.

Example 2.3. Let X = [O 2} [1,4] equipped with a metricd : X x X — R
such that d(z,y) = ‘z Ul Consider the self mapping T : X — X such that

if z € [0, 2],

wly

Tx =

ot

if z € [1,4].

8

We define ac: X x X — R such that

4 ifx,ye€ [0, %]
)1 ifz,yell,

AEW =Y 9 it () € {
0 otherwise.

First of all, we remark that, for x,y € [O, %],

[z —yl _ 3lz—yl
d(z,y) = 5 :

1
, and d(Tx,Ty) = 3 ’
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Thus, we have
Az —y|
6
Hence, there is no ¥ € U to provide that T is o — v contraction.

We have consider the following two cases:
(1) for all x,y € [0, %}

a(z,y)d(Tz, Ty) =

|z —y 1‘ z y,|_ 5lz—yl
3 ol gl gll=T
Consequently, we conclude that T is a — 1 contraction type of E, with ¢¥(t) =

at, where a > %. In particular, for the choice of (t) = 1%75, we have

E(x’y) =

(e, p)dTa, Ty) = L2 < g2 o~ yl) = 2 By) = 6B ).

which yields that T : X — X is an a-y-contractive mapping of type E with
Y(t) = gt
(ii) for x,y € [1, 3], we have

=y

_lyz oy _ a2yl _le—yl
d(Ta:,Ty)—2‘4 4‘— 3 and d(z,y) =

2

and oz, y)d(Tz, Ty) = |mgy| Moreover, we find that

v
| yIJr

1‘|x_§|_| _Q|’_M
1T T TR

Hence, we conclude that

oot 1y) = M < 5 (T2 = Sopte) = wiE ),

(i4i) for x =0 and y = 4, we have

1 —14
d(T0,T4) = 3 ‘0_ 3‘ = 3 and d(0,4) = 10—4

6
5 1 and «(0,4)d(T0,T4) 1

Moreover, we find that

1 3 5 13
“lo—ol—j4-2| =242 =2,
+3lo-or-a-Fil =24 -2

0—4

B(0,4) =
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Hence, we deduce that

a(0,4)d(T0,T4) = g < % = %3(0,4) = (B(0,4)).

(iv) for x =1 and y = 4, we have

_ _3 o j1—4 3

and o(1,4)d(T1,T4) = S. Moreover, we find that

1’9 3

14

B(1L4) = —

1 9 3| 3
S |
+2‘| i 2" 2

L5
o

Hence, we deduce that

6_153_9
8~ 80 10
Notice that for any other possibilities, the result is provided easily from the
fact that a(x,y) = 0.
Let us check that T is a-orbital admissible:

(i) ifx € [0, %]

a(z,Tz) = a(2,2) >1 = Tz, T%z) = o,

a(1,4)d(T1,T4) = E(1,4) = ¢(E(1,4)).

) > 1.

o8

(#) if x € [1,3] then Tx € [1,3] and
a(z,Tz)=>1 = o(Tz,T?z) > 1.
As a second step, let us prove that T is triangular a-orbital admissible:
(i) if v € [0, 3]
a(z,y) > 1and a(y, Ty) =a(y, §) > 1 = a(z,Ty) = a(z, ) > 1,
(1) if z,y € [1,3] then Ty € [1, 3] and

alz,y) > 1 and a(y, Ty) = a(y, % -5>1 =ax,Ty) = a(m,% -9 >1,

Thus, the first condition (i) of Theorem 2.2 is satisfied. The second con-
dition (ii) of Theorem 2.2 is also fulfilled. Indeed, for zy = 0, we have
a(0,70) = «(0,0) =1 > 1.

It is also easy to see that (X,d) is reqular. Indeed let x,, be a sequence in
X such that for alln and x, — x as n — oo. Since a(xy, Tpy1) > 1 for all
n, by the definition of o, we have x,, € [0,1] for all n and x € [0,1]. Then,

a(xp,x) = 1.
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Thus, all conditions of Theorem 2.2 are provided and so we derive that T
has a fized point.

We shall show that the condition (U) are not satisfied. Thus, we could not
guarantee the uniqueness of a fixed point.

a(0,4) > 1,a(1,4) >1  and a(4,T4)a(4,3) =0,
Notice that TO =0 and T2 = 2 are the fixed points of T

Example 2.4. Let X =R equipped with a metric d: X x X — Rg such that
d(z,y) = @ Consider the self mapping T : X — X such that

z  ifzxel0,]]
— 1 1 ) 9
Tx { 0 otherwise

We define a: X x X — R such that

5 if (,y) € [0,1]
0 otherwise.

a(z,y) = {

Notice that the self-mapping T is not continuous at x = 1.
Further, several well-known contraction types does not hold for (z,y) €
[0,1], that is,

|z -yl
8

5|z —y
8

d(Tz, Ty) = and hence a(x,y)d(Tz, Ty) =

but d(x,y) = ‘wgyl. Hence, there is no v € W such that the conditions of
a--contractive mapping is fulfilled.
On the other hand, for all z,y € [0, 1], one can easily derive that

-yl 1 @ Y| _ Tlz—yl
E - L2 Yoz =yl
(r) = g4 S fle = Sy - Uy = T
which yields that T : X — X is an a-y-contractive mapping of type E with
Y(t) = at with a > %, for example a = }—Z. Indeed, we have for x,y € [0, 1]

, for all z,y € [0, 1],

Slea—y|l _ 13|z —y| 13E(x,y)
< = = E .
PR 11 Y(E(z,y))

Note that if ©,y € R\ [0, 1], then the result is provided easily from the fact that

alz,y) =0.
Let us check that T is c-orbital admissible:

Oé(l‘, y)d(T.T, Ty) =

afz,Tr) =a(z, %) >1 = alz,T?x)=o(%, %) > 1.
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As a second step, let us prove that T is triangular c-orbital admissible:
a(a,y) > 1and a(y,Ty) = a(y,§) >1 = a(z,Ty) = a(z,§) > 1,

Thus, the first condition (i) of Theorem 2.2 is satisfied. The second condition
(#4) of Theorem 2.2 is also fulfilled. Indeed, for xo = 0, we have a(0,70) =
a(0,0) =5>1.

Finally, it is also easy to see that (X,d) is regular. Indeed let x, be a
sequence in X such that for alln and x,, = x asn — co. Since a(xy, Tpi1) >
1 for all n, by the definition of o, we have x,, € [0,1] for all n and x € [0,1].
Then,

a(xp, ) =5>1.

Thus, all conditions of Theorem 2.2 are provided. Notice that T0O = 0 is
the fixed point of T.

Moreover, because for any z € [0,1], Tz = 5 € [0, 1] we deduce that for all
x,y € [0,1], x # y there exist z € [0,1] such that o(z,z) > 1,a(y,z) > 1 and
a(z,Tz) > 1, so condition (U) is satisfied. Thus, Theorem 2.3 guarantee the
uniqueness of the fixed point.

3 Outcomes of the main results

In this section, we shall list some basic consequences of the main results.

3.1 Outcomes of the main results in the setting of standard metric
structure.

Theorem 3.1. Let (X,d) be a complete metric space and ¢ € V. Suppose
that a continuous self-mapping T : X — X satisfies

d(Tz,Ty) < p(E(z,y)), for all z,y € X, (15)

where

Then, there exists a fived point x* such that Tx* = x*.

Proof. 1t is sufficient to take a(z,y) =1 for all z,y € X in Theorem 2.3. O

Theorem 3.2. Let (X,d) be a complete metric space and k € [0,1). Suppose
that a continuous self-mapping T : X — X satisfies

d(Tz,Ty) < kE(z,y), for allz,y € X, (16)
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where
E(z,y) = d(z,y) + |d(z, Tz) — d(y, Ty)|.

Then, there exists a fived point x* such that Tx* = x*.

Proof. Tt is sufficient to take 1(¢) = kt in Theorem 3.1. O

In the following theorems, the continuity condition of the self-mapping is
not necessary, since the contraction condition (17) and (18) imply the conti-
nuity of the mentioned self-mapping.

Theorem 3.3. Let (X,d) be a complete metric space and ¢ € V. Suppose
that a self-mapping T : X — X satisfies
d(Tz, Ty) < P(d(z,y)), for allz,y € X. (17)

Then, there exists a fived point x* such that Tx* = x*.

Proof. Tt follows from Theorem 3.1, by regarding the monotonicity of the
function 1, that is,

d(Tz, Ty) < Y(d(z,y)) < Y(E(z,y)), for all z,y € X.
O

Theorem 3.4. Let (X,d) be a complete metric space and k € [0,1). Suppose
that a self-mapping T : X — X satisfies

d(Tx, Ty) < kd(z,y), for all z,y € X. (18)

Then, there exists a fived point x* such that Tx* = x*.

Proof. Tt follows from Theorem 3.3, by letting «(t) = kt. O

3.2 Qutcomes of the main results in the setting of metric spaces
endowed with a partial order

In the last decades, one of exciting research topics for the metric fixed point
theory researchers is to investigate the existence and uniqueness of a fixed
point of certain mapping in context of metric spaces endowed with partial
orders, see e.g.[24, 18] We shall show that Theorem 2.3 infer various existing
fixed point results on a metric space endowed with a partial order. For this
purpose, we, first, recollect some basic concepts.

Definition 3.1. For a partially ordered non-empty set (X, <), the self-mapping
T:X — X T is called nondecreasing with respect to =< if

zyeX, e 3y="Tz Ty.
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Definition 3.2. A sequence {x,} in a partially ordered set (X, =) is called
nondecreasing with respect to =, if v, = Tpy1 for all n.

Definition 3.3. Let (X, <) be a partially ordered set and d be a metric on X.
We say that (X, =,d) is reqular if for every nondecreasing sequence {x,} C X
such that x, — x € X as n — oo, there exists a subsequence {xnx)} of {xn}
such that x,) = x for all k.

Suppose that (X, <) is a partially ordered set and d be a metric on X. We
say that (X, <) have a property of (5) if it fulfills the following condition

(S) for all z,y € X there exists z € X such that z < z and y < z,

For the simplicity, we shall use the notation (X,d, <) to represent the
partially ordered set (X, <) equipped with a metric d. The triple (X, d, <) is
called metric spaces endowed with a partial order.

Theorem 3.5. Let (X, d, <) be a metric spaces endowed with a partial order,
where (X, d) is complete. Let T : X — X be a nondecreasing mapping with
respect to <. Suppose that there exists a function ¥ € VU such that

d(Tz, Ty) < (E(z,y), (19)
for all x,y € X with x =y, where
E(z,y) = d(z,y) + |d(z,Tx) — d(y, Ty)| -
Suppose also that the following conditions hold:
(i) there exists xo € X such that xg < Txo;
(i) T is continuous or (X, =<,d) is regular.

Then, T has a fized point. Moreover, if (X,=) have a property of (S), the
observed fixed point is unique.

Proof. Consider the mapping a : X x X — [0,00) as

[ lifz<yoraxzruy,
a(z,y) = { 0 otherwise.

It is obvious that T'T : X — X is an a-y-contractive mapping of type E, that

is,

a(z,y)d(Tz, Ty) < d(Er(z,y)),

for all z,y € X. From condition (), the definition of a yields that a(xo, Txo) >
1.
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Moreover, for all z,y € X, from the monotone property of T', we have
az,y) 2 l=zr-yorey=Te>=Tyor Te Ty = o(Tz,Ty) > 1.

Consequently, T' is a—orbital admissible.

For a last step, we examine the following cases: If T is continuous, the
existence of a fixed point follows from Theorem 2.1. Suppose now that (X, <
,d) is regular. Let {z,} be a sequence in X such that a(z,,x,+1) > 1 for
all n and z,, - x € X as n — oco. Due to regularity, there is a subsequence
{@n)} of {xn} such that x,) <« for all k. Hence, we have a(z,),r) > 1
for all k. So, the existence of a fixed point follows from Theorem 2.2.

For the uniqueness, let z,y € X. By assumption of the theorem, there
exists z € X such that © < z and y < z, which yields that a(z,z) > 1 and
a(y,z) > 1. Consequently, we conclude the uniqueness of the fixed point by
Theorem 2.3. [

Theorem 3.6. Let (X, d, <) be a metric spaces endowed with a partial order,
where (X,d) is complete. Let T : X — X be a nondecreasing mapping with
respect to <. Suppose that there exists a k € [0,1) such that

d(Tz,Ty) < kE(z,y),
for all x,y € X with x = y, where
E(z,y) = d(z,y) + |d(z, Tz) — d(y, Ty)| .
Suppose also that the following conditions hold:
(i) there exists zo € X such that xg = Txo;
(i) T is continuous or (X, <,d) is regular.

Then, T has a fized point. Moreover, if (X, =) have a property of (S), the
observed fixed point is unique.

Theorem 3.7. Let (X, d, <) be a metric spaces endowed with a partial order,
where (X,d) is complete. Let T : X — X be a nondecreasing mapping with
respect to <. Suppose that there exists a function ¥ € VU such that

d(Tx,Ty) < P(d(a,y),
for all x,y € X with x = y. Suppose also that the following conditions hold:

(i) there exists xg € X such that xg < Txg;
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(ii) T is continuous or (X, =,d) is regular.

Then, T has a fized point. Moreover, if (X, =) have a property of (S), the
observed fixed point is unique.

Theorem 3.8. Let (X, d, <) be a metric spaces endowed with a partial order,
where (X,d) is complete. Let T : X — X be a nondecreasing mapping with
respect to <. Suppose that there exists a k € [0,1) such that

d(Tz, Ty) < kd(,y),
for all x,y € X with x = y. Suppose also that the following conditions hold:
(i) there exists xo € X such that xg = Txo;
(i) T is continuous or (X, <,d) is regular.
Then, T has a fized point. Moreover, if (X, =) have a property of (S), the
observed fixed point is unique.
3.3 Outcomes of the main results in the setting of the cyclic con-
tractive mappings

Investigation of the existence and uniqueness of a fixed point of certain cyclic
contractive mappings was initiated by Kirk, Srinivasan and Veeramani [17].
Following this pioneer paper [17], this trend has been appreciated by a number
of authors (see e.g. [26, 13, 14] and the related references therein).

Here, we shall indicate that our main result, Theorem 2.3, infer a fixed
point theorems for cyclic contractive mappings.

Theorem 3.9. Suppose that {Ai}?zl are nonempty closed subsets of a com-
plete metric space (X,d) and T : Y — Y is a given mapping with Y = A;UA,.
If the the following conditions are fulfilled

(I) T(A1) C Ay and T(Az) C Ay;
(II) there exists a function ¢ € U such that
AT, Ty) < Y(E(z,y)), for all (r,y) € Ay x Ag,
where E(x,y) is defined as in (2),

then, T has a unique fized point that belongs to Ay N As.
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Proof. The proof consists of several steps. Step 1. the pair (Y,d) forms a
complete metric space since A; and A, are closed subsets of (X, d).

Step 2. We shall indicate that T is an a — v contractive mapping type of
E. For this purpose, we specify the mapping o : Y x Y — [0,00) as

_ Lif ('I,y) € (Al X AQ) U (A2 X Al)a
oz, y) = { 0 otherwise.

Regarding (II) and «, we are able to write

a(z,y)d(Tz, Ty) < p(M(z,y)),

for all ,y € Y. In other words, T is an o — % contractive mapping type of E.

Step 3. We shall show that T is a—admissible. Suppose that (z,y) € Y xY
with a(z,y) > 1. For the case (z,y) € A1 x Ag, from (I), (Tz,Ty) € Az x Ay,
which yields that a(Tz,Ty) > 1. For the other case, (z,y) € Ay x A;, again
from (I), (Tz,Ty) € A; X Ay, which implies that «(Tz,Ty) > 1. So, we find
that a(Tx,Ty) > 1 whenever a(x,y) > 1.

Step 4. We notice that for any a € Ay, from (I), we get (a,Ta) € Ay X As,
and hence a(a,Ta) > 1.

Step 5. We shall show that (X,d) is regular. Suppose that {z,} is a
sequence in X such that a(z,,z,4+1) > 1 for alln and z,, - € X as n — oo.
On account of the definition of the v mapping, we find

(TnyTny1) € (A1 X Ag) U (A x Ayp), for all n.

Since (A1 x A2)U (A3 x Ay) is a closed set with respect to the Euclidean metric,
we derive that
(.%',LU) € (Al X Ag) U (A2 X Al),

which yields that x € A; N Ay. Consequently, we have a(x,,x) > 1 for all n.
Finally, assume that x,y € Fix(T). From (I), we find that =,y € A; N As.
As a result, we conclude that a(z,z) > 1 and a(y,z) > 1, for any z € Y.
Thus, condition (U) is satisfied.
Thus, all the hypotheses of Theorem 2.3 are fulfilled that guarantees the
existence and uniqueness of a fixed point of 7' in A; N Ay (from (I)). O

As an immediate outcome of Theorem 3.9 is the following:

Theorem 3.10. Suppose that {A;}2_, are nonempty closed subsets of a com-
plete metric space (X,d) and T : Y — Y is a given mapping with Y = A;UA,.
If the the following conditions are fulfilled

(I) T(Al) Q A2 and T(AQ) Q Al,'
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(II) there exists a function ¢ € U such that
d(T"E,Ty) < ?/J(d(%y))a fO’f' all ($,y) € Al X AQa
where d(x,y) is defined as in (2),

then, T has a unique fixed point that belongs to Ay N As.

Theorem 3.11. Suppose that {A;}7_, are nonempty closed subsets of a com-
plete metric space (X,d) and T : Y =Y is a given mapping with Y = A;UA,.
If the the following conditions are fulfilled

(I) T(A1) C Ay and T(Az) C Ay;
(II) there exists a k € [0,1) such that
d(Tx,Ty) < kE(x,y), for all (z,y) € A1 x As,
where E(x,y) is defined as in (2),
then, T has a unique fized point that belongs to Ay N As.
The following is the main result of [17].

Theorem 3.12. Suppose that {A;}2_, are nonempty closed subsets of a com-
plete metric space (X,d) andT : Y =Y is a given mapping withY = A1 UA,.
If the the following conditions are fulfilled

(l) T(Al) Q A2 and T(AQ) g Al;'
(II) there exists a k € [0,1) such that

d(Tz,Ty) < kd(x,y), for all (z,y) € A1 X Aa,

then, T has a unique fized point that belongs to Ay N As.

4 An Applications to the solutions of periodic boundary
value problems of first order

In this section we examine the existence and uniqueness of solutions of peri-
odic boundary value problems of first order. Although these problems have
been investigated under different conditions in [19], [20]-[2], we suggest weaker
condition for the existence and uniqueness conditions.
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We consider X = C]0,T] with the partial ordering
r3y=x(t)<y() foral ¢e€]0,T]
(20)
d(x,y) = sup{|z(t) —y(t)|,t € [0,T]}.

equipped with the metric
d(z,y) = sup{|z(t) — y(t)|.t € [0,T1}. (21)

The space (X, d, <) satisfies the condition (S). Indeed, it is obvious that
for every pair z(t),y(t) in X, we have z(t) < max{z(t),y(t)} and y(t) =<

max{z(t), y(t)}.

We shall discuss the following first order periodic boundary value problem

:L'/(t) = f(tax(t))v le [OvT]
{ 2(0) = (7). (22)
Definition 4.1. A lower solution of the problem (22) is a function z(t) €
C[0,T) fulfilling
() <
z(0) <

ft.z(t), te[0,T]
x
An upper solution the problem (22) is a function x(t) € C[0,T] x R satisfying
f
x

(23)

(
> f(tx(t), te[0,T]
>

(24)

Note that the problem (22) can be written as

)+ dx(t) = f(t,z@)+ A x(t), tel[0,T) (25)
x(0) = «((T).
This problem is equivalent to the integral equation
T
z(t) = / G(t,3)[f (s, z(s) + \x(s)]ds, (26)
0
where G(t, s) is the Green function defined by
6)\(T+sft)
Gts)={ S (27)

Now, we state a theorem for the existence and uniqueness of a solution of the
problem (23).
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Theorem 4.1. We take the periodic boundary value problem (22) into ac-
count. Suppose that f is continuous and that there exists X > 0 such that for
all z,y € C[0,T] satisfying x <y, the following condition holds:

0 < f(t () + Ay(t) — f(t,2(t) — Az(t) < P((y — ), (28)

for some ¢ € ¥, X € [0,00), such that 0 < (u) < u < A, for all u € RT. If
the problem (22) has a lower solution, then it has a unique solution.

Proof. We set the map F : C[0,7] — R as follows

T
Falt) = [ G5 (s,0(s) + Aa(s)ds, (29)
0
where G(t, s) is the Green function given in (27). Then the solution of the

problem (22) is the fixed point of F. Suppose that < y are functions in
C[0,T] x R satisfying (28). Furthermore, since f fulfills (28), we get

T
Fa(t) = / G(t, 5)[f(s, 2(s)) + Aa(s)|ds
O (30)
< [ G s + uls)lds = Py

that is, F' is nondecreasing. Let us examine

T
d(Fy, Fz) = Sup/o G(t,5)[f(s,y(s)) + Ay(s) = f(s,2(s)) — Ax(s)]ds

< sup foT G(t,s)Y(|y(s) — z(s)|)ds
< P(d(x,y)) [y G(t,s)ds = w(d(;”vy» < w(E(Awyy))

where E(x,y) = d(z,y) + |d(z, Tx) — d(y, Ty)|. By selecting A in a way that
0 < ¥(E(z,y)) < A we conclude that the nondecreasing map F fulfills the
condition (19) of Corollary 3.5. As a next step, we shall indicate that g < Fxq
for some zo € X. Since the problem (22) has a lower solution, then, there
exists £o € X provides (23). Hence, we get that

zo(t) + Azo(t) < f(t,2o(t)) + Azo(t), t€[0,T]

£0) < no(T). (31)

Multiplying both sides by e and then integrating from 0 to ¢ we derive

zo(t)eM < 20(0) —|—/0 e zo(s) 4 f(s,z0(s))]ds. (32)
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By using the inequality x0(0) < 20(T) we get
T
20(0)eM < zo(T)er < 2(0) +/ e*zo(s) + f(s,z0(s))]ds,
0
or equivalently,

T eAs
20(0) < [ gl + Fls. (o)l (33)

Combining (32) and (33) we get

IN

T A(s—t)
2o(t) | S=leots) + fs.ao(s)las

" /ek(s_t)[a?o(S)+f(8,wo(8))]d8 (34)

0

/0 G(t, 5)[zo(s) + /(5. o(s))]ds

where G(s,t) is the Green’s function given in (28). So, we have
.To(t) S Fl‘o(t)

for the lower solution xo(t) of (22). Then, by the Corollary 3.5 the map F
has a unique fixed point. Accordingly, the boundary value problem (22) has
a unique solution. O

Example 4.1. Let X = C|0, 1] with a partial order x <y and a metric
d(x,y) = sup{l(t) —y(t)|, ¢ € [0,1]}.
Consider the BVP

{ 2'(t) = —a?e'+1, te]0,1]
z(0) = x(1).

For this specific example the function
flt,x) = —z?e' 4o +1
fulfils the condition

0 < f{t,y(®) + Ay(t) — f(£,2(2) — Ae(t) < k(y(t) — (1))
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for all 0 < x <y. Indeed,

fty@) +Myt) — f(t,x(t)) — dx(t) = —y?et + 14+ Ay — (=%t +1) — Iz
=A=(y+2)(y—2)
<[A=M](y — =)
<Yy — =)

for (t) = (A = M)t, where M = Hféri]{(x +y)e'}. Observe that xo(t) = 0 is
telo,
a lower solution of the BVP. Clearly,

zh(t) =0 < —a?el +1,t €[0,1],

and
20(0) = 0 = zo(1).

By the Theorem 4.1, the BVP has a unique solution.
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