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On some Properties of Tribonacci Quaternions
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Abstract

In this paper, we give some properties of the Tribonacci and Tribonacci-
Lucas quaternions and obtain some identities for them.

1 Introduction

Quaternions are fundamental objects of various parts of mathematics. They
have applications in both theoretical and applied mathematics such as group
theory, computer science and even also physics, see [4, 14, 16]. Let H be the
real division quaternion algebra. A natural basis of this algebra is formed by
the elements 1, i, j, k where i2 = j2 = k? = ijk = —1. So all quaternions are
of the form

q = ag + ia1 + jaz + kas,

where the coefficients a,,, 0 < n < 3 are all real. The multiplication table for
the basis of H is

Lol i [ K]
11| i| j| k
i1 -1] k| 5
Jl3T=x[-1] i
k| k| | 1| -1

Every ¢ € H can be simply written as ¢ = Re(q)+Im(q), where Re(q) = ag and
Im(q) = iaq + jas + kas are called the real and imaginary parts, respectively.
The conjugate of the real quaternion ¢ is the quaternion denoted by ¢*, and

¢ = Re(q) — Im(q).
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This operation satisfies
@) = (a+a) =a+a6 ((e) =aan
for all g1, g2 € H. Also, any quaternion ¢ € H can be written as
q=q +jae,
where g1, g2 € C. The addition and multiplication of any two quaternions,
4=q +jed =d + o,

are defined by
g+d =(@a+a)+ile2+a)

and
qq' = [nqy — (65)" @] +3l(62)" a7 + @5a1)-

The norm of the quaternion ¢ is defined by
N(q) = qq.

Thus the inverse of a nonzero quaternion ¢ is given by

=
N(q)
For all p,q € H, we have
N(pg) = N(p)N(q),
(pg)" = ¢ 'ph

There are various types of quaternion sequences which are determined by their
components taken from different types of sequences and they have been studied
by many researchers. One of the well-known sequence is given by see [6]. In [6],
Horadam defined the n'* Fibonacci and Lucas quaternions as the quaternions
whose components are Fibonacci and Lucas numbers respectively. After that
several authors were interested in these structures and obtained some results,
see [5, 7,9, 10, 11, 13, 15]. Recently Cerda-Morales considered the generalized
Tribonacci sequence {V,}, - defined by

V=71V 1+sV, o+tV,_3, n>3

where 7, s,t are real numbers and Vy = a, V} = b, Vo = c are arbitrary integers,
see [1]. Forr=s=t=1and Vp =0, V4 =1, Vo = 1, the sequence {V,.}, 5,
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is the well-known Tribonacci sequence denoted by {71}, see [2, 3, 12]. For
r=s=t=1and Vy =3, V3 =1, Vb = 3, we obtain the Tribonacci-Lucas
sequence {Kp},, see [17]. The first few Tribonacci numbers and Tribonacci
Lucas numbers are given in the following table.

n|0[1[2|3| 4| 5] 6| 7 8 9] 10| 11 12 13
T,10[1 |12 4| 7|13|24| 44| 81 |149 | 274 | 504 | 927
Ky |3]1]3|7|11]21]39]|71| 131|241 |443 | 815 | 1499 | 2757

The function

f(x) =ap+ a1+ ax® + -+ apa™ + -
is called the generating function for the sequence {ag, a1, as,...}. The gener-
ating functions of the Tribonacci sequence {7}, and the Tribonacci-Lucas
sequence {K,}, are

T

f(l') - 1—.7}—.’172—.’1737
— 9 — 2

hz) = 3 T —x

1—2—a2— a3

respectively. The Binet formulas of 7,, and K,, are given as

_ a1 gt et
T, = (a_ﬂ)(a_7)+(B—a)(ﬁ—’}/)—’—(’y—a)(’y—ﬂ)’ (1.1)
Kn = o" +ﬁn +’7n,

respectively, where

14+ /19 +3v33 4+ v/19 — 3v/33

3
5 = 1+wv/19 4+ 3v/33 + w? V19 — 3v/33
B 3
14+ w? V194 3v33 + w19 — 3v/33 (w7—1+z‘\/§)
o= 3 ’ - 2 ’
see [17].

In [1], we see a new type of quaternion whose coefficients are generalized
Tribonacci numbers as follows,

Qv,n - Vn + Vn+1i + Vn+2j + Vn+3ka n Z 0.

In this paper, we are interested in the quaternions with Tribonacci number and
Tribonacci-Lucas number components denoted by @, and @Q,, respectively.
We give some properties of these quaternions and obtain some identities for
them.
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2 Quaternions with Tribonacci Number Components

For n > 0, the n'® Tribonacci quaternion @Q,, and n*®

nion Q,, are defined by

Tribonacci-Lucas quater-

Qn =T, + iTn—I—l +an+2 + an+3

and

Qn = Kn + iKn—i—l +an+2 + kKn+3
where T, and K,, are the n'" Tribonacci and Tribonacci-Lucas numbers, re-
spectively.
Note that for n > 0,

Qn+3 = Qn+2 + Qn+1 + Qna

and ~ ~ ~ ~
Q7z+3 = Qn+2 + Q7L+1 + Qn-
The conjugate of the Tribonacci quaternion @, is denoted by @7 and

Q:L = Tn - iTn+1 _an+2 - an-i—?n

and the conjugate of the Tribonacci-Lucas quaternion Qn is denoted by Q;
and R
Q* =K, — iKn+1 _an+2 - kKn+3~

n

Let f(x) be a series in powers of z. Then by the symbol [2"]f(z) we will mean
the coefficient of 2™ in the series f(x). Hence the norm of the quaternion @,
is

3
Z 2 [ 2(3 + bx + 4a? — 223 — 2t — 2P)

T (1-383z—22—2%)(1+a+a22—2a3)

i=0
Forn > 2,let A, =T_, and B,, = K_,,. Then Tribonacci and Tribonacci-
Lucas sequences with negative indices are defined by the following equations
(see [17]):
Ap = “Ap 1 —Ap o+ An3; Aa=1, Ag=A4,=0,
Bn = _anl - Bn72 + an?, ] B,l = 1, Bo = 3, Bl = —1.

Hence we can give the following definition.

Definition 1. The Tribonacci and Tribonacci-Lucas quaternions with negative
subscripts are defined by

Q—n = A, + iAn—l +jAn—2 + kAn—?n
Q-n = Bn+iB, 1 +jBy_2+kB, 3.
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The generating function and Binet formula for generalized Tribonacci quater-
nions are given in [1]. For the completeness of the paper, we give the generating
function and Binet formula for the Tribonacci quaternions.

Theorem 1. The generating function for the Tribonacci quaternion @, is

r+i+jl+2+2%) +k(2+ 22 +2?)
1l—az—a22—2a3

G(z) =

Proof. Let
G(x) = Qo+ Quz+ Qoa® + - + Qua” + - -
be the generating function of the Tribonacci quaternion @,,. Since the orders

of Qn_1, Qn_2 and Q,_3 are 1, 2 and 3 less than the order of @Q,,, respectively,
find G (), 22G (r) and 23G(x) :

G (z) = Qor+Qia® +Qur®+ -+ Qugz™ + -,
2’G () = Qor’+ Q12° + Qoz’ + -+ Quooz™ + -,
$3G (ZL’) = QOxS + Q1£L'4 + Q2$5 + -4 Qniggpn 4o
Thus
Clz) = Qo + x(Q1 I?o)j 5522(_6223— Q1 — Qo),
X X X
and so o R ,
G(x):$+1+,l(1+x+a:)+ (24 a:+x).

1—z—22—2a3
O

Theorem 2. The Binet formulas for the Tribonacci and Tribonacci-Lucas
quaternions are given by

an+1 Bn—&-l ,yn+1
B )T ) Sl [ R S e
Qn = ang + /Bné + an

where o = 1—|—ia+ja2+ka3,ﬁ: 1+if+jp2+kp53 and y = 1+iy+jy2+ky3.

Proof. Using the Binet formulee for T, and K, given in (1.1) and the definition
of @, and @,, we obtain the Binet formulea for Q,, and @,, as follows,

an+1 ﬁ’n+1 py’l’H*l
A P Y N e AL Aoy g
Qn = a"a+B"B+".
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3 Some Identities on Tribonacci Quaternions
3.1 Identities 1.
Q2 = 2T,Qn — QuQ5,
Qn + Qp, = 2T,
Qn = Qn +2Qn_1+3Qn_2.

3.2 Identities 2.

Qm+n = QmKn - menCn + Qm72n7
Qm—‘rn = QmKn - Qm—ncn + QQn_m,7
where
C, = anﬂn + an,_yn +6n,yn
and

anfm = Canm + iCanmfl +j02n7m72 + kC2n7m73~

Another identity can be given as

Qn+2m = Kan+m - K—an + Qn—2m~

3.3 Identity 3.

For n > 0, m > 3 we have
Qner = m72Qn + (Tm73 + Tm72)Qn+1 + Tmlen+2~

3.4 Identities 4.

Let §n = Y Q. Then we have
k=0

and for n > 0, m > 5 we have

Sn+m = _Sm—3S7z, - Sm—4sn+1 - Sm—5Sn+2 + Sm—2Sn+37

where S, = > T.
k=0
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3.5 Identity 5.

(QnQnia)® + (2(Qni1 + Qni2)Qnis)® = (QF +2(Qni1 + Quiz)Qnis)™

3.6 Identities 6.

Let
R, = 31441 —T, forn>0,
R, = R,+ iRpt1 +jRny2 + kRyi3
and
Uy = Th1+Th—2; Ug=U; =0forn=>2
Uo = Un+iUns1+jUnt2 + kUngs.

Then we have

Rn+3 == Rn+2 + Rn+1 + Rn

and R 3 ~ }
UnJrS = Un+2 + Un+1 + Un

We also obtain the following identities:
Q2 - Q% =Up1U,_y for n>2,
Ui +Up 1 =2(Qp_ + Q) forn > 2.

3.7 Identities 7.

Now we will give some identities about the finite sums of various quaternions
that we obtained.

- Qni2+Qn+Qo— Q2
Qk = ;
2 2
_ Q2ant1 + Q2n — (1 +j+2k)

Q2/€ 2 ’

k=0
- _ Qango + Qopyr — (i42j + 3k)
Z Q2k+1 - 2 )
k=0
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n 3n—1
Qe = D Qe+ Qo
k=0 k=0
Q3ny2 — Q3n — (1 —i+j+k)

2 )

- _ Quny2 +Qun — (1 —i+j+k)
> Qur = 1
k=0

We also have
n

Up = Qni1 — (L+i+j+2k),
k=0

> Qn=20n10+ U, — (3+4i+7j+14k),
k=1

n

Unyz + Unpr — (1 41+ 3j + 5k)
2 )

Qr =

k=0

z": Ao 3Unis + 20040 — Unpy — (2 + 8i 4 12§ + 22k)
L =

2 )
k=0
> Usk = Qan — 1,
k=0
> Usip1 = Qanyr — (1+k).
k=0
4 Proofs

In order to keep this paper within reasonable length, we restricted ourselves
to a short selection. Thus we prove some identities using the Binet formulese
and mathematical induction. The other identities can be shown similarly.
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4.1 Proof of the Identities 1:

We will give the proof of identity
We have

=T -T2 — T2 —To g+ 20T, D1 + i1 Tt + KT, Ty 3).

n

On the other hand since
QnQ* T2 + T2+1 + T2+2 + Tn+3

and
2T, Qn = 2T2 + 2(T, Tpy1 + §T0 Tpyo + KT, Thy3),

we get the result.
Now we will prove the identity

Qn = Qn + 2Qn71 + 3Qn72~
The Binet formula of the Tribonacci quaternion is given as

an—i— 1 Bn-i-l ,yn-&-l

1R et [ ( Ry LAl v vy .

Qn:

Then we have

B ot gt At
Qn+2Qn—1+3Qn—2 = [( a2 T FaE Lt Grae- aﬂ}

[ 'Y
+2 {(Q*B)(Q*V)Q—F w—a)(va)BJf =)

)1}

=72

+3[<a Eet T8t

o=

(

"1 42a" 430"t B”“+2B”+3ﬂ" !

= | o | S 8

|:’Yn+1+2’yn+3,ynfl:|
—a-p |2

_ n a?+2a+3 n B%+28+3
= a [a(a—ﬁ)(a—w)}ngﬂ {B(B—a)(ﬂ—v)}é

n 'y2+2'y+3 :|
At [v(vfa)(wfﬁ) J
= Qn.
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4.2 Proof of the Identities 2:
It is known that the Tribonacci numbers and Tribonacci-Lucas numbers satisfy
the equalities,

Tm+n - TmKn - Tm—ncn + Tm—2n7

Km+n - KmKn - Kmfncn + Canmu

see [17]. Then we have

Qmin = Tmtn +iTnmint1 +Tmgn+2 + Klmtnts

= (TmKn—Tm-nCn+ Tm_on)
Hi(Ts1 Ky — Tin1-nCrn + Tint1-2n)
+i(Trmi2Kn — Tina2—nChn + Tinta—2n)
+k(Trn+3Kn — Tint3—nCrn + Tinta—2n)

= (T +1Tms1 +Tmv2 + kToni3) K —
(Ton—n + 1T —ns1 + §Tm—nt2 + KT —ny3)Cr
+(Tm—2n + iTm—2n41 + JTm—2n42 + Kl _2n43)

= QmK,—Qm_nCh+ Qum_on-

For all n and m, Tribonacci and Tribonacci-Lucas sequences also satisfy
the following equality,

Thiom = K Tnem — K- Th + Th_om,
see [8]. Similarly we obtain the identity

Qntom = KnQnim — KomQn + Qn_om.
4.3 Proof of the Identity 3:
For m = 3, we have

Qn+3 = Qn + Qn+1 + Qn+2
= TQn+ (To +T1)Qni1 + T2Qnyo.
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Suppose that the equality holds for all m < k. For m = k 4+ 1, we have

Qnikr1 = Qnik+Qnik—1+ Quyk—2

= T oQn+ (Th-3+Th2)Qni1 + T 1Qni2 +Th3Qn
F(Th—a + Ti—3)Qni1 + Th—2Qny2 + Th—aQn
+(Th—5 + T—4)Qni1 + T 3Qn 12

= (Th—2+Th—3+Tp-a)Qn +
(Th—3+Tho+Tha+Th3+Ths5+Tra)Qns1
F(Tp1 + T + Th—3)Qn2

= T 1Qn+ (Th—2 +Ti—1)Qnt1 + TrQnio.

By induction on m, we get the result.

4.4 Proof of the Identities 4:

Since

w
\

Qo+CQ1+-+Qn
= QO+Q1+"'+Qn—4+Qn—3+Qn—2+Qn—1+Qn
= §n—4+Qn+Qn

~

= Sn74 + QQna

we obtain that
11~ ~
Qn = 5 |:Sn - Sn74:| .

For the other identity the proof will be done by induction on n and m. First
we will prove the identity

§n+5 = _2§n - §n+1 + 4§n+3
For n = 0, we have

S5 = Qo+Q1+Q2+Q3+Qs+Q5

Qo+ Q1+ Q2+ Q3+ (Q1+ Q2+ Q3) + (Q2 + Q3+ Q4)

Qo+ Q1+ Q2+ Q3+ (Q1+Q2+Q3)+ (Q2+ Q3+ Q1+ Q2+ Q3)
Qo +3Q1 +4Q2 +4Q3

= —2Q0—Qo— Q1 +4(Qo+ Q1+ Q2+ Q3)

= —28,— S +48;.
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Suppose the equality holds for n = k, that is,

§k+5 = 28, — §k+1 + 4§k+3-

For n =k + 1, we have

Sk+6

= Siis+ Qiis

—28), — Sjr1 4 4S5 + Qrre

—28k — Skt + 413 + (Quts + Quga + Qris)
= 25, — Spi1 + 454

+H(Qk+4 — Qrt2 — Q1 + Qrya + Qrta — Qri2 — Qry1 + Qrta)
= 2511 — Spio + 45414,

So the equality holds for all n > 0.

For m = 5, we have

~

Snis = —2S5n41 — Skyo+ 4514
= =55, — 51541 — SoSny2 + S3Sn43.

Suppose the equality holds for m = r, that is

§n+r = _Sr73§n - Sr74§n+1 - Sr75§n+2 + S’l“72§’ﬂ+3'

Form=r+1,

~ ~

Sntr41 = Satr + Qnirt1
= —S,-38, = Sr—4Sni1 — Sr_55nt2 + Sr—25,13
+H(Qntr—2 + Qnir—1 + Qnir)
= —S,-28, = S—35u41 — Sr—4Sni2 + Sr—1S4a.

By induction on m, we get the result.

4.5 Proof of the Identity 5:
We have

Q2 = (Quis — (Qui1 + Qni2))?
= QFi3+ (Qni1+ Qui2)® — 2(Qni1 + Qny2)Qnass

and this gives

Qp +2(Qns1 + Qni2)Qnrs = Qs+ (Quat + Qua2)’.
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Thus
(@ +2(Qni1 + @ni2)Qni3)’ = Qniz+ (Quit + Qui2)?
+2((Qn+1 + Qn+2)Qn+3)2
= (Qhis— (Quy1 + Qni2)?)?
+(2(Qn+1 + Qn+2)Qn+3)2'
Here

(@215 — (Qui1 + Qni2)®)? = (Quis — (Qni1 + Qni2))?

+(Qnis + (Qni1 + Qni2))?
2 12

Qn n+4-

Substituting this gives the result.

4.6 Proof of the Identity 6:

For n > 2, we have

Q2 — Q1= (Qn+Qu-1)(Qn—Qn-1)
= [(Tn+Tho1) +i(Tog1 +Tn) +3(Tng2 + Tog1) + K(Thgs + Trga)]
X[(Th = To—1) +i(Tns1 — Tn) + 3Tz — Totr) + k(Tnys — Thg2)]
= [(Th+Th1) +i(Togr + 1) +§(Togz + Toyr) + kK(Toys + Tog2)]
X[(Tp—o+Tp_3) +i(Th_1+ Tn2) + (T + Tpn_1) + k(Tpy1 + Tp)]

= Un+1Un71~

4.7 Proof of the Identities 7:

We will show the identity

S _Qn+2+Qn+QO_Q2
];)Qk— 5 :

The others can be done similarly. The proof can be done by induction on n.

For n = 0 we have
Q2+ Qo+ Qo — Q2
0= 2 .
So equality holds for n = 0. Assume it is true for n = m, that is,

m

2: Qm+2+Qm+QO_Q2
Q = .
k=0 '

2
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For n = m + 1, we have

m—+1 m

Z Qr = ZQk + Qm1-
k=0 k

=0

By induction hypothesis we can write

S Qkt Quit = Qmy2 Q2 Qo — Q2 + O
k=0
_ Qmi2 + Qm + Qo — Q2 +2Q 11
2
_ Qmi2+ Qmit + Qm + Qmir + Qo — Qo
2
_ Qmi3+ Qmi1 + Qo — Q2
5 .
Hence we obtain that
1
& _ Qmiz+ Quyr + Qo — Q2
Z Qr = 5 :
k=0

This shows that equality holds for all n > 0.

5 An Isomorphism on the Tribonacci Quaternions

We consider the Tribonacci and Tribonacci-Lucas quaternions. These quater-
nions can be written as

Q. = T,+A4A
Q. = K,+B
where A =Im(Q,) and B = Im(Qn). Let
OM = {Qy, : Q,, is the n'® Tribonacci quaternion}

and M is the set of 2 x 2 matrices with entries from C of the form:

M:{X,L:an [Z Zw] ;z,weC}.

w

Then each matrix can be decomposed into a vector space representation with
four basis elements. Let ® be the following map:
 : MM

_ Tn +iTn+1 —4dn42 — iTnJrS
On = Xn= [TM ST,y Ta—iTey |
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Then it can be easily show that ® is an isomorphism. Thus we can write

Xn == TnE + Tn+1I + Tn+2J + Tn+3K

10 i 0 0 -1 0 —i
ot R e R s Rt P

Since det(X,,) # 0, X,, is an invertible matrix and its inverse is in M.

where
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