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Abstract

This paper is a continuation of our work on hypernear-rings with a
defect of distributivity D. In particular, here we introduce and study
a new subclass of hypernear-rings, called D-division hypernear-rings,
establishing a necessary and sufficient condition such that a hypernear-
ring with the defect D is a D-division hypernear-ring. Several properties
and examples of these two subclasses of hypernear-rings are presented

and discussed.

1 Introduction

Canonical hypergroups have been introduced as the additive structures of
Krasner hyperrings [17], that have also a multiplicative part-a semigroup-
that distributes (from both sides) over the hyperaddition. Mittas [22, 23] was
the first one having the idea to study them separately, as independent hyper-
groups, opening a new theory, developed later on by Corsini [3], Roth [28],
Massouros [21], etc. Non commutative canonical hypergroups, called qua-
sicanonical hypergroups by Bonansinga [1], and later on by Massouros [20],
and polygroups by Comer [2], have been studied in parallel by the aforemen-
tioned researchers (and not only by them) as independent hyperstructures,
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and used later on as the additive structures of a new type of ring-like hyper-
structures. An overview of the theory of polygroups is covered by Davvaz’s
book [8]. Concretely, Dagi¢ [7] defined hypernear-rings, as a natural gener-
alisation of near-rings, endowing a quasicanonical hypergroup (R,+) with a
multiplication, being distributive with respect to the hyperaddition on the
left side, and such that (R,-) is a semigroup with a bilaterally absorbing el-
ement. Based on the similar terminology of near-rings, Gontineac [11] called
this hypernear-ring a zero-symmetric one. In the same period, the theory of
hyperrings enriched itself with different types of hyperrings, having only one
or both between addition and multiplication as hyperoperation (for example:
additive hyperring [29], multiplicative hyperring [27], superring [22], hyperring
in the general case [4, 29]), or substituting the distributivity with the weak
distributivity [29] (when the equality is replaced by non void intersection be-
tween the left and right side), or with the inclusive distributivity [12, 16] (when
the equality symbol is substituted by the inclusion one). A detailed discussion
of this terminology is included in [13, 14, 24]. Even if the term ”inclusive
distributivity” is the most appropriate one for defining this property, it was
used only in few papers, while ” the weak distributivity” was preferred for the
same type of distributivity. Here we keep the initial notation, saying that the
multiplication is inclusive distributive with respect to the hyperaddition from
the left side, if, for any three elements z,y, z, it holds: z-(y+2) Cx-y+z-z.
In this paper, as in our previous one [14], by a hypernear-ring (R, +,-) we
mean a quasicanonical hypergroup (R, +) endowed also with a multiplication,
such that (R,-) is a semigroup with a bilaterally absorbing element, and the
multiplication is inclusive distributive with respect to the hyperaddition on
the left side. If the distributivity holds, i.e. for any theree elelments x,y, z,
we have - (y + 2) = x -y + = - z, then we call the hypernear-ring a strongly
distributive hypernear-ring. If the additive structure is a hypergroup and all
the other properties related to the multiplication are conserved, we obtain a
general hypernear-ring [15].

The authors have recently started [14] the study of hypernear-rings R with
a defect of distributivity D, where D is the normal subhypergroup of the
additive structure (R, +) generated by the elements d € —(x-s+y-s)+(z+y)-s,
with z,y € R, while s € S, where (S,-) is a multiplicative subsemigroup of
the semigroup (R, -) whose elements generate (R, +). In the present paper we
continue in the same direction, introducing the class of D-division hypernear-
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rings as a subclass of hypernear-rings with a defect D, and that one of division
hypernear-rings. Another aim of the paper is to state a necessary and sufficient
condition under which a hypernear-ring with a defect of distributivity D is a
D-division hypernear-ring. A similar condition holds for near-rings, known
as the Ligh’s theorem for near-rings [18], and it can be also obtained as a
consequence of our more general result on hypernear-rings, as we show in the

last result of this paper.

2 Preliminaries

The first part of this section gathers together the main properties of division
near-rings, most of them presented in Ligh’s papers [18, 19]. The theory of
hypernear-rings with a defect of distributivity is briefly recalled in the second
part of this section, using the authors’ paper [14].

2.1 Division near-rings

Division near-rings were first considered by Dickson [9]. Let (R, +,-) be a left
near-ring, i.e. (R,+) is a group (not necessarily commutative) with the unit
element 0, (R,-) is a semigroup and the left distributivity holds: z - (y + 2) =
x-y—+x-z, for any z,y,z € R. It is clear that -0 = 0, for any x € R, while it
might exist y € R such that 0.y # 0. If 0 is a bilaterally absorbing element,
that is 0-x = -0 =0, for any « € R, then R is called a zero-symmetric near-
ring. In particular, if (R, +,-) is a left near-ring that contains a multiplicative
semigroup S, whose elements generate (R, +) and satisfy (z+y)-s = z-s+y-s,
for all z,y € R and s € S, then we say that R is a distributively generated
near-ring (d.g. near-ring). Regarding the classical example of a near-ring,
that one represented by the set of the functions from an additive group G into
itself with the pointwise addition and the natural composition of functions, if
S is the multiplicative semigroup of the endomorphisms of G and R’ is the
subnear-ring generated by S, then R’ is a d.g. near-ring. Other examples of
d.g. near-rings may be found in [10]. A near-ring containing more than one
element is called a division near-ring, if the set R\ {0} is a multiplicative
group [18]. Several examples of division near-rings are given in [10]. It is well
known that every division ring is a division near-ring, while there are division
near-rings which are not division rings. The main core of Ligh’s paper [18] is
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to show that three fundamental theorems in ring theory can be generalised to
d.g. near-rings, while they do not hold for arbitrary near-rings, and they are
recalled here below.

1. If e is a unique left identity of a ring, then it is also a right identity.

2. If R is a ring with more than one element such that a - R = R, for all
nonzero element a € R, then R is a division ring.

3. A ring R with identity e # 0 is a division ring if and only if it has no
proper right ideals.

Lemma 2.1. [18] If R is a d.g. near-ring, then 0-x =0, for all x € R.

Theorem 2.2. [18] A necessary and sufficient condition for a d.g. near-ring
with more than one element to be division ring is that for all non-zero elements
a € R, it holdsa-R=R.

Based on these two results, we can slightly ease the above condition.

Lemma 2.3. If R is a d.g. mnear-ring with more than one element, then
a-R =R, for alla € R\ {0}, if and only if a- (R\ {0}) = R\ {0}, for all
a € R\ {0}.

Proof. Obviously, a - (R \ {0}) = R\ {0}, for all « € R\ {0} implies that
a-R =R, for all a € R\ {0}. Suppose now that we have a - R = R, for all
a € R\ {0}. First we prove that a € a- (R\ {0}) C R\ {0}, for a # 0. If there
exist a # 0, b # 0 such that a - b = 0, then sincea- R =R and b- R = R it
follows that there exist x,y € R such that a = a -z and z = b - y. Therefore,
by Lemma 2.1, we have 0 =0-y = a-b-y = a-x = a, which is a contradiction.
Thus a € a- (R\ {0}) € R\ {0}. Obviously, R\ {0} C a- R = R and since
a-0 = 0 it follows that R\ {0} C a-(R\{0}). Therefore, a-(R\{0}) = R\ {0},
for all a € R\ {0}. O

Another example of division ring is given by the following result.
Lemma 2.4. FEvery d.g. division near-ring R is a division ring.

Proof. By Theorem 2.2 [18], the additive group (R, +) of a division near-ring
is abelian. From the proof of Theorem 3.4 [18] we know that every element
of R is right distributive, i.e. (x +y)-z2=x-2+y- 2z, for all x,y,2 € R.
Thereby, if R is d.g. near-ring, then R is a division near-ring if and only if R
is a division ring. O
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2.2 Hypernear-rings with a defect of distributivity

Keeping the terminology from our previous paper [14], by a hypernear-ring we
mean an algebraic system (R, +, ), where R is a non-empty set endowed with
a hyperoperation ”+” : Rx R — P*(R), and an operation”-” : RxR — R,
satisfying the following axioms:

I) (R,+) is a quasicanonical hypergroup, i.e. it satisfies the following ax-
ioms:
i) x4+ (y+2)=(zr+y)+ 2, for any z,y,2 € R;
ii) there exists 0 € R such that, for any z € R, z + 0 =0+ 2 = {z};

iii) for any # € R, there exists a unique element —x € R, such that
0Oex+ (—z)N(—x)+ z;
iv) for any z,y, 2 € R, 2 € x+y implies that z € 2+(—y), y € (—z)+=.

IT) (R,-) is a semigroup endowed with a two-sided absorbing element 0, i.e.
foranyx € R, x-0=0-2 =0.

III) The operation ” -” is inclusive distributive with respect to the hyperop-
eration ” 47 from the left side: for any z,y,2 € R, z-(y+2) Cz-y+z-z.

If in axiom I17) the equality holds, then we get a strongly distributive hypernear-
ring, called simply by Dasi¢’ [5] a hypernear-ring and by Gontineac [11] a
zero-symmetric hypernear-ring.

Lemma 2.5. Let (R,+,+) be a hypernear-ring. For any x,y € R, the following
identities are fullfilled:

i) =(@+y) = (=y) + (=)
i)y (—z)=—(y-z).
Definition 2.6. [11, 20] Let (R, +, ) be a hypernear-ring.

i) A subhypergroup A of the hypergroup (R, +) is called a normal subhy-
pergroup if, for all z € R, it holds: x + A — x C A.

ii) A normal subhypergroup A of the hypergroup (R,+) is called a left
hyperideal of R, if x-a € A, for all x € R,a € A.
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ili) A normal subhypergroup A of the hypergroup (R,+) is called a right
hyperideal of Rif (x + A)-y—a-y C A, for all z,y € R.

iv) If Ais aleft and a right hyperideal of R, i.e. if [(x4+A)-y—x-y]Uz-A C A,
for all z,y, z € R, then we say that A is a hyperideal of R.

Remark 2.7. i) If A is a normal subhypergroup of R, then A = 2+ A —x,
or equivalently x + A = A + x, for any x € R.

ii) It can be easily verified that the condition (z + A) -y —z -y C A in the
previous definition is equivalent to the condition —(z-y)+(z+A4)-y C A,
for any z,y € R.

Definition 2.8. [14] Let (R, +, ) be a hypernear-ring. If (.5, -) is a multiplica-
tive subsemigroup of the semigroup (R, -) such that the elements of S generate
(R,+), i.e. for every r € R there exists a finite sum ) ., £s;, where s; € S,
for any i € {1,2,...,n}, such that » € " | +s;, then we say that S is a set
of generators of the hypernear-ring R.

The hypernear-ring R with the set of generators S will be denoted by
(R, S).

Example 2.9. [14] Defining on the set R = {0,1,2,3,4,5,6} the hyperaddi-
tion and the multiplication by the following tables

+ o0 1 2 3 4 5 6
0 | o 1 2 3 4 5 6
1|1 2 3 4 5 {0,6} 1
2 | 2 3 4 5 {0,6} 1 2
3 | 3 4 5 {0,6} 1 2 3
4 | 4 5 {0,6} 1 2 3 4
5 | 5 {0,6} 1 2 3 4 5
6 | 6 1 2 3 4 5 0
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0 1 2 3 4 5 6
0 0 0 0 0 0 0 0
1 0 5 4 3 2 1 0
2 0 1 2 3 4 5 0
3 0 0 0 0 0 0 0
4 0 5 4 3 2 1 0
5 0 1 2 3 4 5 0
6 0 0 0 0 0 0 0

one obtains a hypernear-ring. It is simple to check that S = {0,2,3} is a
system of generators of the hypergroup (R, +).

Now we present another example of hypernear-ring, that later on in this
paper we will refer to.

Proposition 2.10. Let (H,+) be a quasicanonical hypergroup and To(H) =
{f: H— H| f(0) = 0}. Define on To(H) the hyperaddition &1 and the

multiplication ©1 as follows:

ferg={heT,(H) hz) € f(z)+g(x),Vz € H}
forg=g(f(x)),Vr e H.

The structure (To(H), &1, Or) s a hypernear-ring.

Proof. Let f,g € To(H). We prove that there exists h € Ty(H) such that
h(z) € f(z) + g(z), for all z € H. Let x € H. Since f(z) + g(z) # 0,
we can choose h, € f(x) + g(z) and we define h(x) = h,. Obviously, hy €
f(0) + g(0) = {0}, i.e. A(0) = 0. Now we prove that the hyperoperation &
is associative. Let f,g,h € To(H). Set L = (f ®&r g) ®r h = {h” | Vz €
H, W (z) € W(z) + h(zx) AR (2) € f(z) +g(x)} and D = f @ (9 Br h) =
{f" |Vz € H, " (z) € f(z)+ f'(x) A f'(z) € g(xz) + h(x)}. Thus, if i’ € L,
then A7 (z) € (f(z) + g(z)) + h(z) = f(z) + (g(x) + h(z)). It means that,
for any € H, there exists a, € g(z) + h(x) such that h”(z) € f(z) + a,.
Let us define f'(x) = a;. Then f' € g ®r h and for all x € H, it holds
R’ (x) € f(x)+ f'(x). Therefore, h” € D. So L C D. Similarly, one gets
D C L. Let § : H— H be defined by §(z) = 0, for all z € H. Then, for any
fe€To(H) it holds f+6 =0+ f = {f}. Moreover, if f € To(H), then the map
—f+ H — H defined by (—f)(x) = —(f(z)) is the unique element in To(H)
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such that 6 € f+(—f)N(=f)+ f. Indeed, if 6 € (f+g)N(g+ f), then, for all
xe H,0e (f(z)+gx)N(g9x)+ f(x)), ie g(xz) = (—f)(x). Besides, for all
f,9,h € To(H), f € g+h implies that, for all z € H, it holds f(z) € g(z)+h(z)
and thereby g(x) € f(z)+ (—h(z)), i.e. g € f + (—h). Similarly, one gets h €
(=f)+g. From all above mentioned properties, it follows that (To(H), ®r) is a
quasicanonical hypergroup. It is clear that (To(H), ®r) is a semigroup, having
¢ as a bilaterally absorbing element, since f ®rd = fod =0 =050 f =007 f.
It remains to prove that the multiplication ®r is inclusive distributive with
respect to the hyperaddition ®r. Let f,g,h € To(H). Set L = f O (9 ®r
By = {fork | kegadrh}and D= (forg)or (f Or h) = { | Vo €
H,h'(z) € g(f(x)) + h(f(x))}. Let k € gDy h. Then, for all x € H, it holds
(fork)(x) =k(f(z)) Cg(f(z))+ h(f(z)). Thus, f ©r k € D, meaning that

L C D and now the proof is complete.
O

Proposition 2.11. With the notation in Proposition 2.10, set Endy(H) =
{f:H— H|Vz,yc H, f(xr+vy) C f(z)+ f(y), f(0) =0}. Since Endo(H)
is a multiplicative semigroup of To(H), define E(H) ={f | f€ > tfi,n€
N, fi € Endy(H)}. Then E(H) is a subhypernear-ring of To(H) generated by
Endo(H).

Proof. If f,g € E(H), then, for h € f @ g, it holds h(z) € f(z) + g(x),
forallz € H. Soif fe Y +f and g € Z?Zl +f;, then, for all x € H,
it holds h(z) € ;L £fi(x) + X5, £fj(x), i.e. h € E(H). Obviously,
§ € E(H). If f € E(H), then for all z € H, it holds f(z) € Y ., +fi(z)
and then (~)(2) = ~(/()) € (S, £:(2)) = S, Ffilw). Thus, —f €
Z;:n F /i, meaning that —f € F(H).

Let f,g € E(H) such that f € 37" +f; and g € 3°7_, £f;. Note that,
for all x € H, if f; € Endy(H), then f;(—x) = —f;(z). Indeed, 0 = f;(0) €
filw+ (=) € £i(2) + fy(—2) and 0 € (=) +) C f5(—2) + f(x). Thus,
fj(—=x) = —f;(z), since the inverse element is unique in H. Now, for all z € H,

we have

(f O g)(@) = g(f(x)) € 3T £f;(f(2)) € X7y =, £fi(@)) €
C Y =T f(&fi(@) = X £ i (fil@) =
= Z;‘L:1 + Z?:l :t(f]/ Or fi) ().

So forg € 30, £(30)_, £(fjOr fi)) € E(H), since f;Or f; € Endo(H). O
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Definition 2.12. [14] Let (R, +, ) be a hypernear-ring with the set of gener-
ators S and set

Ds ={d|de—(z-s+y-s)+(z+y) sa,ycRseS}=

= U [F@-s+y-s)+@+y) sl
z,yER
seS

The normal subhypergroup D of the hypergroup (R,+) generated by Dg is
called the defect of distributivity of the hypernear-ring (R, S). Moreover, we
say that (R,S) is a hypernear-ring with the defect D.

Example 2.13. Let us continue with the hypernear-ring in Example 2.9. In
[14] we have found that its defect of distributivity is D = {0, 3,6}.

Lemma 2.14. [14] Let (R, S) be a hypernear-ring with the defect D. For all
z,y € R and s € S, it holds:

(x+y)-sCax-s+y-s+D.
Lemma 2.15. [14] If (R, S) is a hypernear-ring with the defect D, then:
1. (—x)-sC —(x-s)+ D,
2. (x—y)-sCx-s—y-s+D,
for all x,y € R and each s € S.

We conclude this section with some properties of the defect of the distribu-
tivity of a hypernear-ring.

Corollary 2.16. [14] If (R,S) is a hypernear-ring with the defect D, then:
1. R-DCD
2.D-SCD
3. D is a hyperideal of R.

Definition 2.17. [14] If (R, S) is a hypernear-ring with the defect D = {0},
then we say that (R, S) is a distributively generated hypernear-ring (by short,
d.g. hypernear-ring).
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Example 2.18. If (H,+) is a quasicanonical hypergroup such that x+(—x) =
(=z) +x = {0}, for all x € H, then the hypernear-ring E(H) in Proposition
2.11 is distributively generated by End(H).

First, we note that Endy(H) = End(H) ={f: H — H |Vx,y € H, f(z+
y) C f(z)+ f(y)}. Indeed, for f € End(H), we have f(0) C f(0) + f(0) and
thus 0 = f(0) + (=f(0)) € (f(0) + f(0) + (=£(0)), z.e. 0 € f(0)+ (f(0)+
(—(0)) = £(0) + {0} = £(0). Thus, £(0) =0.

The hypernear-ring E(H) is generated by S = End(H) and the defect of
distributivity of E(H) is D = {0}. Indeed,

Ds = U [~(fOrh+gorh)+(f+g) Orh].
f.9€E(H)

heEnd(H)
Ifl € Dg, thenl € (—p)+roh, for somep € fOrh®rgOrh andr € f+g.
So, for all x € H, it holds p(x) € h(f(z)) + h(g(z)) and r(z) € f(z) + g(z)
and I(z) € (=p)(z) + h(r(z)) = =(p(x)) + h(r(x)) S = [h(f(2)) + h(g(z))] +
h(f(x)+9(x)) = =h(g(x)) = h(f(2)) +h(f(2) +9(x)) € =h(g(z)) —h(f(z))+
h(f(x)) + h(g(x)) = {0}. Thus Dg = {0} and thereby D = {0}.

Theorem 2.19. [14] Let (R, S) be a hypernear-ring with the defect D and let
A be a hyperideal of R. Then the factor hypernear-ring (R = R/A,®,®) has
a set of generators S = {C(s) = s+ A | s € S} and the defect D = {C(d) =
d+ A|de D}.

Corollary 2.20. [14] Let (R, S) be a hypernear-ring with the defect D and
let A be a hyperideal of R. Then the factor hypernear-ring (R,S) is a d.g.
hypernear-ring if and only if D C A.

Example 2.21. Let (R,S) be a hypernear-ring with the defect D. Since D
is a hyperideal of R, it follows immediately that the factor hypernear-ring
R = R/D, having the set of generators S = {s+ D | s € S}, is distributively
generated.

3 D-division hypernear-rings

In this section, after defining the notion of D-division hypernear-ring, we inves-
tigate when a hypernear-ring with the defect D is a D-division hypernear-ring.
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Definition 3.1. Let (R, .S) be a hypernear-ring with the defect of distributiv-
ity D # R. The structure (R\ D, ) is a D-multiplicative group if the following
assertions hold.

1. The set R\ D is closed under the multiplication.

2. There exists e € R\ D such that, for each z € R\ D it holds z-e € x+ D
and e-x € x + D. A such element e is called the identity element.

3. For each « € R\ D there exists 2’ € R\ D, such that x -2’ € e+ D and
' -xee+D.

Definition 3.2. Let (R,S) be a hypernear-ring with the defect of distribu-
tivity D. We say that R is a D-division hypernear-ring (a hypernear-ring of
D-fractions) if (R\ D,-) is a D-multiplicative group.

Definition 3.3. Let (R,S) be a hypernear-ring with the defect of distribu-
tivity D. We say that (R,.S) is a hypernear-ring without D-divisors if, for all
z,y € R, x-y € D implies that x € D or y € D. Otherwise, we say that R
has D-divisors if there exist x,y € R\ D such that z -y € D.

Example 3.4. The hypernear-ring in Example 2.9 is without D-divisors.

Proposition 3.5. Let (R,S) be a hypernear-ring with the defect of distribu-
tivity D # R. Ifa- (R\ D)+ D =R\ D+ D, foralla € R\ D, then R is a

hypernear-ring without D-divisors.

Proof. Suppose there exist z,y € R\ D such that -y € D. Sincex € R\ D C
R\D+D =z-(R\ D)+ D, it follows that there exists 2’ € R\ D and d; € D
such that « € x-a’+d;. Moreover, from 2’ € R\D C R\D+D = y-(R\D)+D,
it follows that there exist ' € R\ D and dy € D such that a2’ € y -y + ds.
Therefore, z € z-(y-y'+d2)+d; C z-y-y'+2-da+dy. Since D is a hyperideal
of R, for all r,r' € R, it holds: (r+ D) 7' —r-7' C D. In particular, for r = 0
we obtain (0+ D) 7' —0-r' C D,ie. D-r'—0 C D, meaning that D-R C D.
Therefore, (z-y) -y € D asx-y € D. Besides, 2 -dy € D, as ds € D. Tt
follows that (z-y)-y'+xz-do+d; C D, i.e. x € D, which contradicts the initial
assumption. We conclude that R is a hypernear-ring without D-divisors. [

Corollary 3.6. If (R,S) is a hypernear-ring with the defect of distributivity
D # R such that a- (R\ D)+ D =R\ D+ D, for alla € R\ D, then the set
R\ D is closed under the multiplication.
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Proof. Since R is a hypernear-ring without D-divisors, it means that a,b €
R\ D implies that a-b€ R\ D. O

Theorem 3.7. Let (R,S) be a hypernear-ring with the defect D # R. A
necessary and sufficient condition for the hypernear-ring R to be a D-division
hypernear-ring is that a - (R\ D)+ D = R\ D+ D, for alla € R\ D.

Proof. Necessity. Let R\ D be a D-multiplicative group with the identity
element e. Let a € R\ D. Obviously, a- (R\ D)+ D C R\ D+ D. We prove
now the other inclusion R\ D+ D C a-(R\ D)+ D. Suppose z € R\ D.
Since R\ D is a D-multiplicative group, it follows that there exist a’ € R\ D
and d; € D such that a-a’ € e+ d;. Besides there exists do € D such
that x € e- x4+ ds C (a-a’ —dy) -« + dy. Since D is a hyperideal of R,
we have (a-a' —dy) -z — (a-a') -z C D, and therefore (a-a' — dy) - a C
((a-d—dy)-z—(a-d) 2+ (a-d) -z C D+ (a-d) -z It follows that
r€D+a-(a-2)+d2=a-(a/ )+ D Ca-(R\D)+D. We conclude that
R\DCa-(R\D)+D,ie. R\D+DCa-(R\D)+D.

Sufficiency. Let a- (R\ D)+ D = R\ D+ D, for alla € R\ D. By
Corollary 3.6, it follows that the set R\ D is closed under the multiplication.
Note that there exists s € R\ D such that s € S. To the contrary, if S C D,
then R = (S) C D, meaning that R = D, which contradicts our assumption.
Thus, let s € R\ D such that s € S. Since s € (R\D)+D =s-(R\D)+D, it
follows that there exist e € R\ D and d; € D such that s € s- e+ d;. Hence,
s-(e-s—8) C(s-e)-s—s-sC(s—dy)-s—s-s C D, since D is a hyperideal. By
Proposition 3.5, R is a hypernear-ring without D-divisors and since s € R\ D,
wegete-s—sCD. Thuse-se D+s=s+D,ie. e-s€s+D.

If x € R\ D, then

(x-e—x)-sCx-(e-s)—ax-s+DCx-(s+D)—xz-s+DC
Cax-s+ax-D—x-s+DCx-s+D—-x-s+DCD+D=D.

Since s € D, we have - e —x C D, meaning that z-e € D+ 2 = x + D.
Besides, s-(e-x—xz) C(s-e)-x—s-x C(s—dy)-x—s-x C D, since D
is a hyperideal. Again, since s € D, we obtain e - x — x C D, implying that
e-x € D+ x =x+ D. Thereby e is the identity element.

Suppose now that a € R\ D. Sincee € R\D C R\D+D =a-(R\D)+D,
then there exist @’ € R\ D and d € D such that e € a-a’ + d. Besides,
a-(a'-a—e)C (a-a')-a—a-eC (e—d)-a—(a+ D). Since D is a hyperideal of
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R, we have (e—d)-a—e-a C D,ie. (e—d)-a C D+e-a =e-a+D. Therefore,
a-(a-a—e)Ce-a+D—(a+D)=e-a+D—D—a. Besides,e-a €a+ D
and thusa-(a'-a—e)Ca+D+D—-D—-aCa+D—aCD. Since a ¢ D,
it follows that a’ - @ — e € D, meaning that a’ -a € D + e = e + D. Hence,
we have shown that R\ D is a multiplicative group, implying that (R, S) is a
D-division hypernear-ring. O

Example 3.8. Considering the hypernear-ring R in Example 2.9 and follow-
ing [14], we know that (R,+,-) is a hypernear-ring with the set of generators
S = {0,2,3} and the defect of distributivity D = {0,3,6}. It can be easily
verified that (R\ D,-) is a D-multiplicative group. Indeed, R\ D = {1,2,4,5}
18 closed under the multiplication. Moreover, e = 2 is the identity element.
Finally, one gets, for any a € R\ D, that a-a € 2+ D = {2,5}, meaning that
the inverse of each element a € R\ D is a itself. So (R,S) is a D-division
hypernear-ring.

Example 3.9. Let G = (Z4,+) the additive group of the integers modulo 4
and set R = P = GU{4}. Define on R the hyperaddition” +" as in Example
2.5. [14] (this is the general method to construct a quasicanonical hypergroup
[8]), i.e. it has the following table

+ ] o 1 2 3 4
0 | o0 1 2 3 4
1|1 2 3 {0,4}y 1
2 | 2 3 {0,4} 1 2
3 |3 {04} 1 2 3
4 | 4 1 2 3 0

and then define the multiplication by the table

S W O = O
O N O N O
O = O W oW
O O O O O

B W N~ O
o oo o o|lo

So (R,+) is a canonical hypergroup, while (R,-) is a semigroup, having 0 as
a bilaterally absorbing element. It can be verified that, for any x,y,z € R, it



DIVISION HYPERNEAR-RINGS 122

holds x- (y+z) C x-y+x -z, meaning that (R,+,-) is a hypernear-ring. Take
S = {1}. Obviously, S is a subsemigroup of (R,-) and it generates (R,+).
The set Dg in Definition 2.12 is Dg = {—(x-1+y- 1)+ (x+y) 1| z,y €
R} ={0,2,4}. The hyperoperation on Dg has the table

+ [0 2 4
0 [0 2 4
2 | 2 {04} 2
4 |4 2 0

following that Dg is a normal subhypergroup of (R,+), so Ds = D. Thereby
the hypernear-ring (R,S) has the defect D = {0,2,4}. Moreover, we can
immediately see that the multiplicative structure (R\ D, ") is a group, so R\ D
is a D-multiplicative group, i.e. (R,S) is a D-division hypernear-ring.

Definition 3.10. A hypernear-ring containing more than one element is called
a division hypernear-ring if the set of all its non-zero elements is a multiplica-
tive group.

Example 3.11. Let (R,+,-) be the hypernear-ring in Example 2.9. Taking
S = {0,2,3}, we get the defect D = {0,3,6}. Let R = R/D be the factor

hypernear-ring, i.e. R ={0= D,1 = {1,4},2 = {2,5}}, having the following
tables of the (hyper)operations:

@ [0 1 2 o 1 2
oo 1 2 ol0 0 0
1|1 2 0 1|0 2 1
2 |2 0 1 2 |0 1 2

Obviously, R\ {0} = {1,2} is a group, thereby R is a division (hyper)near-
ring (the addition is a commutative operation), so it is a division ring. If
we take S = {2}, then S is a subsemigroup of (R,-) and Dg = {0}, since
(@249 2)+(@+y) 2= —(2:2+2-9)+2:(2+y) = —(2.9)— (2-2)+2-2+2-y =
{0}, meaning that the defect of distributivity of (R, S) is D = {0}.

Remark 3.12. If (R, S) is a d.g. hypernear-ring, then R is a division hypernear-
ring if and only if R is a D-division hypernear-ring, since D = {0}.
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Theorem 3.13. Let (R,S) be a non-zero d.g. hypernear-ring. A necessary
and sufficient condition for the hypernear-ring R to be a division hypernear-
ring is that a - (R\ {0}) = R\ {0}, for all a € R\ {0}.

Proof. 1t follows from Theorem 3.7, since D = {0}. O

If R is a d.g. near-ring, then by Lemma 2.1, R is a zero symmetric near-
ring, that is a special case of d.g. hypernear-rings. Thus, from Theorem 3.13
it follows the next result.

Corollary 3.14. A necessary and sufficient condition for a d.g. near-ring R
with more than one element to be a division near-ring is that a - (R \ {0}) =

R\ {0}, for alla € R\ {0}.

Based on Corollary 3.14, Lemma 2.3 and Lemma 2.4, one gets the Ligh’s
result, i.e. Theorem 2.2 in this note.

4 Conclusions

Naturally extended the properties of near-rings related to distributivity to the
similar algebraic hyperstructures, i.e. hypernear-rings, we notice that they
hold under the same conditions, and more over they can be obtained as gen-
eralisations of those for structures. In particular, in this note we have shown
that each hypernear-ring with the defect of distributivity D, satisfying a cer-
tain property (see Theorem 3.7) is a D-division hypernear-ring, and viceversa.
Another important property of division near-rings says that the additive part
of a division near-ring is commutative [25]. This is one open problem in
hypernear-rings theory, that we intend to investigate in our future research,
and also to extend it to the case of general hypernear-rings [15].
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