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Halpern-type iteration for a family of
nonexpansive mappings in CAT(0) spaces
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Abstract

In this paper, we prove the strong convergence of the composite
Halpern-type iteration for a family of nonexpansive mappings in CAT(0)
spaces and compare our results with several recent results in this subject.
Also, the inexact version of the Halpern iteration is studied in CAT(0)
spaces.

1 Introduction and Preliminaries

Let C be a nonempty subset of a metric space (X,d). T : C — C'is called
nonexpansive if for each =,y € C, d(Tz, Ty) < d(z,y). A point z € C is called
a fixed point of T if Tz = x. We denote F(T) :={x € C: T(z) = x}.
Halpern [9] proved the strong convergence of the iteration

Tpt1 = Qptu+ (1 — )Ty, (1.1)

where u € C' is an arbitrary (but fixed) element in C, under suitable assump-
tions on the control sequence c,,. Also, he showed that the assumptions
C1:lim, o0 oy = 0,

C2:3  a, =,
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are necessary for the strong convergence of the iteration (1.1) to a fixed point
of T. He also proposed the following open problem:

Are conditions C'1 and C?2 sufficient for the strong convergence of the sequence
generated by (1.1) to a fixed point of T

Lions [14] proved the strong convergence of the Halpern iteration under the
conditions C1,C2 and (C3) lim,, e 25— = 0.

n+1
Wittmann [20] improved the result of LiOIJ;S under the assumptions (C1), (C2)
and (C4) Y07 | |an41 — ap| < 00.
An analogue of Wittmann’s result was first proved by Reich [16] for Ba-
nach spaces with a weakly sequentially continuous duality mapping. Sh-
ioji and Takahashi [18] extended Wittmann’s result to Banach spaces with
uniformly Gateaux differentiable norm. Xu [21, 22] proved the strong con-
vergence of the Halpern iteration provided that the conditions (C1), (C2)
and(C5) lim,, o Oéiil =1 are satisfied.
Suzuki [19] and Chidume-Chidume [5], independently, proved that the condi-
tions (C1) and (C2) are sufficient for the strong convergence of the following
iterative sequence:

Tnt1 = @+ (1 — an) Az, + (1 = N)Tzy,), (1.2)

to a fixed point of T, where T is a nonexpansive mapping on a closed and con-
vex subset C' of a Banach space with uniformly Gateaux differentiable norm
and z1,u € C. Therefore Halpern open problem has a positive solution when
the nonexpansive operator is a convex combination of the identity operator
and another nonexpansive operator. Qin, Su and Shang [15] introduced the
composite iteration scheme as follows:

Yn = BnTy + (1 - 6n)TZna (13)
Tpt1 = antt + (1 — ap)yn,

where T is a nonexpansive mapping on a closed and convex subset C of a
uniformly smooth Banach space, F(T) # (), uw € C is an arbitrary (but fixed)
element in C, and {a,}, {fn} and {v,} are sequences in [0, 1]. They proved
the sequence {z,} defined by (1.3) converges strongly to a fixed point of T'
under appropriate assumptions on the sequences {a,}, {8n} and {v,}.

The main goal of this paper is to prove the strong convergence of the sequence
generated by (1.3) for a family of nonexpansive mappings in CAT(0) spaces.
In the sequel, we introduce CAT(0) spaces. Let (X, d) be a metric space and
xz,y € X. A geodesic path joining = to y is an isometry ¢ : [0,d(z,y)] — X
such that ¢(0) = z, ¢(d(x,y)) = y. The image of a geodesic path joining z to y
is called a geodesic segment between x and y. When it is unique, this geodesic
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segment is denoted by [z,y]. The space (X, d) is said to be a geodesic space if
every two points of X are joined by a geodesic, and X is said to be uniquely
geodesic if there is exactly one geodesic joining = and y for each z,y € X.
A subset Y C X is said to be convex if Y includes every geodesic segment
joining any two of its points.

A geodesic triangle A(z1,22,23) in a geodesic space X consists of three
points 21, x2, 3 in X (the vertices of A) and a geodesic segment between each
pair of vertices. A comparison triangle for the geodesic triangle A(z1, 22, z3)
is the triangle A (%71, 73, 73) in the Euclidean plane R? such that

dg2(77,%;) = d(z;, z;) for 4,5 € {1,2,3}.

A geodesic space X is a CAT(0) space if for each geodesic triangle A in X
and its comparison triangle A in R?, the CAT(0) inequality

d(fE, y) < dp> (Tv y)

is satisfied for all 7,y € A and 7,7 € A. It is well-known that a CAT(0) space
is an uniquely geodesic space.
There are several examples of CAT(0) spaces among metric structures. For
example, any complete, simply connected Riemannian manifold having non-
positive sectional curvature is a CAT(0) space. Other examples include pre-
Hilbert spaces (see [2]), R-trees (see [11]), Euclidean buildings (see [3]), the
complex Hilbert ball with a hyperbolic metric (see [8]), and many others. For
a thorough discussion of these spaces and their fundamental role in geometry,
we refer the reader to Bridson and Haefliger [2].
Fixed-point theory in CAT(0) spaces was first studied by Kirk (see [12, 13]).
He showed that every nonexpansive (single-valued) mapping defined on a
bounded, closed and convex subset of a complete CAT(0) space always has
a fixed point. Since then, the fixed-point theory for single-valued and mul-
tivalued mappings in CAT(0) spaces has been rapidly developed, and many
papers have appeared. It is worth mentioning that fixed-point theorems in
CAT(0) spaces (specially in R-trees) can be applied to graph theory, biology,
and computer science.

In this article, we write (1 —t)a @ ty for the unique point z in the geodesic
segment joining z to y such that d(z,z) = td(z,y),d(z,y) = (1 — t)d(z,y).
If X is a CAT(0) space and z,y € X, then [z,y] := {(1 —t)z Dty : ¢t € [0,1]}
and a subset C of X is convex if [z,y] C C, for all z,y € C.

Saejung [17] proved the strong convergence of Halpern’s iteration in CAT(0)
spaces. He considered the iteration:

Tpp1 = anu® (1 — an) Ty, (1.4)
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where {T},} is a family of nonexpansive mappings on closed and convex subset
C of a CAT(0) space with ()~ F(T,,) # 0 and z1,u € C. He proved the
strong convergence of this iteration to a common fixed point of {7},}, under
the conditions C'1,C2 and C4 or C5 and an appropriate condition on {7}
which is introduced in (3.1).

In this paper, we prove the strong convergence of the sequence generated by

Zn = YnTn D (1 - 77L)Tnxn7
Yn = 5nxn 5> (]- - Bn)Tnzny (15)
Tni1 = @ (1 — an)yn,

where {T},} is a family of nonexpansive mappings on closed and convex subset
C of a complete CAT(0) space X with (2, F(T,,) # 0, z1,u € C and {a,},
{Bn}, {7} are sequences in [0, 1] that satisfy the following conditions:

(A1) fozl Qp = O0;

(As) a, — 0, B, — 0, liminf,, v, > 0;
(A?)) Zzozl |Oé'n,+1 - Oénl < 00 or hmn_mo O:iil = 17
(Ag) 301 |Bng1 — Bul < 00 or limy, e % =0;

(As) 220:1 [Vnt1 — Yol < 00 or limy,— e W =0.

This result extends the result of [15] in CAT(0) spaces. (1.5) is also a modified
Ishikawa iteration. If 8, = 0 and v, = 1 in (1.5), then we get (1.4) which has
been considered by Saejung [17].
On the other hand, if 4, = 1, then (1.5) can be viewed as a modified Halpern
iteration

{yn = BnTn @ (1 - /Bn)Tn‘Tny (16)

Tnt1 = Qpu® (1 — ) yn.

In (1.6), if T, = T then (1.6) has been considered by Cuntavepanit and Pa-
nyanak [6] in CAT(0) spaces and by Kim and Xu [10] in Banach spaces.

2 Some Lemmas

The following lemmas are needed in the sequel.

Lemma 2.1. [7] Let (X,d) be a CAT(0) space. Then, for all x,y,z € X and
allt € [0,1] :

(1) @(tr (1- 1)y, 2) <z, ) + (1 — )y, 2) — 11 — (2, ),

(2)  dtz® (1-1t)y,z) <td(z,2) + (1 —t)d(y, 2),

In addition, by (1), we have

ditz @ (1 = t)y,tz® (1 —t)z) < (1 —t)d(y, 2).
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Lemma 2.2. [{] If (X,d) is a CAT(0) space. Then, for all z,y € X and all
t,s € [0,1], we have

ditz® (1 —t)y,sx ® (1 —s)y) = |t — s|d(x,y).

Recall that a Banach limit is a continuous linear functional p on [*° such
that || p |= p(1,1,...) =1 and pn(an) = pn(ant1), for all {a,} € 1°°.

Lemma 2.3. [18] Let (a1, az, ...) be in 1°° such that puy,(an) < 0 for all Banach
limits p and limsupy, (an+1 — apn) <0, then limsuppa, < 0.

Lemma 2.4. [1] Let {s,} be a sequence of nonnegative real numbers, {ay}
a sequence of real numbers in [0,1] with Y .~ | an, = 00, {un} a sequence of
nonnegative real numbers with Y .- u, < oo, and {t,} a sequence of real
numbers with limsupyt, < 0. Suppose that

Sn+1 S (1 - an)sn + antn + Unp,
for allm € N. Then limy,_ 0S8, = 0.

Lemma 2.5. [17] Let C be a closed and convex subset of a complete CAT(0)
space X and let T : C — C be a nonexpansive mapping. Let u € C be fized.
For each t € (0,1), the mapping S : C — C defined by

Six=tu®(1—-1t)Tz, VreCl,
has a unique fized point xy € C, that is,
Ty — Stl't =tu® (]. — t)TlL't (21)

Lemma 2.6. [17] Let C be a closed and convex subset of a complete CAT(0)
space X and let T : C — C be a nonexpansive mapping. Then F(T) # 0 if
and only if {x:} given by the formula (2.1) remains bounded as t — 0. In this
case, the following statements hold:

(1){z¢} converges to the unique fized point z of T, which is the nearest point
of F(T) to u;

(2)d?(u, 2) < pnd?(u,x,), for all Banach limits u and all bounded sequences
{xn} with d(x,, Tx,) — 0.

3 Main Results

In the setting of the CAT(0) spaces, we prove the strong convergence of the
composite Halpern-type iteration generated by (1.5) and compare our results
with other results by some examples. Also, the inexact version of the Halpern
iteration is studied.
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3.1 Composite Halpern Iteration

The following concept was introduced by Aoyama et al. [1]. Let C be a
subset of a metric space X and {T},}22, : C — C is a countable family of
mappings. The family {7} satisfies AKTT-condition if

Z sup{d(Ty112,T,2) : 2z € B} < oo, (3.1)

n=1

for each bounded subset B of C.
If C is a closed subset of X and {7} satisfies AKTT-condition, then we
can define T': C' — C such that

Tx = ILm Tz, (zel). (3.2)

In this case, we also say (T,,,T) satisfies AKTT-condition.
The following theorem extends Theorem 3.2 of Saejung [17].

Theorem 3.1. Let C be a closed and convex subset of complete CAT(0) space
X and let {T,,}52, be a family of nonexpansive mappings of C to itself such
that

{(A)(Tn, T) satisfies AKTT — condition, (3.3)

(B)F(T) = o=y F(Tn) # 0.
Given a point uw € C and the initial guess xg € C is chosen arbitrarily. If
{zn} is composite process generated by (1.5), where {an}, {Bn} and {y,} in
[0, 1] satisfy Ay — A5 then {x,} converges strongly to z € F(T) = (\_, F(T,),
which is the nearest point of F(T) to u.

Proof. Let p € (., F(T,). We have

d(zmp) < 7nd(xnvp) + (1 - ’Vn)d(Tnxmp)
< d(LEn,p),

which implies

d(ynvp) < 5nd($nvp) + (1 - 5n)d(Tn2nap)
< ﬂnd(xnvp) + (1 - 6n)d(zn7p)
< d(@n, p).
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This follows that

d(@nt1,p) < and(u,p) + (1 — an)d(yn, p)
< and(u,p) + (1 — an)d(zn, p)
< max{d(u,p), d(xn,p)}
< ... <max{d(u,p),d(zg,p)}

Thus {z,.}, {yn}, {zn}, {Thxn} and {T,2,} are bounded. In the sequel, we
show d(zp+1,2,) — 0. We have

d(zn, 2n—1) = d(VnTn & (1 — Y) Tn®n, Yn-1Tn-1 D (1 = Y1) Tn-1Tn—1)
< d('ynxn 2] (1 - '7n>Tnxnv YnTn @ (1 - 'Vn)Tnxnfl)
+ d(Vnxn ® (1 — ) Tnn—1,Tn ® (1 — yn)Tn-1Tn—1)
+ d(’YnIn S (1 - 7n>Tn—1zn—17 Yn—1Tn D (1 - 'Yn—l)Tn—lxn—l)
+d(Yn-12Zn ® (1 = Y1) Tn-1Tn-1,Yn-1Zn-1 D (1 = Yn-1)Tn-12n_1)
< (1 =vp)d(Thxn, Thrn—1) + (1 — vp)d(Thxn—1, Th—1%n—1)
+ Y = Yn-1ld(@n, Tno17n—1) + Yn-1d(Zn, Tn_1)
< (1 —7yp)d(xp, xp—1)+d(Tpzp—1,Tn_1Tn_1)
+ | — ’Yn—1|d(xnaTn—1$n—l) + 'Yn—ld(mm Tp_1).

With a similar computation, we get

d(yn7yn—1) S (1 - 5n)d(zn7 Zn—l) + d(Tnzn—laTn—lzn—l)
+ |/Bn - Bn—1|d(xn;Tn—1zn—1) + ﬁn—ld(xnaxn—l)'

Therefore

d(Tnt1,Tn) = d(apu ® (1 — @n)yn, @10 ® (1 — @p—1)Yn-1)
< d(anu® (1 = an)yn, pu @ (1 — an)yn—1)
+d(anu® (1 — an)yn—1, -1 ® (1 — p—1)Yn—1)
< (1= an)d(Yn, yn—1) + |an — an—1]d(u, Y1)
<(1- an)((l = Bn)d(zny 2n—1) + d(Thzn—1,Tnh-12n—-1)
+ 180 = Br—1ld(@n, Tn-12n-1) + Bn1d(@n, Tn_1)) + |on — an_1]d(u,yn_1)
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<(1- an)((l - ﬁn)((l = V)T, Tp-1) + A(Tnzn—1, Tn—1Tn—1)

+ [ = Yn-1ld(@n, Tno1%n—-1) + Yn-1d(@n, Tn-1)) + d(Tnzn—1, Tn—12n-1)
+1Bn = Bu—1ld(@n, Th—12n-1) + Bn-1d(@n, Tn-1)) + |n — n—1|d(w, yn—1)
=(1—=0a,)1 =810 =vn)d@n, @n-1) + (1 — an)(1 = Bn)d(Tntn-1,Tn-1Zn-1)

+ (1= an)(1 = Bu)lvn = Yn-1ld(@n, Tno12n—1) + (1 = an)(1 = Bn)Vn—1d(2n, Tn-1)
+ (1 - O‘n)d(Tnzn—laTn—lzn—l) + (1 - an)|ﬂn - 5n—1|d(xnaTn—1zn—l)
+ (1 = an)Bn-1d(Tn, Tn-1) + [an — ap-1|d(u, ypn-1)
< ((1 —an)(1 = Bn)(1 —9n) + (1 = an)(1 = Bn)yn-1
+(1 - an)ﬂnfl)d(xmmnfl) + |V = Yn-1ld(xn, To17n 1)
+1Bn = Bn-1ld(@n, Tn-12n-1) + |lon — an—1|d(u, yn—1)
+d(Thxn-1,Tn-12Zn-1) + d(Tnzn-1,Tn—12n—1)
= (1 - an)(l + V-1 =Y+ Bn-1— Bn + (m — ’)’nfl)ﬂn)d(xmxnfl)
+ [ = Yn—1ld(@n, Tn-12n-1) + |Bn — Bu—1ld(zn, Tn—12n-1)
+ |an — an—1|d(w, yn—1) + d(Tnxn-1, Tn—1Cn—1) + d(Tnzn-1,Th—12n—1)
< (1 - an)(l + I’anl - 'Vn‘ + |6n71 - Bn| + |'7n - 'Ynfllﬁnyl(wm xn71>
+ v — Ya—1ld(@n, Th—1@n—1) + |Bn — Br-11d(@n, Tn—12n—1)
+ |an — an—1|d(w, yn—1) + d(Tnxn-1, Tn—1Cn—1) + d(Tnzn-1,Th—12n-1)
< (1= an)d(@n, Tn-1) + 2/vn-1 — Wl + [Bn-1 — Bul)d(zn, Trn—1)
+ v — Yn—1ld(@n, Tno1@n-1) + |Bn — Br-11d(Xn, Tn—12n-1)
+ |an — an—1|d(u, yn—1) + d(Tnxn-1, Tn—12n—1) + d(Tnzn-1, Tn—12n-1).
Hence
d(Xpt1,Tn) < (1 —ap)d(xn, Tp_1)
+ M (3lym — Yn-1l +2[Bn — Bn-1| + on — an_1])
+ sup{d(Thu, T—qu) : u € {zp}}t + sup{d(Thu, T_qu) : u € {z,}},
where M > max{d(xn,zn—1),d(@n, Tn-1Zn-1),d(@n, Tn—12n-1),d(u, Yn—1)}
Now, by Lemma 2.4, the conditions A;, A3, A4, A5 and the condition A of

(3.3) we obtain
d(Tpt1,Tn) = 0. (3.4)

On the other hand
d(@n, Tnyn) < d(Tn, Tny1) + d(@ng1, Yn) + A(Yn, Tnzn) + d(Tzn, Toxy)
= d(xru anrl) + and(ua yn) + /Bnd(xru Tnzn) + (1 - Vn)d(xﬂm Tnxn)7
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which implies
’Ynd(xnaTnxn) < d(xnaxn+1) + and(u, yn) + Bnd(xannzn)'

This together with (3.4) follow lim,,— oo Ynd(Zn, Tn2y) = 0, which by lim inf,, ~,, >
0 implies
d(xpn, Tpay) — 0. (3.5)

Also, we have

d(xp, Txy) (Tn, Tnzy) + d(Thxn, Tay)

<d
< d(zyn, Tnan) +supl{d(Toy, Ty) : y € {zn}}

< d(wp, Town) +sup{ Y d(Try, Ts1y) : y € {wn}}
k=n

< d(wn, Tywn) + ) sup{d(Tiy, Tesay) : y € {za}},
k=n

which together with (3.5) and AKKT-condition imply
d(xy, Txy) — 0. (3.6)

Now, define Syz = tu®(1—t)Tz, for all z € C. By Lemma 2.5, for all t € [0, 1],
we suppose x; is the unique fixed point of S;.By Lemma 2.6, lim;_,oz; = p,
where p € F(T) and p is the nearest point of F(T") to u. In the sequel, we
show x,, — p. We have

dz(xn+1ap) = d2(anu 2] (]— - an)ynvp)
S andQ(u p) + (1 - O‘n)dZ(y’rup) - an(l - an)dQ(ua yn)

S an ( ) + (1 - an)(ﬁndQ(xnap) (1 - ﬂn)d2(Tn2n7p))
—an(l an)d2(u Yn)

< and ( + 1- )(ﬁnd2 l‘nyp (1 - Bn)dQ(znap))
— (1 = ay)d?(u, yn)
< and*(u,p) +

+(1- ’Yn)d2(Tnxmp))) - an(l - O‘n)d (U, Yn)
< and®(u, 1= an)(Bad? (0, p) + (1 = B)d* (24, p))
- an(l - n)dQ(u Yn)
=(1—an)d (xmp) + ay (d (u,p) — (1 - an)dz(u, yn))a

(
(1 - O‘n)(ﬁnd xn,p (1 - Bn)( (xnap)
+(
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which implies
dz(:rn+1,p) (1- O‘n)dz(xnvp) + ap (dz(u,p) —(1- an)dQ(% yn))
Hence, by A; and Lemma 2.4, it is enough to show

lim sup(d2(u,p) - (]- - an)d2(uayn)) <0.

n

For showing this, we have

A(yn, Tn) = d(Bnzn ® (1 — Bn)Thzn, Tn)

= (1 = Bn)d(Thzn, n)

< (1= Bn)d(Thzn, Tnt1) + (1 = Br)d(Tn i1, n)

<(1- Bn)(a d(u, Tpzn) + (1 — an)d(Tnzn,yn)) + (1= Bn)d(znt1, xn)

= (1 - Bn)and(u, Thzn) + (1 — Bn)(1 — an)Bnd(Thzn, Tn) + (1 — Bn)d(Tni1, Tn)

which follows
d(Yn,xn) — 0. (3.7)

On the other hand, by (3.6) and Lemma 2.6, we get
IU/N(dQ(u7p) - dz(u7xn)) S Oa

for all Banach limits p. Thus
limsup ((d*(u, p) — d*(u, Tn11)) = ((d*(u, p) — d*(u, 2,))) = 0.
Therefore, by Lemma 2.3, we obtain

lim sup(d®(u, p) — d*(u, zy,)) < 0.

n

Hence, by (3.7) and a,, — 0, we get

limsup (d*(u,p) — (1 — an)d?(u, y,)) = limsup(d®(u, p) — d*(u, z,)) < 0.

n n

That is the desired result. O

The following corollary extends Theorem 2.1 of [15] as well as Theorem 3.1
of [6] and Theorem 2.3 of Saejung [17].

Corollary 3.2. Let C be a closed and convex subset of complete CAT(0) space
X and let T : C — C be a nonezxpansive mapping such that F(T) # 0. Given
a point u € C' and the initial guess xo € C' is chosen arbitrarily. Suppose {x,}
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18 generated by

Zn = YnTn O (1 - 'Yn)Txna
Yn = PnTn @ (1 — Bn)T 2y, (3.8)
Tptl = QU D (1 - an)ym

where sequences {an}, {Bn} and {yn} in [0, 1], satisfy the following conditions:

)Zn 1an—oo

2) ap — 0, B, — 0, liminf, v, > 0;
)

)

3) Dovy g1 — anl < oo or limy, e 2 = 1;
Ay Zn 1|ﬁn+1 5n| < o0 or limnﬁmM —0;

(A
(A
(4
( On41
(As5) 320 st — | < 00 or lim, o % =0.
Then {x,} converges strongly to a fized point of T, which is the nearest point
of F(T) to u.

In the following examples, we show the parallel conditions on {c,}, {8,}
and {7, }, respectively, in Az, A4 and A5 are independent.

Example 3.3. Let k > 1 be a positive integer. If the sequence {«,} is given
by

n=0 for n=k and a,= for (k—1)% <n <k?

k2

o0 (o) H Qp
then a, — 0, > " a, = 00, Y " |apnt1 — ap| < co. But lim, o p—
doesn’t exist.

Example 3.4. Let k£ > 0 be an integer. If the sequences {ay,}, {5,} and {y,,}
are given by

1 1 k

On = —=—== Pn = 377> for2k<n<2k+1’ n — f0r2k<n<2k+17
NS R = =T <

then a, — 0, >27%  ay =00, Y07 |any1 — ap| < 00, limg, o 722 =1,

Qp41
ﬁn — Oa ZZOZI |5n+1 _ﬁn| < 0, hmn—)oo Yn = 1 > O and 22021 h/n-i-l _7n| <

00. But limy, oo 222785l — o0 and limy, o 222721 does not exist.
Qnt1 Qn41

Example 3.5. If the sequences {a,}, {8} and {y,} are glven by

1
Qp = \/ﬁ and ﬂ?n - \/ma /82n+1 m + n+1
and Yon = 1-— n+1, ’72”-‘1—1 1 — T—‘rl
o — 0 3 Qan
Then ap, =0, Y, a, =00, > " |ani1 — | < 00, lim, o0 T = 1,
: [Bnt1=Bnl _ : [Vnt1—vnl _
5” — O, hmn_)oo Tﬂ = O, Yn — 1 and hmn_mo Tﬂ = 0. But

Zzozl |Bn+1 — Bn| = 0o and fozl [Vn+1 — Yn| = 00
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Example 3.6. Suppose that {a,} is a sequence such that a, — 0 and
Zzozl a, = oo. By setting 8, = «, and v, =1—a, for each n, we have
(i) B =0 and ~, —1,

(ii) IF Y0 | |41 — a| < 00, then D07 | |Brg1 — Bu| < oo and Y07 [ynt1 —
Tn| < 00.

(i) Tf limpooo 22 = 1, then lim, o 222=fl = 0 and
: [Ynt1=vnl _
lim, oo anit =0.

In the following Corollary, with setting T,, = T, we obtain an analogue of
[23, Theorem 4.5] in CAT(0) spaces.

Corollary 3.7. Let C be a closed and convex subset of complete CAT(0) space
X and let T : C — C be a nonexpansive mapping such that F(T) # 0. Given
a point u € C and the initial guess xg € C is chosen arbitrarily. Assume that
the sequences {an}, {bn} and {c,} in (0,1), satisfy in the following conditions:
(A)ap + by +cp =1, Vn>1,

(i)an, — 0, by, — 0,

(” ) Zn 1 an = 00,

(i0) >0 |an+1 — an| < 00, or lim #2= =0,

(0) Sy bt — ba < .

Then {z,} is defined by

Tnt1 = @t ® (1 — ap)yn,
by n
Yn = 1—a, Ty D 1fan Tnxny

converges strongly to a fized point of T which is the nearest point of F(T) to
u.

Proof. The proof is an immediate consequence of Theorem 2.1, by setting

by —
an:an,ﬁn:mand’ynzl. |

3.2 Inexact Halpern Iteration

In this short section, we consider the strong convergence of Halpern itera-
tion with errors in the setting of CAT(0) spaces.

Theorem 3.8. Let C be a closed and convex subset of complete CAT(0) space
X and let T : C — C be a nonexpansive mapping with a nonempty fized point
set F(T). Suppose that u,z1 € C are arbitrary chosen and {x,} is iteratively
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generated by the following algorithm:
Step(1): Take ypi1 = anu® (1 — apn)Tx,, Yn>1.
Step(2): Choose xp41 € C such that d(Tpi1,Ynt1) < en, where {ey} is a
sequence of nonnegative real numbers.
Step(3): Return to step(1).
Suppose {z,} be a sequence that generated by exact (without error) Halpern
iteration
Znt1 = Qptt B (1 — ay)T2,, VYn>1,
where zy = x1 € C and {an} is a sequence in (0,1) such that
(1) limy, 00 at, = 0,
(2) 3o pe Otn = 00,
(3) 30 a1 — an| < 00 or limy, e o =1,
(4) >0 en < o0 or lim, e o =0.
Then {x,} converges to z € F(T), which is the nearest point of F(T) to w.

Proof. By [17, Theorem 2.3], {z,} converges to z € F(T') which is the nearest
point of F(T) to u. On the other hand,

d(Zn+1, Tnt1) < d(2n41, Yn+1) + d(Ynt1, Tnt1)
< (1 - an)d(Tzn7 T-Tn) +en
S (1 - an)d(z’ru xn) + €n

Thus, by the conditions (2), (4) and Lemma 2.4, we get

lim d(z,,z,) = 0. (3.9)

n—oo

On the other hand,
d(xn, 2) < d(Tn, 2n) + d(zn, 2),

which together with z, — z and (3.9) imply x,, converges to z € F(T), which
is the nearest point of F/(T') to u.
O

Remark 3.9. Theorem 3.8 improves the sumability assumption on the error

sequence {e,} even in Banach spaces. For example, e, = % and o, = ﬁ

satisfy the assumptions of Theorem 3.8, but {e,} is not sumable.
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