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On logarithmic residue of monogenic functions
in a three-dimensional commutative algebra
with one-dimensional radical
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Abstract

‘We consider monogenic functions taking values in a three-dimensional
commutative algebra A, over the field of complex numbers with one-
dimensional radical. We calculate the logarithmic residues of monogenic
functions acting from a three-dimensional real subspace of Ag into As.
It is shown that the logarithmic residue depends not only on zeros and
singular points of a function but also on points at which the function
takes values in ideals of Ag, and, in general case, is a hypercomplex
number.

1 Introduction.

The logarithmic residue in a Banach algebra means a contour integral of the
logarithmic derivative of a hypercomplex function. It was considered by many
authors in many algebras, for instance, an algebra of all bounded linear opera-
tors on a complex Banach space (see, e.g., [1, 2, 3]), matrix algebras (see, e.g.,
[4]), a biharmonic algebra (see, e.g., [5]), a three-dimensional algebra with two-
dimensional radical (see, e.g., [6]). We first mention Bart [7]. He considered
the logarithmic residue for functions acting from the field of complex numbers
C to a commutative Banach algebra. One of the main issue considered in [7]
(see also [2], [3]) is whether vanishing of a logarithmic residue implies that
a function takes only invertible values inside an integration contour, where
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contours are considered on the complex plain. We note that the answer is
negative in general case.

We also mention Bart, Ehrhardt and Silbermann [8] which considered the
logarithmic residues of locally analytic and meromorphic functions f given
in bounded Cauchy domains in the complex plane and taking values in a
Banach algebra A with a unit element over C. For definitions of mentioned
functions and domains, we refer, e.g., to Taylor [9, sec. V.1.]. For instance,
if f:C — A is an analytic or meromorphic function in a bounded Cauchy
domain in C then the logarithmic residue of f is equal to a linear combination
of idempotents of A with integer coefficients (see [8, Thm. 6.1, Thm. 7.1]).
For the residues in multidimensional complex analysis and their applications
we refer to [10, 11, 12].

The logarithmic residues of monogenic functions (i.e., continuous and
Gateaux differentiable) were considered in [5] and [6]. For instance, there was
calculated the logarithmic residue of monogenic function and it was shown
that it is always an integer number. In general case, it can be a hypercomplex
number.

This paper is concerned with the logarithmic residues of monogenic func-
tions taking values in a three-dimensional commutative associative Banach
algebra As over C with one-dimensional radical. We calculate the logarith-
mic residues of monogenic functions which act from a three-dimensional real
subspace of Ay into A,.

Now, we briefly outline an organizing of the article. In section 2, we intro-
duce some standard notations. In section 3, we consider some properties of
Laurent series of monogenic functions in As. Section 4 is devoted to the loga-
rithmic residues. In this section, we exploit the Laurent series to calculate the
logarithmic residue of monogenic function (see Lemma 4.5). Using this result,
we establish the validity of Theorem 4.7 and Theorem 4.8 for a curvilinear
integral of the logarithmic derivative of a monogenic function along a family
of curves. At the end of this article, we have enclosed Appendix A with some
results exploited in the paper.

We also note, the strategy applied in section 4 can be applied to compute
the logarithmic residue of monogenic functions taking values in an arbitrary
finite-dimensional commutative algebra.

2 Preliminaries and notations

Throughout this paper R and C denote the fields of real and complex numbers,
respectively.

Let Ay be a three-dimensional commutative associative Banach algebra
over C with one-dimensional radical. This algebra has a basis {I1, I, p} with
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the following multiplication rules for its elements
112111, 122112, Igp:p, 11]2:/)2:.71/):0.

The unit of Ay is represented as 1 = I1 + Is.
There are two maximal ideals in As:

Ji = {tllg +top:ti,te € (C}, I = {tlll +top i t1,t2 € (C}

Both ideals together include all noninvertible elements of the algebra Ay and
consist of such elements only. The radical of algebra is the set R = J; N Js.
Let ¢ = c117 + cols + c3p, where ¢, co, c3 € C. The element c is invertible if
and only if ¢; # 0 and ¢y # 0, moreover, the inverse element ¢~ is represented
as
1 1 c
cl=—L+—I,- %p.
C1 C2 (&5
The logarithm is defined in [13, p. 422] and takes the following form in the
basis {I, I, p}

Inc:=(lncy) + (Inex) s + ?p, (1)
2

where In ¢q, In ¢y are principal branches of appropriate logarithmic functions.
We consider the linear continuous functionals fi, fo : Ay — C satisfying
the equalities

filh) = fo(I2) =1, fi(l2) = fi(p) = f2(I1) = fa(p) = 0.

The maximal ideals J;, Jo are kernels of functionals f;, fo, respectively. For
an arbitrary set X in Ay, we find it convenient to set

Dy(X):={{€C: {= fi(a) Va € X},

Dy(X):={(eC: &= fa(a) Va € X}.
Let e, es, e3 be vectors which are linear independent over R and have the
following form

e1r =1, ex=pili +p2lo+p3p, e3=q1li +q2l2+q3p,

where pg, g € C for all k € {1,2,3}.
The norm in Ay is defined for all a := aje; + ases + azes € Ay, where
a1, asz,a3 € C, in the following way

lall := v/[a1[? + laz[? + [as]?.
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Let FE3 be a linear span over R, which is generated by the vectors of basis
{e1 =1, e9,e3} and defined by

Es:={C=xe1 +yes+2ze3: z,y,z € R}

such that Dy (E3) = C for all k¥ € {1,2}. Obviously, it holds if and only if at
least one of the numbers py or ¢x belongs to C\ R for all k& € {1,2}.
In what follows, x,y,z € R and xg,yo,20 € R. Let { := ze; + yes + ze3
and (p := zge1 + yoes + zpes. We set
S =x+p1y+qi1z, §10 = To + p1Yo + q120,
§oi= T +pay +qaz, §20 1= To + payo + q220,

e] := (Repilmg; —ImpiReqi)e; —Imgiez +Impes,
e5 := (Repslmgs —ImpoReqa)e; —Imgaes + Impoes,
Li(¢) :={C+te] : t e R}, Ly(C):={C+tes: teR}.

We say that a domain Q is convex in the direction Li (or Ls) if a set
QN Li(¢) (or 2N La(¢)) is connected for all ¢ € Q.

For two arbitrary vectors a,b € FE3 defined as a = aje; + ases + ases,
b= b1€1 + 6262 + 6363, we denote

aXxb:= (a2b3 — a3b2)61 + (a3b1 — a1b3)€2 + (a1b2 — a2b1)€3.

We find it convenient to set

o e} X ep if e} = e3,
1-— * * . * *
el x e} if el # e,
. e; x (e} x eq) if e} =es,
€o 1= e} es . « «
e 2 if e e
TedT T Ted i # e

H(C) = {C +t1€61 +toéo: t1,tg € R}

Let Q be a domain in F3. We say that a continuous function @ : @ — Ay
is monogenic in Q if ® is differentiable in the sense of Gateaux in every point
of Q, i.e., if for every ¢ € Q there exists an element ®’(¢) € Ay such that

aEg}rO((I)(C +eh) —®())e ' =hd'(¢) Vhe Es.

®'(¢) is the Gateaur derivative of a function ® at the point .
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We also set

KnR(CO) = {C S E3 0<r< ‘51 —flol <R < o0,
0<7r <& —E&pl <R< oo},
Kr(Co) :={C € E3: [& — &l < R, [§2 — &20] < R}

If a domain Q C Ej3 is convex in both directions L; and Lo, then every
monogenic function ® : 2 — A, can be expressed in the form

O(¢) = F1(&) 1 + Fa(&2) 12 + <(p3y+Q3Z)F2/(§2) +Fo(§2))p V¢en, (2)

where Fj is a holomorphic function in the domain D;(Q2) and Fs, Fj are
holomorphic functions in the domain Dy(2) (cf. [15, Thm. 5.4]). We note
that representation (2) is also proved in [14, Thm. 4] for the case where the
basis {eq, e, €3} is harmonic.

3 Properties of Laurent series of monogenic functions in
Ay

Let {y be a point in a domain €2 C F3. In a neighbourhood of {; contained
in Q let us take a circle C(¢{p) with the center at the point {y. Let k € {1,2}.
We say that the circle C((p) surrounds the set Ly (o) if Di(C((p)) bounds a
domain Dj, and fx(¢o) € Dj,. We say that the curve v C Q surrounds once the
set Li(p) if there exists a circle C({p) C 2 which surrounds the mentioned
set and is homotopic to 7 in the domain Q\ Ly (o).

Every monogenic in Ko r({p) function ® can be represented as the sum of
convergent Laurent series (see [16, Thm. 3])

where (¢ — (o)™ := (({ — ¢o)™1)™" for n = —1,—2,... and the coefficients d,,
are defined as

dp = aply +by1a + ((n + 1)(psyo + ¢320)bny1 + Cn)107 (4)

where a,,, b,, ¢,, are coefficients of Laurent series of the functions in decompo-
sition (2):

e

Fi(&)= > an(& — &)™ Fy(&2) = i bn (&2 — &20)",

n=—oo n=—oo

o0

Fo(2) = > cnléa—&20)".

n—=—oo
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Furthermore, the coefficients d,, can be represented (as in [17, Thm. 4]) by the
formula

1 n
= [ M=) )" T dr,  n=0,+1,%+2,...
21
]

where 7y is an arbitrary closed Jordan rectifiable curve in Ko r({p) surrounding
once the straight lines L;1({o), L2((o).

Remark. Tt should be noted that this result is proved in [16, Thm. 3] but
the proof is actually done under the assumption of convexity of the domain
Ko,r(Co) in directions L; and L,. However, the statement of Theorem 3 in
[16] is true. It follows from the following considerations. By Lemma A.1
in Appendix A, the domain Ky r({p) can be represented as a union of do-

mains JNCQR(CO), JACOVR(Q)) which are convex in both directions L; and Lo, and

~

9~<0,R(C0) N Ko,r(Co) is an open set. Then, the monogenic function ® has rep-
resentation (3) in both domains 5~<0’R(§0) and J%O,R(Co), and, as a conclusion
of [16, Thm. 2], has the same representation in Ko r({o).

Next, we define types of singular points of a monogenic function ®. Namely,
the point (j is called:

e o removable singularity of ® if the exists a finite limit

lim D(() = A;

¢—Co, ¢&L1(Co)UL2(Co)

e qa pole of ® if the exists an infinite limit
lim P(¢) = oo;

i
¢—Co, (& L1(Co)UL2(Co)

e an essential singularity of ® if a limit of ®(¢) does not exist as { — (g

and ¢ ¢ L1(Co) U La(Co)-

It is known that the isolated singularity can be only removable. Otherwise,
if ® has a non-removable singularity at the point (y € €2, all points of the set
QN L1 (o) or the set QN L2(¢p), or both these sets are singular for @ (cf., [16,
sec. 3])

4 Logarithmic residue of monogenic functions in the al-
gebra A,

Let @ : Ko,r(¢o) — Az be a monogenic function in the domain Ko r((o). If
d'(¢) (@(C))_l is monogenic in Ko r(o), the logarithmic residue of the func-
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tion ® at the point (y is defined as

L / '(0)((¢)) e, (5)

271
F’F (CU)

where 0 < r < R and

[ (o) :=A{¢ € TI(Co) : €10 — f1(Q) =7, €20 — f2(Q)] =7}

By virtue of Theorem A.3 in Appendix A, we conclude that the value of the
logarithmic residue is independent of r for 0 < r < R.

Clearly, it is reasonable to consider the logarithmic residue not only at
zeros and singular points of the function ® but also at points where the values
of function ® belong to the ideals of A,.

We state a necessary and sufficient condition for the existence of integral
(5) in the following lemma.

Lemma 4.1. Let ® : Ko r(lo) — A be a monogenic function in the
domain Ko r(Co). The following statements are equivalent:

(i) There exists Ry < R such that integral (5) exists for all0 < r < R;.

(i1) There exists Ry < R such that ®(¢) ¢ J1 U Js for all ¢ € Ko r,(Co)-

Proof. First, we prove that (¢) implies (i¢). Assume, for the sake of contra-
diction, that the statement does not hold. In other words, for all arbitrarily
small Ry > 0 there exist points ¢ € Ko, g, (¢o) for which ®(¢) € i, k € {1,2}.
Then the inner point &k of the domain D (Xg, (o)) is a limit point of the
set of zeros of the holomorphic function Fj, appearing in equality (2). Hence,
according to the uniqueness theorem for holomorphic functions of a complex
variable [18, p. 209], F, = 0 and, in view of equality (2), we conclude that all
values of the function ® belong to the ideal J;. Therefore, integral (5) does
not exist and we have a contradiction.

Now, we prove that (¢4) implies (7). It is enough to note that the assump-
tion ®(¢) ¢ J; UJs for all ¢ € Ko, g, (o) implies that &'({) (@(C))_l exists for
all ¢ € Ko, r,(¢o) and is monogenic in Koy r,((o). We set Ry = Ry and, thus,
integral (5) exists for all 0 < r < R;. O

The following result holds.

Lemma 4.2. Let ® : Ko r(lo) — Az be a monogenic function in the
domain Ko r(Co) and dy, be defined in (3). If ®(C) ¢ Ji, for any k € {1,2} and
all ¢ € Ko,r(Co), then the set Zy, :={n € Z: d, ¢ I} is nonempty.
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Proof. Since @ is a monogenic function in the domain Ko r({p), it can be
represented in form (3). Assume, for the sake of contradiction, that Zj is
empty. Then d,,({ — (o)™ € Iy for all n € Z, which implies that ®(¢) € Iy, for
all ¢ € Ko, r(¢p). We have a contradiction. O

By virtue of Lemma 4.2, the assumption ®({) ¢ I, UJs for all ¢ € Ko, r(¢o)
implies that both Z; and Zy are nonempty. Additionally, we assume that

Zy, Zy are bounded from below (6)
and we set
ny := minn and Ny := min n. (7)
n€Zy ne€Zls

Lemma 4.3. Let ® be a monogenic function in Ko r((o). Let assumption
(6) hold. Then there exist two monogenic functions ¢1, ¢o in the domain
Kr(Co) and a monogenic function v in Ko r(Co) such that

®(C) = (€ =€) D1(O) 1 + (¢ = o) P2 ()2 +9(C)p V¢ € Ko,r(Co)- (8)

Proof. Using relations (3) and (4), definitions of Z;, Zs and assumption (6),

we have
)= D anl¢—=C)"i+ Y bal(—C)" ]
+ > (4 1)(psyo + g320)bnr1 + €n) (€ = C0)"p
(=)™ Y anlC— ol + (= )™ Y balC — o)y
ne’ly n€Ls
+ Z ((n+ 1) (p3yo + q320)bns1 + cn) (¢ — )P,

where a,,, b,, ¢, are defined in (4). To complete the proof it is natural to set

(bl(c) = Z an(C — Co)n—’m’ ¢2(C) — Z bn(c — o)™,

nelq n€Zs

oo

$(Q) ==Y ((n+1)(psyo +g320)bni1 + cn) (¢ — o)™

n=—oo
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In the following lemma, we consider some properties of functions ¢1, ¢s.

Lemma 4.4. Let assumptions of Lemma 4.3 hold. Moreover, let ®() ¢
jl @] 32 fOT’ all C (S KO,R(CO)- Then d)l(C)a ¢2(C) ¢ jl U 32 fOT all ( € :KO,R(CO)'
Proof. We first assume, for the sake of contradiction, that the statement
does not hold for ¢;. Let there exist (; € Ko r(o) such that ¢1(¢1) € Jp.
Then (¢1 — (o)™ ¢1(¢1)I1 = 0, and, by virtue of (8), ®({;) € J;. We have a
contradiction.

Now, we note that ¢; can be rewritten as

$1(Q) = D an(ér —&0)" L+ Y an(bs —E20)" M

n€Zy neZy

+ Z (n—n1)an(& — &20)" ™ Hps(y — yo) + a3(z — 20))p-
neZy

and we assume that there exists (2 € Ko r(o) such that ¢1((2) € Jo. This
assumption implies that

Z and" ™ =0, where 0:= f2((2) — &20.

ne’Z

Let us consider the set
K(Co,9) :={¢ € Ko,r(Co) : |§1 — &rol = 9], [§2 — &20] = [9]}-

It is evident that there exists Cy € K (o, ) such that f1((2) — &1 = 0. Thus,

D an(fi(é2) = &)™ ™ =0,

neZy

which implies that ¢1((:,:2) € J1, and, by arguing as above, we have a contra-
diction. Considering ¢- in a similar way as ¢1, we deduce the validity of the
lemma. O

In the following lemma we find the logarithmic residue of ® at the point

Co-

Lemma 4.5. Let ® be a monogenic function in Ko r(Co) and ®(¢) ¢ J1UIy
for all ¢ € Ko, r(Co). Moreover, let & have representation (8), where ¢1, ¢ are
monogenic functions in the domain Kgr((o) and ¢ is monogenic in Ko r(Co)-
Then

-1
o / () (‘I)(C)) d¢ =n11ly + nals (9)

211
Ty (CO)
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for an arbitrary r € R such that 0 <r < R.

Proof. By Lemma 4.1, the integral on the left hand side of equality (9) exists.
Moreover, by Lemma 4.4, ¢; and ¢ do not take values in the ideals of Ay for
all ¢ € Ko r(Co), that implies the existence of (¢1(¢))™* and (¢2(¢))~! for all

¢ € Ko,r(Co)-
By (8), we immediately have

'(¢) =n1(¢ = Co)™ T o1(O) 1 + (¢ — Co)™ &1 (O 11+ n2(C — Co)™  2(O) 12
+(C=C)™ 5O +¥'(Q)p V¢ e Kor(Co), (10)

(@(0) ™ = (€= G) ™ (¢1(O)) " L+ (€ = Go) ™ (¢2(C)
— (¢ =)™ (92(0) 2(Qp V¢ € Kor(Co), (11)

Taking into account (10) and (11), we obtain

1 , - _
o | FOE@O) T =nt [ c-wa
I'r(Co) I'r(Co)
| 0@ ngg [ -t
I'r(Co) I'r(Co)
tho / Q) (62(0))MC — / (€= 0" (62(0)*0(0)] ¢
.
:(711[1-5-”2[2)2L /(C—Co) 1dC+Il /¢1 O(1(¢))~d¢
Co) F(Co
1 —3n -3 !
/ (O@ae) -~ py [ [(6 = G eale)Puie)] dc
I'r(Co)

= (n1I1 + nQIQ)Al + IlAQ + IQAg + pA4

By virtue of Theorem A.4 in Appendix A, we have A; = 1. Using The-
orem A.3 in Appendix A, we obtain the equality Ay = A3 = 0 because
the functions ¢/ (C)(¢1(¢))™! and ¢5(¢)(¢2(¢))~! are monogenic in the do-
main Kg({p). Finally, taking into account the continuity of the function
(€ — Co)™3"2(¢2(¢)) 34(¢) on the curve I',.((p), we obtain the equality Ay =
0. O

The following result follows from Lemma 4.5.
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Corollary 4.6. Let assumptions of Lemma 4.5 hold. If ny = no then the
logarithmic residue of a monogenic function ® at the point (y is an integer.

By virtue of the last paragraph of section 3 and Lemma A.2 in Appendix A,
we find it convenient to set

Ly (Co) U Lgy (Co) if either @(Co) € Ror §10 is
a non-removable singularity for F; and
&o0 is a non-removable singularity for F,
L1(¢o) if either ®({p) € J1 \ R or &1pis a non-removable
Lo (o) == singularity for I and £59 is not a non-removable
singularity for Fs,
L2(¢p) if either ®({p) € J2 \ R or &1 is not a non-removable
singularity for F; and £59is a non-removable
singularity for Fb.

If ® is monogenic in the domain Ko r({o) and, moreover, ®(¢) ¢ J; U J,
for all ¢ € Ko, r(¢o), and either ®(y) € J; UJz or {p is a non-removable
singular point of @, we call {y by a singular point of the logarithmic derivative
of function ®. Obviously, if {j is a such point, every point of Kr({o)NLa({p) is
a singular point of the logarithmic derivative of ®. In addition, if assumption
(6) holds, we call a hypercomplex number nil; +nols by the singularity index
of the logarithmic derivative of function ® at the point (.

For an arbitrary set 2 C F3, we find it reasonable to set

S8a(Q2) :={¢ € Q: ( is a non-removable singularity of ®},
Jo(Q) :={C € Q: ®(¢) € I UTa}.

Let G C II(¢) be a domain in II(¢). Then clG and OG denote the closure
and the boundary of G in the induced topology of II(({), respectively.

Now, we can formulate the following theorem on the sum of logarithmic
residues for monogenic functions taking values in the algebra A,.

Theorem 4.7. Let Q be a domain in E3 and ® be a monogenic function
in Q\ 8a(Q). Let (o be an arbitrary point in Q. Let G C I1({y) be a domain
in T1(¢p) such that clG C Q and OG be a closed Jordan rectifiable curve. Let
0G do not contain singular points of the logarithmic derivative of function
®, 8¢(G)UIa(G) = {(k}7,, where m is finite, and there exist R > 0 such
that assumption (6) holds in Ko r(Cx) for all k = 1,2,...,m. Moreover, let
nigly + noxla denoting the singularity index of the logarithmic derivative of
function ® at the point (i be finite for allk =1,2,...,m. Then

m

¢/(§)(q’(§))7ldC = Z(ﬂmh + napls) (12)

7 k=1

1
271
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where T' is an arbitrary closed Jordan rectifiable curve in the domain
Q\ (86() UIs(R)) which is homotopic to dG in this domain.

Proof. Let positive R be such that the sets Ko r((x) C Q are pairwise disjoint
for all k =1,2,...,m. Since I is homotopic to dG in Q\ (84(Q2) UJs(€2)), by
Theorem A.3 in Appendix A, we have

1 1 1 1
— [ () (® =— [ () (P
5 [ ¥O@) = o [ @O @©0)
T oG
1 & 1
> [ vEo@)
k:1Fr(<k)
for any r, 0 < r < R.
Now, to complete the proof one can apply Lemma 4.5. O

The following theorem is an analogue of the known result in complex
analysis.

Theorem 4.8. Let assumptions of Theorem 4.7 hold. Then

1

21
r

®'(¢)(9(0))'d¢ = (Np, — Pr)Ii + (Ng, — Pr)I2,  (13)

where N, , Pr, are the numbers of zeros and poles, respectively, of the function
Fy, in the domain Dy(G) for k =1,2.

Proof. Since T is homotopic to G in 2\ (8¢(2) UJs(Q2)), we conclude that
I' does not contain singularities of the logarithmic derivative of function ®.
Then the following equality is true:

1
211

(C)((¢)) ¢ = - / () () e = Do n®(0), (14)

T omi omi
T oG

where Agg In ®(¢) denotes the increment of function In ®(¢) as ¢ passes the
curve JG. Equalities (1) and (2) yield the equality

(p3y + q32)F3(&2) + Fo(&2) p

In®(¢) =InFy (&) +In Fy() 12 + Fy(&)

for all ¢ € T', where &; € D1(0G), & € D2(0G).
Since ® does not take values in the ideals on the curve G, by virtue of (2),
we conclude that the function F is not equal to zero on the curve Dy(9G) in



ON THE LOGARITHMIC RESIDUE OF MONOGENIC FUNCTIONS ... 179

the complex plane. Therefore, the function ((p3y+q32)F5(&2)+Fo(&2))/Fo(&2)
is continuous on the curve Dy(0G) and, hence, its increment in passing this
curve is equal to zero.
Thus, Apg In (I)(C) = ADl(BG)Fl(gl)Il + ADz(ag)Fg(ﬁg)Ig and, in view of
the principle of argument for analytic functions of a complex variable (see,
g., [18, sec. 10]), equality (14) is transformed into (13). O

Finally, we formulate the result which follows from Theorem 4.8.

Corollary 4.9. Let assumptions of Lemma 4.5 hold. Let functions Fi,
Fy be as in (2). Then the logarithmic residue of a monogenic function ® at
the point (y is an integer if and only if the logarithmic residue of Fy at the
point £19 and the logarithmic residue of Fy at the point {50 coincide. If so, the
logarithmic residues of all these functions coincide.

A Appendix

In the Appendix, we collect some results exploited in the article.

Lemma A.1. Let {y € E3 and 0 <1 < R. Then the domain X, r({y) can
be represented as a union of domains K, r(¢o) and K, r({o), each of them is
convez in both directions L1 and Lo, and X, r(Co) N XKy r(Co) s an open set.

Proof. The proof is Constructlve We first note that the case L1 = Lo is trivial.
It is enough to set iKT,R(CO) K r(Co) = Kr r(Co)-

Next, we suppose that [L; and Ls do not coincide. Let
IT*(¢o) := {Co + ti€] + toes : t1,t2 € R} be a plane in E3. If r # 0, we
take two planes II*(Co + réj) and II*(Co — réj). These planes split K. r(¢o)
into six parts, four of them are located between the planes. One can uniquely
indicate two pairs of sets formed by the sets from the mentioned four parts
such that the union of two sets of a pair is convex in both directions L; and
Ls. We denote these pair by Q; and 5. Then, we set

UA{‘T,R(CO) =X, r(C0) \ 1,

T'R(CO) = TR(CO) \QQ7

where ), denotes the closure of Q in the induced topology of Es, k € {1,2}.
By the construction, it easy to see that both X,. r(Co) and X, R(Co) are open
and convex in directions L1, Lo sets. As a conclusion, 9C77R(C0) N 9C77R(C0) is
an open set.

If r = 0, we take one plane II((p) and split it into four parts by the straight
lines L1({p) and La((p). By the same arguing as above, we deduce the validity
of the lemma. O
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The following lemma is the immediate consequence of Lemma 1 in [14].

Lemma A.2. Let Q be a convex in directions Ly, Lo domain in FEs. Let
® be a monogenic function in . Let k € {1,2}. Let (o be an arbitrary point
of Q. Then ®({y) € Ii implies ®(¢) € Iy, for all { € QN Li(lo).-

The following result is an analogue of the Cauchy integral theorem for
monogenic functions in As. We note that a more general result can be found
in [19, Thm. 4.2].

Theorem A.3. Let Q be a convex in directions L1, Lo domain in Fs and
d : Q — Ay be a monogenic function in Q). Let v C Q be a closed Jordan
rectifiable curve which is homotopic to a point of Q2. Then f,y ®(¢)d¢ = 0.

The following statement is a particular case of Theorem 6.1 in [19].

Theorem A.4. Let Q) be a convex in directions Ly, Ly domain in E3. Let
D : Q — Ay be a monogenic function in Q). Then for every point (o € € the
following equality is true:

B(60) = 5 [ SO - G) e,

where v is a closed Jordan rectifiable curve in €2, that surrounds once the set

L1(¢o) U La(Co)-
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