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Abstract

In this paper, we give some equivalence relations and results over
the commutative quaternions and their matrices. In this sense, con-
similarity, semisimilarity, and consemisimilarity over the commutative
quaternion algebra and commutative quaternion matrix algebra are es-
tablished. Equalities of these equivalence relations are explicitly de-
termined. Also Syvester-s-Conjugate commutative quaternion matrix
equations are studied by means of real representation of the commu-
tative quaternion matrices and consimilarity of the two commutative
quaternion matrices.

1 Introduction
In 1843, Hamilton introduced the concept of real quaternions, which is defined

by [1]

K={g=qo+qi+qj+aek: q,01,90,93 €Rand i,j,k ¢ R},
where

P=72=k=-1, ij=—ji=k, tk=—ki=—j, jk=—kj=i.
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The real quaternion algebra plays an important role in quantum physics, kine-
matic, differential geometry, game development, image processing and signal
processing, etc. Real quaternions are a naturel extension of the complex num-
bers which are also the extension of the real numbers. The multiplication of
real quaternions is non-commutative. Thus, all results about complex numbers
cannot be generalized in real quaternions. There are a lot of works associated
with real quaternions. For instance, Tian defined two types of universal factor-
ization equalities for real quaternions and gave solutions of ax—xb = cin K, [2].
As well as the similarity and consimilarity of elements of the real quaternion,
octanion, and sedenion algebras, Tian considered the similarity and consimi-
larity of general real Cayley-Dickson algebras in [3]. Also, the author studied
the solutions of two fundamental equations, ax = zb and ax = Tb, by means of
similarity and consimilarity relations. In [4], Tian defined semisimilarity and
consemisimilarity of real quaternions and investigated the general solutions of
systems xzay = b, ybx = a, and Tay = b, gbx = a in K. One of the applica-
tions of real quaternions is also the quaternion matrix theory. In [5], Baker
investigated the right eigenvalues of the quaternion matrices using the topo-
logical approach. Besides, Huang and So studied on the left eigenvalues of real
quaternion matrices [6]. Huang discussed the consimilarity of the quaternion
matrices and obtained their Jordan canonical form, using the consimilarity
[7]. Jiang and Wei studied the Kalman-Yakubovich-Conjugate matrix equa-
tion , X — AXB = C, in K (where X = —jXj ) via the real representation
of real quaternion matrices [8]. Moreover, Jiang and Ling studied the prob-
lem of the solution of the Sylvester-Conjugate real quaternion matrix equation
,AX — X B = C, by means of real representation of the real quaternions matrix
[9].

After the introduction of real quaternions, the set of commutative quaternions
was first introduced by Segre [10]. This number system is sometimes called
the system of reduced bi-quaternion. The set of commutative quaternions
is four-dimensional like the set of real quaternions. However this set con-
tains zero-divisor elements. Commutative quaternions are extensively stud-
ied and applied to several problems in various areas. Catoni et al. studied
the functions of commutative quaternion variable and obtained generalized
Cauchy-Riemann conditions [11]. In [12], the authors introduced digital sig-
nal and image processing, using commutative quaternions. Also, they dis-
cussed the efficient algorithms of the discrete commutative quaternion Fourier
transform, convolution, correlation, and phase-only correlation. In [13], the
authors developed the algorithms for calculating the eigenvalues-eigenvectors
and the singular value decomposition of commutative quaternion matrices.
Moreover, they represented the color images in the digital media by commu-
tative quaternion matrices and applied the techniques, such as separation,
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compression, image enhancement and denosing, to the color images by us-
ing these matrices. In [14], the authors investigated two types of multistate
Hopfield neural networks based on commutative quaternions. In [15], the au-
thors defined commutative quaternion canonical transform which is the gen-
eralization of commutative quaternion Fourier transform. Also, Kosal and
Tosun investigated some algebraic properties of commutative quaternion ma-
trices by means of complex representation of commutative quatrnion matrices
[16]. In [17], Kosal et al. constructed , by means of real representation of a
real matrix, some explicit expression of the solutions of the matrix equations,
X-AXB=C, X — AXB = C, and X — AXB = C, which, for convenience,
are called the Kalman-Yakubovich-Conjugate commutative quaternion matrix
equations.

This article is organized as follows. In Section 2, after we give algebraic proper-
ties of commutative quaternions, consimilarity, semisimilarity and consemisim-
ilarity of commutative quaternions are defined. Also, equalities of these equiva-
lence relations are studied. In Section 3, we define consimilarity, semisimilarity,
and consemisimilarity of commutative quaternion matrices and obtain equal-
ities of these equivalence relations. Lastly, we introduce Syvester-s-Conjugate
matrix equations, A (SY) — XB = C,(s = 1,2,3) via real representation of
commutative quaternion matrices and consimilarity of the two commutative
quaternion matrices. Throughout this paper, the following notations are used.
Let R, K, and H denote the real numbers field, the real quaternion skew field,
and the commutative quaternion ring, respectively. R™*" (K™*™ or H™*™)
denotes the set of all matrices on R (K or H).

2  Equivalence Relations and Results over the Commu-
tative Quaternions

The set of commutative quaternions is expressed by
H={a=ag+aii+azj+ask: ag, a1, as, a3 € Rand i,5,k ¢ R}, (1)
where
P=kr=-1, j2=1,ij=ji=k, jk=kj=1i, ki=ik=—j.

It is clear that multiplication in H is commutative. Summation of the com-
mutative quaternions a = ag + a1i + azj + azk, b =0bg+ b1i + baj + bsk € H
is defined as a + b = (ao + bo) + (Cll + b1) i+ (CLQ + bg)j + (Clg + bg) k. Scalar
multiplication of a commutative quaternion a € H with a scalar A € R is
defined as Aa = A (ag + a1i + asj + agk) = Aag + Aari + Aagj + Aagk. In ad-
dition, quaternionic multiplication of two commutative quaternions a,b € H
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is defined
ab = (aobo — a1b1 —+ a2b2 — agbg) + (a1b0 —+ aobl —+ a3b2 + a2b3)’i
+ (a0b2 + asbg — a1bs — a3b1)j + (agbo + agbs + a1by + agbl) k.
There are three types of conjugates of a € H. They are 'a = ag — a7 + asj —
ask, 2a = ag+ a1i — agj — azk, and 3@ = ag — a1i — asj + ask. Also, the norm
of a € H is defined as

lall = Va (*a) (*a) (*a) = {1/ [(a0 + a2)* + (a1 + a3)*] [(a0 — a2)* + (a1 — as)”].
(2)

In case of
ag+ax=0,a1+a3=0o0rag—ax=0,a; —a3 =0 (3)

norm of a is equal to zero. The planes of equations (3) are called planes of the
zero divisors or characteristic planes [11].

If a € H and ||a|| # 0 then a has multiplicative inverse. Multiplicative inverse
of a is equal to a~! = % [11].

It is nearby to identify a commutative quaternion a € H with a real vector
a € R* We may define any commutative quaternion as

ao
a1
a2
as

a=ag+aii+asj+ask = a=

Then multiplication of ¢ and b can be shown, with the help of ordinary matrix
multiplication,

ayp —ai; az —as bo
a; a a as by
ab = ba = 70 3 B b = (a)b, (4)
a2 asz ap aq 2
as az ay ago b3

where ¢ (a) is sometimes called fundamental matrix of a [11].

Theorem 1. ([12]) Let a,b € H and A € R. Then the following identities
hold:

RIE-SE N N
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=
+
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Definition 1. Two commutative quaternions a and b said to be consimilar
according to s'" (s = 1,2,3) conjugate if there exists a commutative quater-

nion p, ||p|| # 0 such that *pap~! = b; this is written as a~b. Consimilarity
relation ~ is an equivalence relation on the commutative quaternions.

Theorem 2. Let a,b € H and a is consimilar to b according to st* (s = 1,2,3)
conjugate. Then norm of a is equal to norm of b.

Proof. If a and b are consimilar according to st (s = 1,2,3) conjugate, then
there exists p such as
Spap~t = b.

In last equation, we can calculate the norm both sides. Then we have
1°Bll llall [[p~ ]| = [1o]l -
. _ _ -1
Since [|*p|| = |lpl| and ||p~"|| = [Ipll ", we get [lal| = [|b]| - O

Definition 2. Two commutative quaternions a and b are said to be semisim-
ilar if there exist a commutative quaternions x and y that satisfying the equa-
tion

zay =b and ybr = a, (5)

this is written as a ~ b. Semisimilarity relation & is an equivalence relation
on H.

Theorem 3. Let a,b € H are semisimilar and ||a| # 0, ||b]| # 0 . Then
lal| = ||b]| and a* = b2.

Proof. Let a ~ b and ||la|| # 0, ||b|] # 0. Then there exist z and y such that
zay = b,ybx = a. Thus we get

llall _ 11l
ol llal

that is ||la|| = ||b]|-

If the right side of first equation in (5) multiplied by y~ta~! , then we obtain
x = by~ la~!. Substitution z = by~ ta~! into the second equation in (5) and
simplifying gives us yb?y~! = a? that is a® = b2. O

1

Theorem 4. Let x,y,a,b € H, |la]| #0, ||b]| #0 and a = b. Then there exist
z,y € H satisfying
zay = b,ybx = a (6)
and
z=bgyla”t Yy =g (7)
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or
r=q, y=aq ‘b (8)

where q1,q2 € H are arbitrary and ||¢1]| , ||g2|| # 0.

Proof. If ||a|]| # 0 and ||b]| # 0, then the norms of & and y satisfying (6) are
nonzero. If the right side of first equation in (6) multiplied by y~ta~!, then
we obtain x = by ta~!. Substitution 2 = by 'a~! into the second equation
in (6) gives us

yb? = ya’. (9)

Similarly, getting solution for y from the second equation in (6) and subsiti-
tuting it into the first equation in (6) gives

xb? = za’. (10)

Since a ~ b, we get a® = b%. In the present case, y that satisfies (9) is arbitrary.
Substituting this y into the first equation in (6) gives (7). Solving for x in (10)
and substituting this « into the second equation in (6) gives (8). O

Definition 3. Two commutative quaternions a and b are consemisimilar ac-
cording to s conjugate if there exist a commutative quaternions x and y
satisfying

CT)ay =0, *y)br=a, s=1,2,3,

. . . Cs . . . . . Cs . . .
this is written as a = b. Consemisimilarity relation = is an equivalence relation
on H.

Theorem 5. Let ||lal| # 0, [[b]| # 0 and a,b € H are consemisimilar according
to s (s =1,2,3) conjugate. Then ||a| = ||b]| and (*a) a = (°b) b.

The proof of Theorem 8 may be proved along the same way as the proof of
Theorem 5.

Theorem 6. Let x,y,a,b € H, |la|| #0, ||b]] # 0 and a®b. Then there exist
z,y € H satisfying

(Z)ay = b, (*y) be = a (11)

and B
2= () (@) ) y=a (12)
r=q, y=a)Cam) (D) (13)

where q1,q2 € H are arbitrary and ||q1||, ||g2|| # 0.
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Proof. Tf ||la]| # 0and ||b|| # 0, then the norms of z and y satisfying (11)
are nonzero. If the right side of first equation in (11) multiplied by y~ta=!,
then we get = = (°b) (7))~ (*a)"". Substitution z = (°d) (7))~ (*a) " 'into the
second equation in (11) gives us

Yy (SE) b=y ("a) a. (14)

In a similar way, getting solution for y from the second equation in (11) and
subsitituting it into the first equation in (11) gives

z (°b) b=z (*a) a. (15)

Since a~ b, we get (°a) a = (55) b. In the circumstances, y that satisfies
(14) is arbitrary. Substituting this y into the first equation in (11) gives (12).
Solving for z in (15) and substituting this « into the second equation in (11)
gives (13). O

3 Equivalence Relations and Results over the Commu-
tative Quaternions Matrices

The set of m X n matrices with commutative quaternion entries, which is

denoted by H™*", with usual matrix summation and multiplication is a ring

with unity. There exist three kinds of conjugate of A = (a;;) € H™*™ and they

are 1A = (Ya;;) e H™*", A = (*a;;) € H™*" and 34 = (%a;;) €e H™*". A
T

matrix A7 € H"™™ is transpose of A € H™*". Also A* = (*A)" € H™*™

is called conjugate transpose according to s (s = 1,2,3) conjugate of A €
H™>™ [16].

Theorem 7. ([17]) Let A and B be matrices of appropriate sizes. Then
followings are satisfied:

(SZ)T — S(AT) ,

(AB)" = B*s A*s,

(AB)" = BT A",

B~ (3) (F)

If A=Y and B™! exist then (AB)™' = B~1A™1,

If A=Y ezists then (A*) ™" = (A’l)*s,

(A) " =(AT).

N DS~

Definition 4. Two commutative quaternion matrices A, B € H"*"™ said to be
consimilar according to s" (s = 1,2, 3) conjugate if there exists a commutative

quaternion P € H"*" such that *PAP~! = B; this is written as AXB.
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Definition 5. ([17]) Let A € H"*", X\ € H. If there exists 0 # z € H"*! such
that
Az =z

then A is said to be eigenvalues of A and z is said to be a eigenvector of A
corresponding to the eigenvalue A. The set of eigenvalues is defined as

E(A)={NeH: Az = Iz, for some 0 # x € H"*'}.
Definition 6. Let A € H"*" \ € H. If there exists 0 # x € H"*! such that
A(°T) = A

then \ is said to be coneigenvalues according to s conjugate of A and x is
said to be a coneigenvector of A corresponding to the coneigenvalue A. The
set of coneigenvalues according to st* conjugate is denoted as

g={\NeH: A(°Z) =z, for some 0 # x € H"*'}.

Theorem 8. Let A,B € H™". If AXB, then A and B have the same
coneigenvalues according to s conjugate.

Proof. Let AR B, then, there exists a regular matrix P € H"*™ such that
SPAP™! = B. Let A € H be a coneigenvalue according to s** conjugate for
the matrix A, then we find the matrix z € H"*! such that A (°T) = z\, 0 #
x € H"*!. Let y = P(°T). Then

By =°*PAP™'y = *PAP'P (°T) = *PA(°T) = *Pa) = *J\.
Thus, A and B have the same coneigenvalues according to s** conjugate. [

Theorem 9. If A € H"*", then A is coneigenvalue according to st conjugate
of A if and only if for any 5 € H, (0 # ||8]]), (SB) A3~ is a coneigenvalue
according to st conjugate of A.

Proof. From A (°Z) = z\, we get A (Sfﬂfl) = x(sﬁ)i1 (SB) AB~L. Thus A\ is
coneigenvalue according to sth conjugate of A if and only if any 8 € H, (0 #
18I), (*8) AB~" is a coneigenvalue according to s'* conjugate of A. O

Definition 7. Two commutative quaternion matrices A € H"*" and B €
H"™*™ are said to be semisimilar if there exist a commutative quaternion ma-
trices X and Y that satisfying the equation

YAX =B, XBY = A.

This is written as A ~ B.
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Definition 8. Two commutative quaternion matrices A € H"*™ and B €
H™*™ are said to be consemisimilar according to s** conjugate if there exist a
commutative quaternion matrices X and Y that satisfying the equation

(‘V)AX = B, (‘X)BY = 4.
This is written as A~ B.

Theorem 10. Let A, B, X,Y € H"™™ and A is semisimilar to B. Then the
following hold:

1. A?*X = X B B%*X=XA% k=1,2.3,..,

2. (XY)PAXY)Y =4, k=1,23,..,

Proof. 1. Since YAX = B and XBY = A,

A=XBY =(XY)A(XY)and B=YAX = (YX)B(YX).
Then
A’X = (XBY)(XBY)X = XB? and B*Y = (YAX)(YAX)Y =Y A?
by induction we get
A?*X = XB* B*X = XA?* k =1,2,3,...
2. From the proof of part 1, It is easily follows by induction that
A=(XY)A(XY)=(XY)XBY (XY)=(XY)X(YAX)Y(XY)
= (XY)X(Y (XBY)X)Y(XY)=(XY)XY (X (YAX)Y) X)Y(XY)

= (XY)"AXY)F, k=1,2,3, ...

Theorem 11. Let A, B, X,Y € H"*", AR B. Then the following hold:

1. ((X) (V) AXY)E = 4, ((7) (X)) BOYx)* =B,k =1,2,3, .,
—\\K o - —\k

2. (A (*4))" (°X) = (X) (B (*B))",

k=1,23,..

(V) (4 (<4)" = (B (B))" (7).
Proof. 1. Since
(V) AX =B, (‘"X)BY =4
We have
A= ("X)BY = ((°X) (°Y)) A(XY) = ((°X) (°Y)) (°X) BY (XY)
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= ((X) (7)) (%) ((Y) 4X) ¥ (XY)
= ((X) (7)) (X) (
= ((%) (V) A((X) (7))k7 k=1,2,3,..

Symmetry yields the ((57) ( Y)) B(Y =Bfork=1,2,3,..
2. From the proof of part 1, B = ( ?) ( Y) BY X. Then we have

—~

*Y) ((*X) BY) X) Y (XY)

A(*4) (X) = (X)BYX (°B) (°Y) ("X) = ("X) B(YX (°B) ('Y) (X))
= (*X) B (*B)

which may be applied repeatedly to obtain (A (SZ))k (SY) = (SY) B (SE) ) r
Y) )

for k = 1,2,3,... Symmetry yields the ( (A (S ))k (B (SE))k (S? for
k=1,2,3,... O

3.1 Real Representations of Commutative Quaternion Matrices

Let A = AO + Ayl + AQ] + A3/€ € H™*"™ where Ao,Al,AQ,Ag € R™*"™, We
will define the linear transformations ¢ (X) = A ('X), pa (X) = A(*X)
and na (X) = A (*X).

Matrices of these linear transformations according to basis {1,14, j, k} are

Ay A3 Ay A Ay —Az3 —Ag A

Ao A1 Ax A Ao —A1 —Ax  Aj
¢A — Al _AO A3 _A2 c ]R4m><4n7uA — Al AO _A3 _A2 c ]R47’n><4n7

(1

(*Prm)

Az —Ax A1 —Ao Az Az —-A1 —Ao

Ao A —Ay —As
_ A1 *AO *AB A2 dmx4dn
M= A, Ay —Ag -4, | €K
A3 7A2 *Al AO
respectively [17].

Theorem 12. ([17]) Let A € H™*™. The following identities are satisfied:
1. If A€ H™*™ | then

Pm)71¢A (‘p,) = ¢(1Z) Qi daQn =—da, Ry 0aR, = da, Sy daSn = —da,

-1

HA (QPm) = QS(QZ) s Q;qlll‘AQTL =Qa, R;ql,uARn = —da, S;Ll,UAS =—da
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and

(*Pn) 'na (3Pn) = N(a) Q' 14Qn = =04, Bp'naRn = —na, 8,048 =14

where

wo oo
&
w
s
cool
|
cowno
-
|
on00
-
Sooco

0o -—I;y © 0 0 0o I 0 0 0 0 -1y
_ Iy 0 0 0 _ 0 0 0 I _ 0 0 Iy 0
Qt - 0 0 0 —1I; 7Rt - Iy 0 0 0 7St - 0 —1I; 0 0
0 0 Iy 0 0 I 0 0 Iy 0 0 0

2. If A,B € H™*" then ¢ayB = ¢4+ OB, patB = pa + B and Naip =

na +nB-
3. If Ac H™ ", B c H", then

dap =04 ("Pn) dop = ¢A¢(1§) ("P), pas=pa(PPo)pp = KA (=F) (*P)

and
nag =na (*Pn)ns = AT (=) R).

4. If A € H™*™ then there exists A~ if and only if there exist (ngA)_l, (HA)_l
and (n4)”" and they are

pa " = ("Pn) dar (*Pn), pat=(3Pp) pa-r (*Pn)
and
na~t = (CPn)na-1 (PPn) -

3.2  Sylvester-s-Conjugate Matrix Equations over the Commuta-
tive Quaternion Matrices

For A € H™ ™ B e H"*"™ and C' € H™*", matrix equations A (SY) —XB=
C,(s = 1,2,3) are called Sylvester-s-Conjugate matrix equations on commu-
tative quaternion matrices. In here, we construct some explicit expressions
of the solutions of the matrix equations A (SY) — X B = C by means of real
representation of a commutative quaternion matrices and consimilarity of the
two commutatative quaternion matrices.



SOME EQUIVALENCE RELATIONS AND RESULTS OVER THE COMMUTATIVE QUATERNIONS
AND THEIR MATRICES 136

i. Sylvester-1-Conjugate Matrix Equation A (1Y) —XB=C

In here, we investigate the solution of the Sylvester-1-conjugate matrix equa-
tion -

A('X)-XB=C (17)
via the real representation, where A € H™*™, B € H"*" and C € H™*". We
define the real representation of the matrix equation (17) by

pAY —Yép = ¢c. (18)

Theorem 13. The equation (17) has a solution X if and only if the equation
(18) has a solution Y = ¢x (*P,).

Theorem 14. The equation (18) has a solution Y € R¥™*4n if and only if
the equation (17) has a solution X € H™*"; in that case, if Y € R¥™>4n s g
solution to (18), then the matriz;

I,

1 . i,
X = (I il jln kL)Y i (19)

kI,

is a solution to (17) where

Y =1 (V (P = QY () Qu+ Ry (Pa) Ry — 8,1 (P) S3)

Proof. We demonstrate that if the real matrix

Y = , Yo ER™*™ 0 =1,2,3,4

is solution to (18) , then the matrix represented in (19) is a solution to (17).
Since

QuloxQn = —bx, R 'oxRn = dx, S;'oxSn = —dx and Y = ¢x (*P,)
we have

b4 (-QY () Q) () — (~Qi1Y (P.) Q) (“Pa) b = e
ba (1Y (\P) R (P = (RoY (B R,) (B) op = de.  (20)

04 (=S5'Y () Su) (MFn) = (=S5 (') Si) ("Fu) 6 = do-
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Last equations show that if Y is a solution to (18), then

(=Qu'Y ("Pa) Qu) (“Pn) s (B)'Y (") Rn) (")

and
(=82"Y (") Sn) (1 Pn)
are solutions to (18). Thus the undermentioned real matrix:
V' == (Y= (Q,;'Y ("P,) Qn — R,)'Y ("P,) R, — S;,'Y (*P,) Sy) (YP))
(21)

is a solution to (18). If the right side of last equation multipled by (IPn), then
we get

RNy

Zy 21 Zay I3

| %4 —Zy Zs —Z»
0x = Zy 43z Zy Zy ’

Z3 —Zs 21 —Zg

where ¢x =Y (1Pn) and

Zy =3 (Yi1+Yar+Yazs+Yu), Z1 =73 (—Yio+ Yo — Yoy + Ya3),

(22)
Zy =5 (Yis+ Yos + Ya1 + Yio), Zs = (—Yia + Yoz — Yoo + Ya1).
Thus, we get

I,
1 . . ’ il,
X =3 il il kL)Y |
kI,

L]

Theorem 15. Let A (1Y) — XB =0, X be reqular and A, B € H**™. Then
A is consimilar to B according to 1 nd conjugate and ¢4 is similar to ¢p.

Proof. Since X is reguler, we have X *A4 (*X) = B from A (*X) — XB = 0.
Thus A is consimilar to B according to 1 nd conjugate. We can write from
XA (1X) =B

dx-1a0x ("Po) =05 = dx—1) ('Pn) padx (‘Pn) = ¢5

= ('P,) (¢x)" (PPu) (*Po) dadx (*Pn) = o5
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and
("Pa) " (6x) "0 (6x (‘Pu)) =65 = (dx (‘P)) b (6x (‘P0)) = d5
Thus ¢4 is similar to ¢p. O

ii. Sylvester-2-Conjugate Matrix Equation A (QY) —XB=C
Now, we investigate the solution of matrix equation
A(*’X)-XB=C (23)

by the method of real representation, where A € H™*™ B € H"*" ve C €
H™*™. We first define the real representation matrix equation (23) by

paY =Ypup = pc. (24)
In here Y = ux (2Pn) .

Theorem 16. The matriz equation (24) has a solution Y € R¥™*47if qnd
only if the matriz equation (23) has a solution X € H™*"; In this case, if Y
is a solution to (24), then the matrix
L,
X =

(Im il jIm kL)Y’ (25)

=] =

7]In
kI,

is a solution to (23) where
1
Y = 1(y (CP) + Q'Y (P°P,) Qn — R,'Y (°P,) R, — S,)'Y (°P,) Sy).
The proof of Theorem 16 may be proved along the same way as the proof of

Theorem 14.

Theorem 17. Let A (2Y) — XB =0, X be reqular and A, B € H"*". Then
A is consimilar to B according to 2 nd conjugate and ¢4 is similar to ¢p.

The proof of Theorem 17 may be proved along the same way as the proof of
Theorem 15. o
iii. Sylvester-3-Conjugate Matrix Equation A (’X) - XB =C
Lastly, we investigate the solution of matrix equation

A(PX)-XB=C (26)
by the method of real representation, where A € H™*™ B € H"*" ve C €
H™*™. We first define the real representation matrix equation (26) by

naY —Yng =nc. (27)
In here Y =nx (3Pn) .



SOME EQUIVALENCE RELATIONS AND RESULTS OVER THE COMMUTATIVE QUATERNIONS
AND THEIR MATRICES 139

Theorem 18. The matriz equation (27) has a solution Y € RI™*4n4f and
only if the matriz equation (26) has a solution X € H™*™: In this case, if Y
is a solution to (27), then the matriz

L,
IR i
X =L il L KL)Y' | 0 (28)
—kI,
is a solution to (26) where
Y = i Y (CP) — Q'Y (PP,) Qn — R,)'Y (°P,) R+ S,,'Y (3P,) S)

The proof of Theorem 18 may be proved along the same way as the proof of
Theorem 14.

Theorem 19. Let A (*X) — XB =0, X be regular and A, B € H"*". Then
A is consimilar to B according to 3 nd conjugate and ¢4 is similar to ¢p.

The proof of Theorem 19 may be proved along the same way as the proof of
Theorem 15.

Example. Solve Sylvester-1-Conjugate matrix equation
1 i\ gy 1 0\ [ —2+4j 2+j+k
(0 5)m-x(g0)= (7 2

by using its real representation.
Real representation of given equation is

1 0 O 1 00 0 O 10 0 00O 0 O
0 0 1 0O 01 0 O 00 0 00O O O
01 -1 0 00 O O 00 -1 000 0 O
10 0 0 OO O -1 Vv 00 0 00O O O
00 0 0 10 O 1 00 0 010 0 O
01 0 0 00 1 0 00 0 00O O O
00 0 O 01 -1 0 00 0 00O -120
00 0 -1 10 0 O 00 0 00O O O
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0 2 -2 0 1 1 0 1
1 1 -1 1 0 0 -1 0
-2 0 0 -2 0 1 -1 -1
_ -11 -1 -1 -1 0 0 0
- 1 1 0 1 0o 2 -2 0
0 0 -1 0 1 1 -1 1
o 1 -1 -1 -2 0 0 -2
-1 0 0 o -1 1 -1 -1
If we solve this equation, we have
01 -1 0 01 O 0
o 0 0 -1 01 -1 0
1 0 0 1 0 0 O 1
v — 0 1 0 0 1 0 O 1
0 1 0 0O 01 -1 0
Oo1 -1 0 0O 0 -1
0 0 O 1 1 0 O 1
1 0 0 1 01 0 0

If we use the equation

1

ox =7 (Y ("Pu) = (Qu'Y ("Pa) Qu = BL'Y (") R+ 531V (Pa) Sn))
We have
011 0 010 O
000 1 011 O
100 -1 00 0 —1
(o010 0 1 00 -1
=010 0 011 0
011 0 0O0O0 1
000 -1 100 —1
100 -1 010 0

Thus
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o011 0 01 0 O 10
o0 0 1 01 1 O 0 1
10 0 -1 0 0 0 -1 i 0
10 ¢« 0 5 0 k O o010 0 1 0 0 -1 0 4
(01010]01@)01000110 j 0
011 0 00 0 1 0 gJ
o0 0 -1 1 0 0 -1 k0
1 00 -1 01 0 O 0 k
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