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Existence results for fractional differential
inclusions with Erdélyi-Kober fractional
integral conditions
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Abstract

In this paper, we discus the existence of solutions for Riemann-
Liouville fractional differential inclusions supplemented with FErdélyi-
Kober fractional integral conditions. We apply endpoint theory, Kras-
noselskii’s multi-valued fixed point theorem and Wegrzyk’s fixed point
theorem for generalized contractions. For the illustration of our results,
we include examples.

1 Introduction

Differential inclusions, regarded as generalization of differential equations and
inequalities, are found to be of great interest and value in optimal control the-
ory and stochastic processes [1]. Differential inclusions also help to understand
dynamical systems in which the velocities are not uniquely specified by the
state of the system, in spite of depending on it.

In recent years, the area of differential equations and inclusions of arbitrary
order has received considerable attention and several results of wide interest
can now be found in the literature on the topic, for instance, see [2]-[7] and
the references cited therein.
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It has been observed that much of the work dealing with fractional-order
boundary problems equipped with integral boundary conditions has addressed
either classical, Riemann-Liouville or Hadamard type integrals. Besides these
integrals, there is another kind of integral operator, introduced by Arthur
Erdélyi and Hermann Kober [8] in 1940, which is known as Erdélyi-Kober
fractional integral operator. Such operators are found to be quite useful in
obtaining the solutions for single, dual and triple integral equations possessing
special functions of mathematical physics in their kernels. For details and
applications of the Erdélyi-Kober fractional integrals, we refer the reader to a
series of papers and texts [8, 9, 10, 11, 12, 13].

In order to enrich the work on fractional-order boundary value problems
involving integral boundary conditions further, we consider a problem consist-
ing of fractional differential inclusions and Erdélyi-Kober fractional integral
boundary conditions. Precisely, we investigate the following problem:

Dix(t) € F(t,z(t)), 0<t<T, 1<q<2,
z(0) =0,
nt ni(8i+7:) &i 87717z+711 _ i 6
-4 = 3 gt
(1)

where 1 < ¢ < 2, D? is the standard Riemann-Liouville fractional derivative
of order g¢, I,”,*j"si is the Erdélyi-Kober fractional integral of order §; > 0 with
n;, >0andy; €R,i=1,2,...,m, F:[0,T] xR — P(R) is a multivalued map,
P(R) is the family of all nonempty subsets of R, and «,3; € R, & € (0,T),
1=1,2,...,m are given constants.

In the rest of the paper, we describe some preliminary concepts related to
the proposed study in Section 2, while the main existence results are estab-
lished in Section 3 by applying endpoint theory, Krasnoselskii’s multi-valued
fixed point theorem and Wegrzyk’s fixed point theorem for generalized con-
tractions. Finally we present examples for illustration of our main results.

2 Preliminaries

2.1 Basic material for fractional calculus

In this section, we introduce some notations and definitions of fractional cal-
culus and present preliminary results needed in our proofs later [13, 14].

Definition 2.1. The Riemann-Liouville fractional derivative of order ¢ > 0
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of a continuous function f: (0,00) — R is defined by

noopt
Dif(t) = 1 (i) / (t—s)""91f(s)ds, n—1<qg<n,
0

I(n—q)
where n = [q]+ 1, [q] denotes the integer part of a real number q. Here T' is the
Gamma function defined by T'(q fo e %597 1ds.

Definition 2.2. The Riemann-Liouville fractional integral of order g > 0 of
a continuous function f: (0,00) = R is defined by

JOf(t) = ﬁ / (t— )77V f(s)ds

provided the integral exists.

Definition 2.3. The Erdélyi-Kober fractional integral of order § > 0 with
17 >0 and v € R of a continuous function f : (0,00) = R is defined by

t—n6+v)  t gny+n—1
U / s f(s)
0

I’Y éf( ) F((S) (ﬁ”—s")1_5

provided the right side is pointwise defined on R .
Lemma 2.1. Let §,7 >0 and v,q € R. Then we have

viaq . tT(y+(g/n) +1)
= o @ 45 1) @)

Lemma 2.2. Let 1 < q¢ < 2, §,m > 0, a,v;,8; € R, & € (0,7), i =
1,2,...,m and h € AC(]0,T],R). Then the linear Riemann-Liouville frac-
tional differential equation subject to the Erdélyi-Kober fractional integral bound-
ary conditions

Diz(t) = h(t), te(0,1),

2(0) =0, = D sy tae) ®)

1s equivalent to the following integral equation

o) = Jo() - (aﬂh(T)—Zﬂif;;ﬁiﬂh(a)), @

i=1

where

- q—1 Bzgzq_ P(vi+(g—1)/m+1)
A=l 2 P(vi+(g—1)/mi+6;+1) 7 0. (5)
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Proof. Solving the linear fractional differential equation in (3), we get an
integral equation given by

x(t) = JIh(t) — et — o172 (6)

where ¢1,c2 € R. The first condition (z(0) = 0) of (3) implies that co = 0.
Applying the Erdélyi-Kober fractional integral operator of order §; > 0 with
7; > 0 and v; € R on (6) and using Lemma 2.1, we obtain

t T (v + (¢ =1)/n+1)
Ciy+(g-1)/n+d+1)’

ivéi — ’i76’i
Le%ia(t) = 170 JIh(t) — 1

which, together with the second condition of (3), yields

C1 NS g s ap g " BT T (s + (g — 1) /mi + 1)
aJh(T) = 1ot =3 Bl th(&)_q; T(yi+(q—1)/ni+6i+1)

=1

Thus

o = % (anh(T) D J%(@) ,

=1

where A is given by (5). Substituting the values of ¢; and ¢z in (6), we obtain
the desired solution (4). The converse follows by direct computation. ]

2.2 Basic material for multivalued maps

Here we outline some basic concepts of multivalued analysis [15, 16].

Let U := C([0,T],R) denote the Banach space of all continuous func-
tions from [0,7] into R with the norm |z| = sup{|z(¢)|, ¢t € [0,T]}. Also
by L'([0,T],R) we denote the space of functions x : [0,7] — R such that

T
2l = Jo la(t)|dt.

For a normed space (X, ||-]|), we define P (X) = {Y € P(X) : Y is closed},
Ppa(X) ={Y € P(X) : Y is bounded}, P.,(X) ={Y € P(X) : Y is compact}
Papa(X) = {Y € P(X) : Y is closed and bounded}, and Pg, (X) = {Y €
P(X) :Y is compact and convex}.

A multi-valued map G : X — P(X) is (i) convez (closed) valued if G(x)
is convex (closed) for all z € X; (ii) bounded on bounded sets if G(Y) =
UgzeyG(z) is bounded in X for all Y € Py(X) (ie. sup,cy{sup{ly| : y €
G(z)}} < oo);(iil) is called upper semi-continuous (u.s.c.) on X if for each
xg € X, the set G(zg) is a nonempty closed subset of X, and if for each
open set N of X containing G(z), there exists an open neighborhood Ny
of zy such that G(Ny) C N; (iv) lower semi-continuous (l.s.c.) if the set
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{y € X : Gly) NY # B} is open for any open set Y in X; (v) completely
continuous if G(B) is relatively compact for every B € P,(X).

If the multi-valued map G is completely continuous with nonempty com-
pact values, then G is u.s.c. if and only if G has a closed graph, that is,
T = Ty Yn — Ys, Yn € G(zy,) imply y. € G(z4). The multi-valued map G
is said to be measurable if for every y € X, the function ¢ — d(y, G(t)) =
inf{|y—z| : z € G(t)} is measurable. The multi-valued map G has a fized point
if there is € X such that € G(x). The fixed point set of the multivalued
operator G will be denoted by FizG.

Let (X,d) be a metric space induced from the normed space (X;| - ||)-
Consider Hy : P(X) x P(X) = RU {oo} given by

H;(A, B) = max{supd(a, B),supd(A,b)},
a€A beB

where d(A, b) = inf,ec 4 d(a;b) and d(a, B) = infye g d(a; b). Then (Py (X)), Hg)
is a metric space (see [17]).

Definition 2.4. A function x € AC?(J,R) is called a solution of problem (1)
if there ezists a function v € LY(J,R) with v(t) € F(t,z(t)), a.e. in J such

that z(0) =0, ax(T Z[)’J”’“ iz (&) and

2(t) = JTo(t) — % (an Zﬁ,f,y; iy )) .

3 Existence result via endpoint theory

In this subsection we prove the existence of solutions for the problem (1) via
endpoint theory.

Definition 3.1. An element x € X is called an endpoint of a multifunction
F : X — P(X) whenever Fx = {x} ([18]). Also, we say that F has an
approximate endpoint property whenever inf,ecx sup,cp, d(z,y) =0 ([18]).

Definition 3.2. A function f: R — R is called upper semi-continuous when-
ever limsup,,_, . f(An) < f(N) for all sequence {\,}n>1 with A\, — A

For the proof of our first result, we need the following endpoint fixed point
theorem ([18]).
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Lemma 3.1. Let ¢ : [0,00) — [0,00) be an upper semi-continuous function
such that ¥(t) <t and liminfs . (t —1(t)) > 0 for all t > 0. Let (X,d) be
a complete metric space and Py pa(X) is the collection of all nonempty closed
and bounded subsets of X. Further S : X — P pa(X) is a multifunction such
that
Hy(Sz,Sy) <y(d(x,y)) forall z,ye X.

Then S has a unique endpoint if and only if S has approrimate endpoint
property.

Based on Lemma 2.2, we introduce an operator §: U — P(U) as follows:

hel:
J(s)(t)

S(u) = h(t) = $a—1
(t) - (an Zﬁ I%’ 0y ( (&)) 7

for v € Sg,, where S, denote the set of selections of F' defined by

(7)

Spu={ve L'JR):v(t) € F(t,u(t)) for a.e. t € J}.

Now we are in a position to present our main existence result.

Theorem 3.1. Suppose that v : [0,00) — [0,00) is a nondecreasing upper
semi-continuous mapping such that liminf;,_, . (t — ¥ (t)) > 0 and () < t for
allt > 0. Also, let F: J xR — P, (R) be an integrable bounded multifunction
such that F(-,u) : J = P, (R) is measurable for all w € R, where Pe,(R) is
the collection of all nonempty compact subsets of R. Assume that there exists
a function £ € C(J,[0,00)) such that

Ha(F(t,u(t)) — F(t,0(1))) < (1€10) €t (ju(t) — v(t)]),

where

— T |O‘|T2q_1 + 79t Z |/81|£ F % (Q/m) + 1)
L(g+1)  [Al(g+1)  [A[T(g+1) + (q/ni) + 6 +1)

(8)

If the multifunction G has the approximate endpoint property, then the inclu-
sion problem (1) has a solution.

Proof. Our proof will be complete when we establish that the multifunction
G: U — P(U) defined by (7) has an endpoint. To do this, we show that the
operator G(u) is a closed subset of P(U) for all v € U. Since the multivalued
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map t — F(t,u(t)) is measurable and has closed values for all v € U, so it
has measurable selection. This implies that S, is nonempty for all v € U.
Let {zp}n>1 be a sequence in G(u) with z, — z for u € U. For every n € N,
choose v, € SF, such that

zp(t) = Jlvp(s)(t) — thi (onqvn(s)(T) - Z,@J;{L‘; qun(s)(gi)> .

By compactness of F, the sequence {vy, }»>1 has a subsequence which converges
to some v € L'(J). We denote this subsequence again by {v, },>1. It is clear
that v € Sg,, and for all t € J,

ta-1

2n(t) > 2(8) = J70(s)(t) = —— (aﬁms)m - D By J%(sxm) :

This shows that z € §(u) and so G is closed-valued. On the other hand, G(u)
is a bounded set for all u € U, because F' is a compact multivalued map.

Finally, we show that Hg(S(u),S(w)) < ¢(||lu — wl]). Let u,w € U and
hi € §(w). Choose v1 € Sp,, such that

m(t) = T (s)(6) - (aJ%(s)(T) - i Bl J%1<s><si>) ,
for almost all ¢ € J. Since
Ha(F (t,u(t) — F(t,w(®)) < (106) () (ut) — w(t)]), for allt € J,
there exist z € F(t,u(t)) provided that
[oa(£) — 2| < (11116) " ee)(fu(t) — w(t)]), for allt € J.

Now, we consider the multivalued map V : J — P(R) given by
-1
V(t) = {Z eR: Jui(t) — 2| < ([1E16)  (t)(|u(t) — W(t))}

Since v; and ¢ = (HEHG)AMJ(M — w|) are measurable, the multifunction
V()N F(-,u(-)) is measurable. Choose vy(t) € F'(t,u(t)) such that

o () — va(8)] < (I1€16) ey (Ju(t) — w(t)]), for allt € J.
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We define the element hy € G(u) as follows:

pa—1 m
ha(t) = Jtua(s) (1)~~~ (w% =" B (s )(&)) , for allt € J.

=1

Let sup,c [4(t)| = [|£||. Then, one can get

|ha(t) — ha(t)]
< JYvi(s) — va(s)|(t)
1!

+|A|<0‘Jq|vl( ) — v2(s) —&-ZBI'Y“ ‘T ( )_U2(3)|(€i)>

i=1

N

< (WH@)*(M@)w(uww||>
D(llu— wl).

Hence, ||h1 — ha|| < ¢(]lu — w]||). Therefore Hyq(G(u),S(w)) < ¢¥(|lu — w])
for all u,w € U. By hypothesis, since the multifunction § has approximate
endpoint property, by Lemma 3.1, there exists u* € U such that G(u*) =
{u*}. Consequently, the problem (1) has the solution w*.This completes the
proof. O

Example 3.1. Consider the following boundary value problem for fractional
differential inclusion with Erdélyi-Kober fractional integral conditions

D32x(t) € F(t,z(t), te]0,5],
2 e 53 4 T 2 V3 3 T Ve &2 2
_ = _ 737 = T 1978 = 274 -
z(0) =0, 3x(5)21\é§z<3)+31\? x(2>+ GI% :17(7)

Here ¢ =3/2, m=3,T =5 a=2/3, 81 =¢/2, B3 = w/3, B3 = /7/6,
m = \/5/57 T2 = \/5/57 3 26/37 71 :5/37 V2 :2/97 V3= \/6/27 61 :3/77

=/3/8, 03 = €2/4, & = 4/3, &, = 3/2, &3 = 2/7. Using the given data, we
find that

T o727t TS IﬂzlfF% (g/m) +1)
- Z

_ n ~ 44.000.
Dlg+1) JAI(g+1) [AN(g+1 +(g/mi) +6i+1)
Let F :[0,5] x R — P(R) be a multi-valued map given by
3t | 2
F = —_ — 1
s P = [0t 4] (10)
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Setting £(t) = (3t)/10, ¢ € [0, 5], we have ||¢|| = 3/2. Choosing ¥(y) = y/2, it
is clear the function ¢ is nondecreasing upper semi-continuous on [0, 5] such
that liminf, .. (y — ¥(y)) > 0 and ¥(y) < y for all y > 0. Also

3t -13¢t
_ 7\ < Zlp — 7 = _ =
Hy(F(t.) = F(t,7)) < Ssle — 2| < (l116)  5u(le - a)),
for z, € R. Let U = C([0,5],R). We define an operator §: U — P(U) by

G(u) = {z € U : there exists v € Sg,, such that z(t) = w(t) for all ¢t € [0, 5]},

where

a1

w(t) = J(s)(t) — W (anv(s)(T) — Zﬁil,']yf";"qu(s)(gi)> , t€[0,5].

Since sup,eg o) [lull = 0, thus infy,ey sup,eg(y) lu — sl| = 0. Consequently, the
operator G has the approximate endpoint property. Thus all the conditions of
Theorem 3.1 are satisfied. Therefore, by the conclusion of Theorem 3.1, the
problem (9) with F(t,z) given by (10) has at least one solution on [0, 5].

4 Existence result via Krasnoselskii’s multi-valued fixed
point theorem

In this subsection we prove the existence of solutions for the problem (1) with
a convex valued right hand side, by applying Krasnoselskii’s multi-valued fixed
point theorem [19] and assuming that F' is L'—Carathéodory.

Definition 4.1. A multivalued map F : [0,T] x R — P(R) is said to be
Carathéodory if (i) t — F(t,x) is measurable for each x € R and (i)
x — F(t,z) is upper semicontinuous for almost all t € [0,T]. Further a
Carathéodory function F is called L'—Carathéodory if (iii) for each p > 0,
there exists o, € L'([0,T],RY) such that |[F(t,z)| = sup{|v| : v € F(t,z)} <
©,(t) for all ||z|| < p and for a.e. t € [0,T].

Lemma 4.1. ([15, Proposition 1.2]) If G : X — P, (Y) is w.s.c., then Gr(G)
is a closed subset of X x Y, ie., for every sequence {x,}nen C X and
{Yn}tnen C Y, if when n — oo, , = Tx, Yn — ys and y, € G(z,), then
Y« € G(x4). Conversely, if G is completely continuous and has a closed graph,
then it is upper semi-continuous.

Lemma 4.2. ([20]) Let X be a Banach space. Let F : [0,T] x R — Pp (X)
be an L'— Carathéodory multivalued map and let © be a linear continuous
mapping from LY([0,T],X) to C([0,T],X). Then the operator

©0Sr:C([0,T],X) = Pep,(C([0,T],X)), z+— (©0Sp)(z)=0(SFay)
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is a closed graph operator in C([0,T], X) x C([0,T], X).

Lemma 4.3. (Krasnoselskii’s fixed point theorem [19]) Let X be a Banach
space, Y € Py o1 o(X) and A, B :Y — Py (X) are two multivalued operators.
Then there exists y € Y such that y € Ay + By provided the operators A and
B satisfy the conditions: (i) Ay+ By CY forally €Y (it) A is contraction;
and (4i) B is u.s.c and compact.

Theorem 4.1. Assume that:
(Hi) F:[0,T] x R = P (R) is L'— Carathéodory multivalued map;
(Hs) there exists a continuous function p € C([0,T]),R™) such that

|F(t, z)||p :=sup{ly| : y € F(t,z)} < p(t), for each (t,x) € [0,T] x R;

(Hs) there exists a function k € U such that
Ha(F(t,x), F(t,y)) < [kl —yll,

for a.et €]0,T] and all x,y € U, with

< 1.

1+ Z |ﬁz|§ F ’Yz Q/nz) + 1)

(I
I+l |AIT(q +(q/mi) +0; +1)

Then the boundary value problem (1) has at least one solution on [0,T].

Proof. Let us introduce the multi-valued operators A : U — P(U) by

Alz) = {heu h(t _ 1%51% L (s (&)}, (11)
and B : U — P(U) by

20) = {hewsn) = s oS rrmy . a2)

Observe that § = A+B, where the operator § : U — P(U) is given by (7). We
shall show that the operators A and B satisfy the conditions of Lemma 4.3 on
[0, T] in several steps. We begin by showing that the operators A and B define
the multivalued operators A, B : B, — P, (U) where B, = {x € U : ||z|| < r}
is a bounded set in U. We will only prove that the operator B is compact-
valued on B, and convex for all x € U as the similar steps work for the operator
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A. Note that the operator B is equivalent to the composition £ o S, where £
is the continuous linear operator on L!([0, T],R) into U, defined by

q—1
L()(t) = Tou(s)(t) — atTqu(s)(T).

Suppose that x € B, is arbitrary and let {v,,} be a sequence in Sg ;. Then,
by definition of Sg ., we have v, (t) € F(t,z(t)) for almost all ¢ € [0,T]. Since
F(t,z(t)) is compact for all t € J, there is a convergent subsequence of {v,,(t)}
(we denote it by {v, (t)} again) that converges in measure to some v(t) € Sp,
for almost all t € J. On the other hand, £ is continuous, so £(vy,)(t) — L(v)(t)
pointwise on [0, 7.

In order to show that the convergence is uniform, we have to show that
{L(vn)} is an equi-continuous sequence. Let t1,ty € [0, T] with ¢; < t5. Then,
we have

[£(vn)(t2) = £(vn)(t1)]

« « |tg_1 — t(f_1| q
< [ J%n(s)(t2) = J%un(s)(t1)| + |04|7|AI J v (s)[(T)

1 tl t2
< wg| ] =0 == s+ [ = (s

0 t1
1~ =t
+la Al J vy (s)[(T)

”pH q q |tg_1 - t(11_1| T1

< ——ts — | + | .

We see that the right hand of the above inequality tends to zero as to — t;.
Thus, the sequence {L(v,)} is equi-continuous and hence it follows by the
Arzeld-Ascoli theorem that there exists a uniformly convergent subsequence
{v,} (we denote it again by {v,}) such that L£(v,) — L£L(v). Note that £L(v) €
L(Spy). Hence, B(x) = L(Spy) is compact for all x € B,. So B(z) is
compact.

To establish that B(x) is convex for all € U. Let z1, 29 € B(x). We select
fi, f2 € Sk, such that

qg—1
A

for almost all ¢ € [0,7]. Let 0 < A < 1. Then, we have

24() = JFi()() — @ S ()(T), i =12,

Az + (1 =N2]t) = J*Ni(s) + (1 =N fa(s)](D)
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qg—1

o TN (s) + (1= V()T

Since F' has convex values, so Sg,, is convex and Af1(s) + (1 —X) f2(s) € Sp.
Thus Az; 4+ (1 — A)z2 € B(z). Consequently, B is convex-valued.

The rest of the proof consists of the following steps and claims.

Step 1: We show that A is a multi-valued contraction on U. Let z,y € U and
hqi € Ax. Then there exists v1(t) € F(t,z(t)) such that, for each t € [0,T],

m

Zﬂ L0 T 00 (s) (&)

tq 1
hy(t)

Since Hy(F(t,z), F(t,y)) < k(t)||x — y||, there exists w € F(t,y) such that
v1(t) — w| < k(@)]|z = yl|.
Thus the multi-valued operator U defined by U(t) = Sp, N K(t), where
K(t) ={weR: |u(t) —w| < k(t)||lz -y},

is nonempty and measurable. Let vy be a measurable selection for U (which
exists by Kuratowski-Ryll-Nardzewski’s selection theorem [16]). Then vq(t) €
F(t,y(t)) and for each t € [0,T], we have |v1(t) — va(t)| < k(t)||z — y|| a.e. on
[0,T].

For each t € [0,T], let us define

ta—

1 m
0 Zﬂ L% Jts(s) (&)

ha(t) =

It follows that hy € Ay and

pa—1

7 (t) = ha(t)] < TAT Z&I””J‘Zlvl 5) —v2(s)[(&)

! |ﬁ2|€ (v + (¢/mi) +1)
+1§3

qmn+6+n” 7=l

Ta—
Ikl e

Taking supremum over ¢ € [0, T], we obtain

-1

Z |ﬂz|£ F 71 Q/m) + 1) H

hi—h k
I = el < (1] Py Y
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which together with the analogous inequality obtained by interchanging the
roles of x and y yields

—1 m

Z |/Bz|§ L(y + (g/mi) +1) I

Hy(Ax, Ay) < ||K| +(g/m) +0; +1)

for each x,y € U. This shows that A is a multi-valued contraction, since

! \@Ié F% (¢/m:) +1)
¥ ”IA\F (¢+1) Z ) 4D

Step 2: B is compact and upper semicontinuous. This will be established in
several claims.

CrAM I: B maps bounded sets into bounded sets in U.

For a positive number p, let B, = {x € U: ||z|| < p} be a bounded ball in
U. Then, for each h € §(z),z € B,, there exists v € Sp, such that

q—1

h(t) = Jou(s)(t) — - T u(s)(T).

Then we have

Pl < N+ ol
< (o)) + o)
<

T1 || T22-1
lIpll + :
L(g+1)  [Al(g+1)

and consequently,

Il < il o 4 1O
=P T+ "TATG+ D )

CrLAIM II: B maps bounded sets into equi-continuous sets.
Let 71,7 € [0,T] with 7 < 75 and @ € B,. For each h € §(x), we obtain
[h(r2) = h(ry)|
R

< [J%(s)(72) — Jh(s)(m)| + TJ%(S)KT)
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1 T1 T2
S = / [(r2 = 8)77" — (11— 8)9 ' ]p(s)ds +/ (12— )7 'p(s)ds
F(q) 0 T1
ra=t el
T o psps)(r)
|A]
Pl e = T
< ts —t7| + .

Obviously the right hand side of the above inequality tends to zero indepen-
dently of x € B, as 79 — 71 — 0. Therefore we deduce by the Ascoli-Arzeld
theorem that B : U — P(U) is completely continuous.

By Claims I and II, B is completely continuous. By Lemma 4.1, B will
be upper semicontinuous (since it is completely continuous) if we show that it
has a closed graph. Thus, in the next claim, we prove it.

CrLAM III: B has a closed graph.

Let z, — x4, h, € B(z,) and h, — h,. Then we need to show that
hs € B(z,). Associated with h,, € B(x,), there exists f,, € Sp,, such that
for each ¢ € [0, T7,

B(E) = T Fu(s)(8) — a5 O (5)(T).
Thus it suffices to show that there exists f, € Sg ., such that for each ¢t € [0, T7,

g—1

halt) = J° £.(5)(8) — 0"

SO S (8)(T).

Let us consider the linear operator © : L'([0,7],R) — U given by

ta—1

fer0(N)Et) =Jf(s)(t) —a—

Observe that

() = B = |

JOf(s)(T).

J(fn(s) = fu())(2)
a1
—a L) (©) = T () = L(N@)| = 0,
as n — o0o.
Thus, it follows by Lemma 4.2 that © o S is a closed graph operator.
Further, we have h,,(t) € ©(SF, ). Since x,, — x., we have that

g—1

halt) = J° £u(5)(8) — o fu()(T),
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for some f, € Spy,. Hence B has a closed graph (and therefore has closed
values). In consequence, the operator B is compact and upper semicontinuous.

Step 3: Here, we show that A(x) + B(x) C B, for all x € B,. Suppose
x € By, with r > ||p||@ (0 defined by (8)) and h € B are arbitrary elements.
Choose f € Sg, such that

q—1
Mt = TS0 - (aﬂf Zﬁwwqf( )(&))»e[o,ﬂ.
Then we have
\a|T‘1’1 791 “ 5
()] < JUf(S)(T) + A JUf(s)|(T) + A Z\ﬁi\fgf”Jq\f(S)l(&)
< J%(s)(TH“'fﬂ Jip(s) : AT B )

r eIl BT /)
: ”p”<r<q+1> PG+ D T AT+ D Z + (am) + +1>>'

Thus
IRl < lpll6 <. (13)

Hence ||h|| < r, which means that A(x) + B(x) C B, for all € B,.

Thus, the operators A and B satisfy all the conditions of Lemma 4.3 and
hence we conclude that = € A(z) + B(x) has a solution in B,. Therefore
problem (1) has a solution in B, and the proof is completed. O

Example 4.1. Let us consider problem (9) with the multi-valued map F :
[0,5] x R — P(R) given by

cost 1 1 cost

r— F(t,x) = , tan™ x4+ ——|. 14
&) VE+25100/(1+¢2) Vit+25 (14)
Clearly

™ cost

[ F(t,x)||p :=sup{|y| : y € F(t,z)} <

= p(t),

_|_
20\/(1+¢2)  Vt+25
and Hq(F(t,x), F(t,y)) < 15|z — y|, for z,y € R. With ||k|| = 1/10, we find
that .

Tt (v + (¢/m) +1)
I 5 > ot
IAID(g+ 1) <= T(vi + (¢/m) + 6 + 1)

Thus the hypotheses of Theorem 4.1 hold and consequently, problem (9) with
F(t,x) given by 14 has a solution by Theorem 4.1.

~ 0.818538 < 1.
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4.1 Existence result via Wegrzyk’s fixed point theorem

In this subsection we prove the existence of solutions for problem (1) with a
not necessary nonconvex valued right hand side, by applying Wegrzyk’s fixed
point theorem [21].

Definition 4.2. A function 6 : Ry — Ry is said to be a strict comparison
function (see [22]) if it is continuous, strictly increasing and Y. | 0™(t) < oo,
for each t > 0.

Definition 4.3. A multivalued operator N : X — Py(X) is called
(a) y—Lipschitz if and only if there exists v > 0 such that Hg(N(z), N(y)) <
~vd(z,y) for each z,y € X; (b) a contraction if and only if it is y— Lipschitz with
v < 1; (¢) a generalized contraction if and only if there is a strict comparison
function 6 : Ry — Ry such that Hy(N(x), N(y)) < 6(d(z,y)) for each x,y €
X.

Lemma 4.4. (Wegrzyk’s fized point theorem [21]). Let (X,d) be a complete
metric space. If Q : X — P, (X) is a generalized contraction, then FizxQ # (.

Theorem 4.2. Assume that

(A1) F:[0,T] xR = Pp(R) is such that F(-,x) : [0,T] = Pcep(R) is measur-
able for each x € R.

(A2) Hy(F(t,z),F(t,z)) <m(t)é(|z—z|) for almost allt € [0,T] and z,T € R
with m € C([0,T],RT) and d(0, F(t,0)) < m(t) for almost all t € [0,T],
where § : Ry — Ry is strictly increasing.

Then the boundary value problem (1) has at least one solution on [0,T] if
ed : Ry — Ry is a strict comparison function, where € = ||m||0, i.e.

o] ST T T GBI (: o+ (g/) +1)
T(g+1) JAID(g+1) " JAIN(g+1) & T(yi + (g/m) + 0 +1) |

i=

Proof. Let ¢0 : Ry — R, be a strict comparison function. It follows
by the assumptions (A;) and (A3) that F(-,z(-)) is measurable and has a
measurable selection v(-) (see Theorem I11.6 [23]). Also m € C([0,1],R) and

|U(t)‘ d(O,F(LO)) —l—Hd(F(t,O),F(t,:L‘(t)))
m(t) +m(t)o(|x(t)])

(14 &([f[[)m(t).

INIAIA

Thus the set Sp 5 is nonempty for each 2 € U. Now we show that the operator
G satisfies the assumptions of Lemma 4.4. We show that G(x) € P, ((U) for
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each € U. Let {up}n>0 € G(x) be such that u,, — win U as n — co. Then
u € U and there exists v,, € Sp,,, such that, for each ¢t € [0, 77,

up(t) = Jy,(s)(t) — th_ (anvn(s)(T) = B qun(s)(fi)> .

i=1

As F has compact values, we pass onto a subsequence (if necessary) to
obtain that v, converges to v in L'([0,7],R). Thus, v € Sg, and for each
t € [0,T], we have

U (t) = v(t) = J(s)(t) — % (anv(s)(T) — iﬁﬂ;{;"s"’ J%(s)(fﬂ) :
i=1
Hence, u € §(x).
Next we show that
Hy(5(2),5(z)) <ed(||zr — z||) for each z,T € U.

Let z,7 € U and hy € G(x). Then there exists vi(t) € F(t, z(t)) such that, for
each t € [0,T],

M) = T (s)(0) - 5 (aJ%(s)(T) - ma qu1(8)(§i)> .
i=1

By (A42), we have
Hy(F(t, ), F(t,7)) < m(t)é(|x(t) — 2(t)])-
So, there exists w € F(t,Z(t)) such that
[v1(t) = w®)| < m(t)o(|x(t) — z(t)]), t<[0,T].
Define U : [0,7] — P(R) by
U(t) = {w € R [or(t) — w] < m(t)5(|(t) — 3(t)])}.

Since the multivalued operator U(t) N F(¢,Z(t)) is measurable (Proposition
IIT.4 [23]), there exists a function wve(t) which is a measurable selection for
U. So va(t) € F(t,z(t)) and for each ¢ € [0,T], we have |v1(t) — v2(t)| <
m()5(|z(t) — z(t)])-

For each t € [0,T], let us define

ha(t) = J0a(5)(t) = (ast)(T) I J%(s)(@»)) .



ERDELYI-KOBER FRACTIONAL DIFFERENTIAL INCLUSIONS 22

Thus,
|ha(t) — ha(t)]
< J%vi(s) — va(s)|(t)
1 m
t| | an|v1<s>—w(s)l(:r)+Z&IJ§’5"JQ|v1<s>—vz<s>|<&>>
=1
< im| y ol
= r( ) JAN(g+1)
Tt & \&If T(yi + (q/m:) +1) o
|MFq+1§: mm»+6+>>5mx &
Hence,
T4 |a|T2q71
|hy = hol| < [Im]| <F(q+ ) + IAT(q+ 1)

- IBlIE + (a/mi) +1) _
E o(||x — z])).
IAIF g+1 q/m) 5,4 1) ) OUlr =2l
Analogously, interchanging the roles of z and T, we obtain

Ha(G(), 9(53)) <ed(flx — =)

|O“T2q_1 - Wf T(vi + (q/m:) + 1)
~lm l( Tlg+1) AT +1)  JAT(g+1) Z + (a/ni) + 6 +1)>

for each z,Z € U. Therefore, G is a generalized contraction. Thus it follows
by Lemma 4.4 that § has a fixed point  which is a solution of (1). This
completes the proof.

a

Remark 4.1. Theorem 4.2 holds for several values of the function ¢, for
example, 5(t) = In(1 +t)3, 6(t) = t, etc.
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