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Best possible estimates of weak solutions of
boundary value problems for quasi-linear
elliptic equations in unbounded domains
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Abstract
We investigate the behaviour of weak solutions of boundary value
problems for quasi-linear elliptic divergence second order equations in
unbounded domains. We show the boundedness of weak solutions to our
problem. Using barrier function and applying the comparison principle,
we find the exact exponent of weak solutions decreasing rate near the
infinity.

1 Introduction

Let B1(0) be the unit ball in R™, n > 3, with center at the origin O and
G C R"\ B1(0) be an unbounded domain with the smooth boundary 0G. We
consider the following problem :

_ dl-'/ﬂi (7’7|u|q|Vu|m72umi) + aor'r*mu|u\q+m’2

—por™|ul97 [ Vu|msignu = f, x € G

a(x)'rT\u|q|Vu\m’2% + y(w)rT My |yt ™2 = g 2 € OG; (BVP)

lim wu(z)=0;
|z|— o0
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0 if m>2
herea020a0§M0<q+le7QZ0,1<m<n,¢§ ’ %m— )
" m—2, ifme(1,2)
~v(w) is a positive bounded function and a(x) = 0, ifxeD; D C G is
1, ifz gD, =

the part of the boundary 0G, where the Dirichlet boundary condition is posed.
Thus, if D = G then we have the Dirichlet problem, if D = ) then a(z) =1
and we have the Robin problem, if D C dG then we have the mixed problem.

Many problems of mathematical physics lead one to consider the solution
of boundary value problems for elliptic second order equations in unbounded
domains and to study the behaviour of the solution at infinity, for instance
stationary states, travelling waves, homogenization, boundary layer problems,
Saint-Venant’s principle and so on. Some problems in unbounded domains
found applications in to mechanics of inhomogeneous media [9], models in as-
trophysics (Eddington’s model), are used in the analytic theory of polytropic
ball model of stellar structures (Lane-Ritter-Emden theory) and have numer-
ous applications in natural sciences, e.g. in scalar field theory, in phase tran-
sition theory, in combustion theory, population dynamics [10], pseudo-plastic
fluids [6, 8, 12], and ecology models [14].

A number of mathematicians [2, 5, 7, 13, 15, 16] took the study of quasi-
linear elliptic problems in unbounded domains. The problem of the existence
and nonexistence of positive solutions to a weak linear second-order divergence
type elliptic equation in an unbounded cone-like domains was studied in [7].

Our aim is to establish the exact exponent of (BV P) weak solutions de-
creasing rate. For this purpose in Section 2 we formulate and prove the com-
parison principle. Next, in Section 3, we show the boundedness of weak so-
lutions to problem (BV P). In section 4 we construct of the barrier function
and study properties of solutions to the Sturm - Liouville boundary problem.
Finally, in Section 5, we prove estimation of weak solutions for the problem
(BV P) near the infinity.

For © = (z1,...,2,) we introduce the cylindrical coordinates (r,w,z’),
where @’ = (z3,...,2,), 7 = /T + 23, w = arctan 22. We assume that there
exists d > 1 such that G = Gy U G4, where Gg is a bounded domain and:

Gg= {(nw,m’) |d<r<oo, we (—%,%), x 6]1%”’2}, 0<wy<2m
8Gd:I‘d+UF;UQd, where
Qg = {(r,w,x/) | r=d, we (7%a%)7 z’ GR”72}§

rs = {(r,i%,x') Ir>d, 2’ € R”_Q}.

Assumptions. The following conditions will be needed regarding to our
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problem :
(1) f(z), g(x) are measurable functions such that:

f(z) € Lp(G), g(z) € La(9G);
1 m 1 n—1

, —<—<1l4+=-<m, a>
t n t

<

m
n

| =

— (1)
m—1-12

(2) lg(@)] < gurm—mHFHarm= A ()| < frpmomlatm oA X <0,
We denote by ML, . _(G) the set of functions u(z) € C°(G) having first

m,q,T
weak derivatives with the finite integral [ (r7|u|?|Vu|™ + r7~™|u|7t™) dx for
G

hSE N

q>0, m>1, 7<m-—2.

Definition 1. A function u(z) is said to be a weak solution of the problem
(BVP) provided that u(z) € C°(G)NN}, . (G) and satisfies the integral iden-
tity

/{rT\u|q\Vu\m_2umi77mi + (aor™ M ulu| T2 — porT |u|9 V| signu) 1} do
G

- /fndx + /a(a:) (g — ’y(w)rT_m+1u|u\q+m_2) nds (IT)
G oG

for all functions n(z) € C°(G) NNL,  (G) such that lim n(z)=0.

4T || =00
Lemma 1.1. Let u(z) be a weak solution of (BVP). For any function
n(z) € C°(G) NN, , - (G) with | llim n(x) =0 the equality

x|—0o0
/ {r7 |9 V™ P ug, e, 4 (aor™ M ulul T = porT ul 9 [V u|™ signu) 0} d
Gr
= —/rT|u|q|Vu|m_2umincos(7“,J;i)dQR—I—/fnda:
QR GR

+ [ at@) (g = 2@ ™) s, (It
I'r
holds for a.e. R>d > 1.
Proof. The proof is analogous to the proof of Lemma 1.3 [18]. O
We shall consider the substitution
m—1

u=vlv[*! with ( = ———.
g+m-—1
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Then the identity (IT);0. takes the following form

/ {Cmfer\Vﬂm*vainxi + (aorTfmv\v|m72 — ,uOCmrT|v|71|Vv|msignv) n} dx
GRr

:—/Cm71TT|VU|m72vxir]cos(r,zi)dQR—|—/fndz
QR GR

+ / () (g — (@)™~ ofo]™?) nds (MDiee
I'r

for a.e. R >d> 1, v(z) € C°G) NN, (.(G) and any n(z) € C°(G) N
N o, (G) with lim n(z) = 0.

m,0,7
|z|— 00
We need some auxiliary lemmas:

Lemma 1.2. Stampacchia’s Lemma. (See Lemma 3.11 of [11]) Let
@ @ [ko,00) = R be a non-negative and non-increasing function which sat-
isfies

(hck)a[@(k)]ﬁ for h>k> ko,

where C,a, B are positive constants with 8 > 1. Then p(ko + d) = 0, where
d* = Cpf=1(kg)25-T.

o(h) <

Lemma 1.3. (see Lemma 2.1 in [3]). Let us consider the function

(@) e —1 x>0
€r) =
g —e " +1 x<L0,

where »x > 0. Let a,b be positive constants, m > 1. If » > % + m, then we
have

an (z) = bln(a)| > Se=7, Vo > 0. (3)

Moreover, there exist some d > 0 and M > 0 such that

T \1™ , x\]™ _
@) <Mn(S)] v@<mn()] vaza (4)
[n(z)] >z, VaeR. (5)
Proof. See the proof of Lemma 1.23 in [1]. O
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Lemma 1.4. (see [4], Evamples 1.5, 1.6, p. 29) Let m¥* denote the number
associated to m by the relation

L1/, 1)1 )
m#*  m t n
and assume that (1) holds. Then there exist positive constants ci,ca (depending
only on measD, n,m,t,7) such that

/rT*m|v|mdx < cl/rT|Vv|mdx,

D D

3
/|v|m#dx Scz/(r77m|v|m+rT|V1}|m) dx
D D

for any v(z) € NL, (D).

m,0,7
Lemma 1.5. There exists a constant ¢4 > 0 depending only on n,m,t, D, 0D
such that for any v(z) € N}, o (D)

1

a* m

. -1
/ [v|* ds <cy /(r’r*m|v|m + 77| Vo|™)dx , af = L)n
n—m+ 3
oD D
(7)

This lemma is a simple implication of Theorem 3.9 of [11].

Corollary 1.6. From Lemmas 1.4 and 1.5

m
aF

mF
/|“|m#dw + /Ivla*ds <cs /(TT_m\vl’”+rT|Vv|’”)dx
D oD D
(8)
for any v(x) € N, . (D), where c3 > 0 depends on n,m,t,D,dD,
7™ " L.(oys I~ "l 2, (D)
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2 The comparison principle

Taking into account (ﬁ) loc We consider the second order quasi-linear degen-
erate operator () of the form

Qv ) E(/k(m‘lrWVﬁdm*QMMWwi+fmr7*mvh4m’2n@ﬂ
Gqg
oM™ o) sngnv)da:+-J/ (@) (w)r™ ™ oo 2 (x)ds
Ty

+/r7§m_1|VU|m_2vmin(x) cos(r, x;)dQq

Qa

- [atgnas - [ s
Gq

Ta

(9)

for v(z) € C°(Gq) NN}, 0.,(Gq) and for all non-negative n € C°(Gq) N
N}, 0. (Ga) under the following assumptions: f(x) € Li(Gq),g(z) € L1(Tq).

Proposition 2.1. Let d > 1, functions u,w € C°(Gy) N ‘ﬁmOT(Gd) and

satisfy the inequality Q(v,n) < Q(w,n) for all non-negative n(x) € C°(G4) N
N}, 0. (Ga) and also the inequality v(z) < w(x) holds on Q4. Then v(z) <
w(x) in Gq.

Proof. Let us define z = v—w and v* = tv+ (1 —t)w, t € [0, 1]. Then we have

Q(U,Tl) - Q(w’n)
1 1
. 8(|vvt|m 2 t ) a t|,Ut|m 2
:/ ar ranizmj/—dt—l—aor M / dt

oot du*

Gq 0 0

1
d (|Vo!|™ vt~ tsignot)
o T m - dt
por™¢ @n7/ o

1
0 |Vvt|m|vt| Lsignot)
— por” ¢ n( / dt pdx

0
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1 Ut ,Ut m—2
+ [ aap / P ) 2wy

1
a v t|m—2 t
+ Cmfl/ / | v ‘ )dt cos(r, xz) : Zx,-ﬁ(x)dﬂd-

Qq 0

(10)

In fact, for example

1

a(IVvt|m— 2t. 81};
[ o,
0

|Vo|™ 20, — |[Vw|™ 2w, = |Vol|™ 20!,

8vt ot
1

8 ‘V’Ut|m 2 f )
—— Tt
/ avt

0

Now we define following sets

(Ga)t :={2 € Gy | v(z) >w(x)} C Ga,
(To)t :={rely|v(@)>wx)}Cly

and assume that (G4)* # (0. Let & > 1 be any odd number. As a test function
in (10) we choose 7 = max{(v — w)*,0}. In virtue of the fact that

1 1
A’ |[v'|"?) tim—2
/Tdt:(m—l)/\v| dt > 0
0

0

and because | = 0, we obtain from (10) that

Q4

d (|Vo! ™20}
{kgmlrfz“zmzzj/u oI gy

ovl
(Ga)+ 0 K

L t|m(,,t\—1
_ ,U/O’I"TCmZkZ% / 9 (‘V’U | ( ) >dt
' vt

1

a \V4 t ’H’L
— por (M= k+1vt/ (Ve )dt}daj <0. (11)
0

(%t
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Now, because :

O (|Vot|™2ut. ;
QIR0 vy, = (190728 o+ (1 — 2Tt 01, ) 20,2
v, 3 ‘ : 3

Tj

1, m > 2;

> Vo™ 2|Vz2,  where =
_'YM| ‘ | |7 Tm m—1, 1<m<2

o(Ivom(wH)t) vl o (Ve ()Y
ovt (w2 vt
then (11) yields

1
/ TT{k’ymlezkl /|Vvt\m’2dt |VZ|2
0

(Ga)*

= m|Vo' m_zvij (v,

1
+ po¢m kTt /|vt\_2\Vvt|mdt }dx
0

1
< / mporT (M 2" /|vt|71|V1}t|m71dt |Vz|de. (12)
(Ga)* 0

On account of the Cauchy inequality with e = 2

m2k | V2| ot~ Wt = (|Ut|*1z%\vvt|%) : (mz%wznvm%*l)
e e

we obtain from (12) that

1
1
(k’Ym—4m2/LoC> / PRV 2 /|Vvt|m72dt dx <0.
0

(Ga)*

Thus, choosing the odd number k£ > max (1, ";‘LOC), in view of z(x) = 0 on

A(Gy)T, we get z(x) =0 in (G4)*. We have arrived to a contradiction to our
definition of the set (G4)*. By this fact, the proposition is proved. O

3 The boundedness of weak solutions

In this section we consider one of the possible cases of deriving L. (G) a priori
estimate of the weak solution to problem (BV P).
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We first observe that there exists R* > 1 such that |u(z)| < 1 for all
r € Gr-. We denote G* = G \ Gg- and introduce the set A(k) =
{z € G*, |u(x)| > k}. We shall use the notation: (Ju| — k)4 := max(|u| —k, 0).

Theorem 3.1. Let u(z) be a weak solution of (BVP) and assumption (1)
hold. Then there exists the constant My > 0 depending only on || f|L, ),
l9llz.oc) 17" Tl s I~ L, (a=ys 1y M, t, meas G, meas OG*, such that
lull @) < Mo.

By setting n((Ju| — k)4 )xa(k) - signu as test function in (1I), where 7 is
defined by Lemma 1.3, x a() is the characteristic function of the set A(k) and
k > ko (without loss of generality we can assume kg > 1) we get:

/ {r7 ul?Vu|™ ' (Ju] — k) + agr™ ™ |u| " y(ju| — k) }da
A(k)

+ / (@) (@)™ L (fu| — k)ds

OGNA(k)
(13)
< [ {poralr Wl (ul = ) + @)l — #) Yo
A(k)
+ / () lg (@)l (u] - k)ds.
OGNA(k)

—k
Now we define the function wy(x) :=1n (|u|) . By (4), from Lemma 1.3,
m

we have that

a@lg@ln(ul ~Rds <M [ a(@)lg(o)lun"ds
OGNA(K) OGN A(k+d)

+e > / alx)lg(z)|ds Vd>0. (14)
AGN{ AR\ A(k+d)}

Along similiar lines we can estimate the integral [ |f(x)|n(|u| — k)dx.
A(k)
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Now we apply Lemma 1.5. In virtue of the Holder inequality and (7) we get

[ @ledras< | [ wlds | a@e@l o,
OGN A(k+d) OGN A(k+d) B
/ (rT|Vwg ™ 4+ 7" wg ™) da.
A(k)

< alla@)g@)le_.

it (06)
t
Then, because |u|?™ < |u|?- k', from (13) and (14) it follows that

[l Gl ) = ok el ~ ) dz
A(k)

< Meqlla(x)g(z)|lL 0o | / (r7 |V w|™ + r7 ™ wg| ™) da
m—1-T
Alk)

+ M / | f|wg|™dx + cge »d / |fldz + / lglds
Ak+d) {A(RN\A(k+d)} 8GN A(k)
(15)

By the definition of n(z) and wy(z) we get e*(U=R+|Vy|™ = (2)™ |Vw,|™
for 3¢ > 0. Therefore, by the choice of sz > m + % according to Lemma 1.3,
using (3), from (15) we obtain

1 m
51{8(%) / r7|Vwyg | dz

A(k)

<aMla@gle oy, [ 071wl 47 ") da
Y

m—

A(k)

M / | llwel™de + cge = / flde + / lglds
A(k+d) {ARNAk+d)} dGNA(K)
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Now, by (7), the inequality above gives

(kg —¢7) / rT|Vwg|"dz
Alk)

< e / (@)l lwe]™d + co / (@) lde + / g(@)lds . (16)
A(k+d) A(k) 8GNA(k)

where ¢; = 2 (m) (1+ cl)MC4Ha(:17)g(x)||me:ﬂ(8G), cg =2 (%) Mes,
t
cg =2 (%)m cge 4.
Using the Holder inequality with exponents p and p’ for the first integral
on the right hand side, we obtain:

/ @) < (@)@ / ™ dz | . ()
A(k+d)

From the inequality % < - % it follows that mp’ < m#, where m# is

defined by (6). Let j be a real number such that mp’ < j < m#. In virtue of
the interpolation inequality we get

5 0
/|wk|mpldm < /\wk|mdx . /|wk|jdx
(k) (k)

A(k)

(1—0)m

with 6 € (0,1),

of the Holder inequality with exponents

_ 0 1-6
o m + T On Strength

m” and #:, from (17) we have :

0 (1—6)m

m

|[f(@)||wg|"dz < c19 / |wg|"dx | - / \wk|m#dx ,
A(k+d) (k)

m(m# —j)(1-0)

where ¢19 = || f(z )||L G)(measA(k)) gm# . Using the Young inequality

with exponents -~ and we obtain

1— 97
F
[l mde < 2 / g ™ + =7 (1 — 6 / e dz | (18)
A(k+d) A(k) A(k)
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1 m(m# —j)(1—0)
for all € > 0, where ¢11 = 9||f(x)H£p(G)(measA(k)) gm#

Now (18) and (16) yield:

(k& —er) / r7|Vwg|" dz
A(k)

< orge=? / el dz + o / f(@)ldz + / l9(a)\ds
Alk) A(k) AGNA(k)

m

m#

1 #
+ c136T-0 / |wg|™" dx , Ve > 0.

A(k)

Further, by (7), we obtain:

/\wk|md:c: /T77m|wk|mrm77dxScl(diamA(k))/TT|Vwk|md:17.
A(k) A(k) A(k)

By the two inequalities above, we have

(k8—07—cl45’%)/rT|Vwk.|mdx§09 /\f(x)|dx+ / \g(x)|ds
Alk) Alk) GNA(K)

m

m#

+ (:135ﬁ / \wk|m#dx , Ve >0, Vk > k.

A(k)

Let us choose now

(19)
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Then, by virtue of inequality (8), we have

m m
m# o

kd .
(0 _C1361—19> . / |wk|m#dz + / |wg | ds
402

A(k) OGN A(k)

<ald [@lde+ [ lg@ldsy, Vb= o (20
A(k)

GNA(K)
Now, if % > ¢13677, s0 by (19) we choose
1-0 6 1
ko > max {1; (8cac13) @ (2¢14)9; (4er) e } ,
then from (20) we obtain

m m

m# *

/ |wk|m#dm + / lwi|® ds

A(k) OGNA(k)

<esd [lr@laet [ la@lds . @)

A(k) AGNA(k)

o (Jul
m# * o™
k)i, we have [ |wg|™" do > (EE)" measA(l), [ |wg|* ds > (EE)
A(l) OGNA(L)
-meas (0G N A(l)) . We also observe that

Let now [ > k > ko. By inequality (5) and because |wi| > u

/uwmswm@mwﬁmm
A(k)
1 1
(9(2)lds < gl oemens? (OGN AR, —+ L =1.

AGNA(k)
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From (21), by the Jensen inequality, we get

measA(l) + meas ur (0G N A(l))

m¥
(i) ) [ [ e

A(k) OGNA(k)

m#

m¥
— m i
<2¥ () e (16w + lalzogoo)

. <meas":f(l—é)A(k) + meast (9G N A(k )))

Setting ¥ (t) = measA(t) + meas nr (0G N A(t)) from the above inequality it
follows that

o

s zen ()" {porEeD cpmrE). e

Notice that from assumption (1), definition of m* and o*, we conclude that
v = mm{ (1 - 7> P } > 1. In this way (22) yields

WO < T C”) (k) YI> k> ko

and therefore we have, because of the Stampacchia Lemma, that (ko +d) =0
with ¢ depending only on quantities in the formulation of Theorem 3.1. This
fact means that |u(z)| < ko + ¢ for almost all x € G*. By the definition of R*
it is obvious that |u(x)| < ko 4§ for almost all © € G. Theorem 3.1 is proved.

4 Construction of the barrier function

In this section, for an n— dimensional unbounded domain we consider the
following elliptic problem for the model equation:
— L (r|w]?| Vw|™ 2wy, ) + agrT ™ w|w|9tm 2

d:Ei
—prTw|w|T 2| Vw|™ =0, z € Gg;

oz(gc)|w|q|Vw|m_2 Ow 4 Ayl mw|lw|itm=2 =0, 2z € 0Gy; (MVP)

lim w(z) =0,
|| — o0
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wo T+

where v = 7+ < 23’ T e d’
V- <y(=%)zel,.
We shall seek a solution of the problem (MV P) in the form

ap >0, p>po,q>0,m>1, 7<m-2.

w(z) = - 0(w), wE[—%%], A <0

Substituting w(z) in (MV P) and calculating in the cylindrical coordinates,
we get the following Sturm-Liouville boundary problem for the function ©(w):

m—2

Llzer+e7) jepe]
+A_[A(g+m—1)—m+2+47]0|07 (\202 + ©2)

= o001+ =2 — 4OlO[1-2 (\202 + 02)F | we (—42, ),

2

m—2
2

m=2
+o(z)|0) (\20%+ 7)) T o] +’y¢@|@|q*m*2‘ e =0
w=x-2 w=+22

Performing the function change w = z|z|¢~! with ¢ = q_’:;;il we get the
problem for the barrier function z:

_ ﬁ (TT‘VZV”_QZM) +60T7—_m2|2’|m_2

—prTz V2™ =0, r € Gg;
a(x)(m_1|Vz|m_2% +artTmzz|m"2 =0, z € 0Gy; (MVP)
lim z(x) =0,
|| =00

where @p = ag¢' ™", i = p¢.
For the solution z of the problem (MV P) we have the representation

— 1

2(z) = 1 Y(w), P(w) = Ow)|OW)| Ao P (w)  O(w)

AT Yw) o)

Substituting the function (23) in (MV P) and calculating in the polar coor-
dinates, we get the following Sturm-Liouville boundary value problem for the

o~
I~

. (23)
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function ¢ (w):

m—2

£|(Rwreom) v

I Po(m—1) —m 2+ (X2 W2+ W) ?

m

=G|y — (/\ P2 +z/)’2) owe (-, (StL)
+a(a) (Xiwz + wQ) S oo T 7¢¢|¢|m_2)w=iﬂf =0

The problem is a nonlinear eigenvalue problem. Now we want to study prop-
erties of eigenfunctions 1 (w).

Lemma 4.1. Let A_ < 0 be an eigenvalue and )(w) be the associated eigen-
function of (StL). Suppose that following inequalities are satisfied
1

B 2— -1
A-|2<u+a?n_2> p> T (= fl<m < (24)
4¢

1
[A_| > (%") " for >0,
fm>2 (25
(g+m—1D) A"+ (m—2—7)|A_|™"t > ag for u=0.

Then 3" < 0.
Proof. We rewrite the (StL) equation in the form
oo (X2 + (m = 1)e} (N2 + 1//2)%4
=7 ( 47 w”) G+ m— 23R (R 02) T (20)
FAP(m—1) +2+ 7 —m] (XW - 1/)’2) - V= j().

At first we consider the case when 1 < m < 2. By the Cauchy inequality

-l < (A P2+ u?) = (m - Ry > M2 SR ¢2+W)

Simple observation gives

o () e (R

<5 (27)

aolp|™ = B |
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Hence j(¢) > (ﬁ—i— m-2 _ e Im) ()\ P2+ 1#/2)? , in virtue of 2+7—m < 0.
If (24) holds, then the required statement follows.

Let us consider the case when m > 2. If u > 0, then from (26)-(27) we
obtain

— oy {X2? + (m — 1)y}

2 2\? o\Y2 2,72
( 5 |m) 0 9?) + (m—N
X

Pom=1) 4247 —m] (Xo? +02) 0?2 0

vV

by (25). Finally, if 4 = 0, then
) > {(m = DA™+ (m =2 = 1) A" —a} [¢™ >0
by (25). O

Now, note that solutions of (StL) are determined uniquely up to a scalar
multiple. Therefore we can consider the solution ¢ (w) normed by the condition

wo

v(-2) =1 (28)

Lemma 4.2. Let ¢(w) be an eigenfunction of the Sturm-Liouville boundary
problem (StL). Suppose, in addition, that m > 2 and the inequality

A" (g +m =1+ p) + A" (m — 7 —2) > ag (29)

holds. Then 1(w) > 0 in [—£2,“2] and ¢ (w) < 0 in (-2, <2).

27 2 27 2

Proof. We rewrite the (StL) equation in the form (26). By setting

y(w) = g(:’)), we arrive at the problem for 7j(w), A_ :

{m—1g2 +32 }(X2_+y2)m;

m—2

X Crr-m) (V47 T =m, we(-%,%);

4 m
2

m—2
2

al@) (X2 47) T @) ., =
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From the equation of (30) we get:

Am-vp R} (R )T

>(X47?) T[R4 m) X2+ - m)] ~ o
> m =140+ A" m—7—-2)—a >0

by virtue of (29). Thus, it is proved that ' (w) < 0, w € (=2, %) . Therefore

272
J(w) decreases on the interval (—%2, %) . Therefore
— wo _ _ (Wo wo
y(—g) >y (w) >y(7), w e (—*,7 (31)
and hence it follows that 1(w) # 0 for all w € [—%2, %], By (28) ¢ (w) > 0
in [-<, %] . Finally, from Lemma 4.1, ¢ (w) < 0 in [—42,<0]. O

Now our aim is to estimate 1 (w).

Lemma 4.3. Let ¢(w) be an eigenfunction of the Sturm-Liouville boundary
problem (StL) and m > 2. Then

0(@) = exp (e T ). (32)
Proof. First of all, by the definition of 7(w), we have
_ o _“o “o
vw—ew | [ @, we(-2.2). ()

“o

2

By the boundary condition of (30), we have

w=p (=) [ ()] 2 ()

Hence, again by the boundary conditions, it follows that:
4 —‘y (w0> ‘ - (%) <0 and 0 <y(—%) <AL (34)

Moreover, in virtue of the decrease of y(w),

1 1

77 SPw) <7, we [—* *} - (35)

From (33) - (35) the required (32) follows. O
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By integrating (30) with regard to A\_ = Z G0 = aoC'™™, = pu¢ and

performing the change of the variable y(w) = ¥7 we find that the eigenvalue
A satisfies the system

v(= %) {(m—l)y2+>\2,}(>\2,+y2)m774dy

y(40) (m71+q+u)()\2_+y2)7+)\,(2+Tfm)()\2_+y2) 2 —agp

m—2

(A2 +4%) 7 y(w)

\w:i%o = F,
where ag >0, £ >0, ¢ >0, m>1, 7 <m—2, v+ > 0. We may integrate
system (A) for m = 2 or a9 = 0. In fact, by integrating of this system we
obtain the following.

m =2
In this case we have the system:
y(=F
I - = wo;
v, (I+atu) (A2 +y2)+7A-—ao ’
y(5H)
w = .
v, =T
Let us define the value T_ = /2 + Tl’\Jr’q:LD. Then A_ is the largest negative

root of the system

T2 = tan{wo(1 + ¢+ )Y}

A < 77’7\/T2+4a0(1+q+ﬂ)'

2(1+q+p)
ag = 0

Let us define the value

A \/v L A@tTom) (36)

T om—14q+p’
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Then our system (A) takes the form

2-m y(=5) (%)

T {arctan =5+ — arctan — >~
m—1 _ A_(2—m) _wg wq
A merrateZomdr {arctan 79(/\72 ) _ arctan —y(j\f ) } = wo;
m—2
2 2 _
(A2 +42) 2 y(w)’ o =Tk
w=+20

2

Lemma 4.4. Let ¢(w) be an eigenfunction of the Sturm-Liouville boundary
problem (StL) and m > 2. Then

-1
b(w) < exp {‘1;’7_‘1 ~woA_ tan[(m — 1 +q + ,u)wOA_}} . (37)
Proof. Because m > 2, ag > 0 and (36), from system (A) it follows that
y(=3) p
wo = Y

(m—=1+q+p) (A +92)+A-(2+7—m)

y()

B 1 / dy
T m—14q+p Y2 + A%

y(F)
= m—1 +1q A {arctan y(Xi%o) — arctan yi%j) }
_wo
> =1 +1q A arctan y(A_2 )
Hence we get
y (—%) < A_ -tan[(m — 1+ ¢+ p)woA_]. (38)
Now, from (31), (33) and (38) we derive the required (37). O

Corollary 4.5. Let ¢ (w) be an eigenfunction of the Sturm-Liouville boundary
problem (StL) and m > 2. Then

Yo = exp (—woﬂ"ll> < P(w)

-1
< exp{q—'_m1 ~wolA_tan[(m — 1+ q+u)w0A_]} = U,.
m—
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Lemma 4.6. Let ¢(w) be an eigenfunction of the Sturm-Liouville boundary
problem (StL) and m > 2. Then for w € [—4, 0] -
¢TI < (w) < CTMA - tan[(m — 14 ¢+ p)woA ] W,

Proof. In fact, because ¥'(w) = F(w)(w), Y(w) > 0, Yw) = ¢~ly(w) and
(31) we have

7(5) v < ¥ < ¢y (=) v, ¢

m—1 [ wo wo}
2

= R 6 T e ) o
q+m-1" 2772
Next we use inequalities (34), (38) and Corollary 4.5. Thus we obtain the
required statement. O

5 Estimates of the (BV P) solution modulus

Eventually we can estimate |u(z)| for the problem (BV P) near the infinity.

Theorem 5.1. Let u be a weak solution of the problem (BV P) with v(£%2) >
v+ > 0. Let assumptions (1)-(2) with m > 2 be satisfied and A_ be the largest
negative number satisfying the system (A). Then there exist d > 1 and a
constant Cy independent of u such that

lu(z)] < Cor*~, Vz € Gy. (39)

Proof. At first, we perform the function change (2) and will consider the func-
tion v(x). For the proof we use the above constructed barrier function z(x)
(a solution of (MV P)) and apply the comparison principle to v(z) and z(z).
We consider the operator @,which is defined by (9).

We will show that Q(Az,n) > 0 = Q(v,n) for all non-negative n(z) € C°(G4)N
N}, 0. (Ga) and some A > 0. Integrating by parts in the first integral, from

the (MV P) equations, we have

Q(Az, ) = / (AN — o)™ 2 V™ — f(2)) n(z)de

Gq

(40)
+ /Of(l”) {A™ T (@) = )T 22|72 — g(2) } p()ds.
Ta
Further, by (23) and Corollary 4.5, we obtain
Py < P h(w) < Wy (41)

_ . \V4 —
Val? = 2247 = ) = | B2 R
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Therefore from (40) according to the above inequalities and because of our
assumptions it follows that

Qaz) = [ (A= )¢z VA" = T IR ) )
Gq

+/ (Amil(’}/((*)) o ,Y),,,Tferlmel . glr‘rfm+1+(mfl)x,> 77(:L')d5

> (A (Arho)™ (e — po)C™ — f1) / rT DA () e
Gq
+ ((Ago)™  (v(w) =) — 91) / P () s

Iy

Now, taking into consideration that p > po, (%) >~ and choosing A > 0

1 1
. m—1 m—1
SufﬁClently large: A Z % max { (Mﬁ) y (')ﬁéﬁ) } , We
provide the required inequality Q(Az,n) > 0= Q(v,n).

Now, by the continuity of v(z) and by Theorem 3.1, we have v(z) o < Mol/C =

d
max |v(z)]. On the other hand, by virtue of (41), Az o > Ad g > M(:)L/C >
G d

v, provided that A > (d*-0)~! - My/¢. Thus from above we get
d

Q(Az,n) > Q(v,n), Vne C%Gqa) NN, o (Ga);

Az’ >0
Qa

Qq
All conditions of the comparison principle are fulfiled, so by this we get
v(z) < Az(r,w), Vz € Gy
Similarly, v(x) > —Az(r,w) for all x € Gy4. Thus, finally, we obtain
lv(z)| < Az(r,w) < cor’ =, Vo€ Ga co= AV,
by (41). On returning to the old variables, by virtue of (2), we get the desired
estimate (39). O
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