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A Liouville type theorem for a class of
anisotropic equations
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Abstract

In this paper we are dealing with entire solutions of a general class
of anisotropic equations. Under some appropriate conditions on the
data, we show that the corresponding equations cannot have non-trivial
positive solutions bounded from above.

1 Introduction

The classical Liouville Theorem states that any harmonic function on the
whole Euclidian space RY, N > 2, which is bounded from one side, must
be identically constant. Nowadays, it is well known that this property is
not a prerogative of harmonic functions, since it is also shared by bounded
(from below and/or above) entire solutions to more general elliptic partial
differential equations (we refer the reader to the survey paper of A. Farina
[7]). Some of these Liouville type results are obtained by using the maximum
principle, which is the best tool employed to get a priori pointwise estimates
on the gradient of the solutions (see, for instance, the seminal papers of L.A.
Peletier and J. Serrin [13], B. Gidas and J. Spruck [10], L. Modica [12] and the
extensions known to these results). In this paper, adapting an idea from the
works of L. Modica [12] and L.A. Caffarelli, N. Garofalo and F. Segala [1], we
are going to employ again the maximum principle to establish a new Liouville
type theorem for entire solutions of a general class of anisotropic equations.
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Let p > 1 be a real constant and F : RY — [0,00), N > 2, be a homoge-
neous function of degree 1, with the following properties:

F e Cp® (RVNN {0}), with a € (0,1),

loc

F (&) > 0 for all £ € RV\ {0}, (1.1)
Hess (FP) is positive definite in RV\ {0} .

Obviously, we also have F' (0) = 0, since F is homogeneous and defined at the
origin. Let us introduce the anisotropic p-Laplace operator, defined as follows:

AR
Qu = Z B [FP=Y(Vu)F,(Vu)] . (1.2)

We immediately remark the followings: when F'(§) = |£[, Q is the classical p-
Laplace operator (see P. Lindqvist [11]), while when p = 2, Q is the anisotropic
operator, also known as the Finsler-Laplace operator (see V. Ferone and B.
Kawohl [9]). In this paper we investigate the following class of anisotropic
equations:

Qu + f(u) =0 in R, (1.3)

where the nonlinearity f is a real differentiable function which satisfies

N+1
(p— I)N%@ when 1 < p < N,
f)< P forany t >0,  (L.4)
L@ when p > N,

while L is a nonnegative real constant.

The main result of this paper states:

Theorem 1.1. Assume that u (x) € L(RN) WP (RY) is a weak solution
of equation (1.3), such that inf u(x) > 0. Then u(x) must be identically
R

constant. As a consequence, if f(tP has no positive root, then (1.3) has no
weak solution u (x) € L>(RN) N W, ;P(RY), with iRan u(x) > 0.

We note here that L. D’Ambrosio and E. Mitidieri have also investigated
recently in [3], [4] and [5] some interesting links between Liouville type the-
orems and the existence of uniform bounds of solutions of some nonlinear
elliptic pde’s. The operator studied in our paper and their generalizations are
not explicitly studied in their papers, but their approach may be employed to
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get a similar Liouville type result under the following condition, which looks
different than (1.4):

f(t)

lim Supm
t—0t ¢ N-p

> 0 (possibly co), when N > p. (fo)

However, since the solution is assumed to be bounded away from 0, their
results still may be employed to get a result similar to Theorem 1 (see Section
4, for more details).

The main ingredients of the proof are a maximum principle for an appro-
priate functional combination of u (x) and Vu (x), i.e. a kind of P-function
in the sense of L.E. Payne (see the book of R. Sperb [15]), the translation
invariance of equation (1.3) and some well-known C'*“ a priori estimates.

The outline of the paper is as follows. In Section 2 we establish a strong
maximum principle for a P-function of the form FP(Vu(x))/u (X)ﬁ7 with 3
to be appropriately chosen, while in Section 3 this new maximum principle is
employed to prove Theorem 1.

For convenience, notice that throughout this paper the comma is used
to indicate differentiation and the summation from 1 to N is understood on
repeated indices. Moreover, we adopt the following notations:

F := F(Vu),

oF
43

4y (Vu)(x) = ag(?agj (;F”(Vu)) (%) (1.5)
= F:U—lFij + (p — 1)Fp_2FiFj,

93
aije(Vu)(x) = m
1UGj

F,:=Fg, = forie{l,..,N},

<;Fp(w)> (x) for i,,k € {1,...,N}.

2 A maximum principle for an appropriate P-function

In this section we are going to establish a strong maximum principle (see the
book of M. H. Protter and H.F. Weinberger [14]) for the following appropriate
P-function

_ FP(Vu(x))

P(u;x) := () (2.1)
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where u (x) € WLP(RN) is a weak solution to equation (1.3), while

N-1
P when 1 < p < N,
8= b N (2.2)
—— —— wh >N
1INl enp=

We have:

Theorem 2.1. Suppose that the assumptions of Theorem 1.1 are satisfied.
Let Q ¢ RN, N > 2, be a bounded domain and assume in addition that
inf |Vu (x)| > 0. If there exists xo € Q such that

Q

P(u; x0) = sup P(u; %), (2.3)
xe

then P(u;-) is identically constant in €.
For the proof of Theorem 2.1, the following two lemmas will be very useful:

Lemma 2.2. If F € C3 (RN\ {O}) is a positive homegenous function of
degree 1, then we have

Fe,(€)& = F(€),
Fe,e, ()& =0, for any € € RV\ {0}. (2.4)
Fiji (§) & = —Fjr (&),

For the proof of Lemma 2.2 we refer the reader to A. Farina and E.
Valdinoci [8] (Lemma 3, Appendix).

Lemma 2.3. Assume that u(x) is of class C? at the points where Vu # 0.
Then, at such points, we have

(aijuij)? N ra;uij _ 2
asjanuiy > I 4 [ S (p - VF' R Fuy) . (25)
For a proof of Lemma 2.3, in the case p = 2, we refer the reader to G. Wang
and C. Xia [16]. Using similar arguments one may easily prove inequality (2.5)
for an arbitrary p.

We are now going to prove Theorem 2.1. The main idea of the proof is the
construction of an elliptic second order differential inequality for the auxiliary
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function P, introduced in (2.1). The conclusion of the theorem will then follow
immediately, as a direct consequence of Hopf’s first maximum principle (see
R. Sperbce [15]).

First of all, let us remark that, since Hess (FP) is positive definite on
RNN\_{0}, the anisotropic p-Laplace operator @ is uniformly elliptic on RV \ €,
where € := {x € RN | Vu(x) = 0}. Moreover, since F € C” (RV\ {0}),
Proposition 3.2 from M. Cozzi-A.Farina-E.Valdinoci [2] implies that a weak
solution u € T/Vllocp(RN) to equation (1.3) is of class C® on RY \ € . Therefore,
the partial derivatives of u (x), up to third order, are well defined on RV \ €.

We now compute successively

P, = pFP ' Frupu™? — BFPuu= P71, (2.6)
Py = p(p—1)FP2FFyuguu=" + pFP Fyuugu™?
+pFP L Fupiju=f — BpFP~ ! Fuguju=P~1
—BpFP~ Frugjuiu™P~1 + B(B + 1) FPuujuP=2
—BFPu;u=P~1,

Next, making use of notations (1.5), we note that equation (1.3) may be
rewritten as follows

2.7)

aijui; = [FP7 Ejj + (p— 1)FP2F,Fjluij = — f. (2.8)
From Lemma 2.2 we also have
Fiu; = F,
Fiju; =0, (2.9)
Fijpu; = —Fyy.

Therefore, making use of (2.7), (2.8) and (2.9), we evaluate
ai; Py = plp — 1)FP 3R FFjugugu®

+p(p — 1)2F*~4F F F; Fjuguju™?
+pF?2F; Frugjugiu™"
+p(p — V) F? 3, F; Fyuwjugiu™? 4+ pFP  Fragjug;ju™"
—2BpF?P~2Fy; Fyugu™P~Yu; — 28p(p — 1) FP 3 F Fy Fyugu™P Ly,
+B(B + V)PP~ Fyju= 2 uu,
+B(B+1)(p — 1) F?P2F, Fju=P~2uu;

+BFPy=B1f
(2.10)
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On the other hand, from (2.6) one may easily derive the following identities

P ) )
Frug; = — P+ BF;% = BF;L—; + terms containing P,

pFr—1
PF F2 F2
F,Frup = — 11 L ﬂ— = B— + terms containing P.
pEP pu

Moreover, making use of (2.12) in (2.8), we obtain

1 F?
FPLE, Uiy = —f — BTT + terms containing Pj.

Differentiating (2.8), we also have
—flu = 2(p — 1)FP~2Fy Fjuppu,;
+(p — V) FP2E Fjupuiy + FPUF jugug
+(p = V(p - 2)FP P FF Fyuuij + aijuiji.

(2.11)

(2.12)

(2.13)

(2.14)

Inserting now a,ju;;r from (2.14) into (2.10) and making use of (2.11)-(2.12)

we obtain
aijPij = plp — 1)F** 3R FFjugiuu?
ﬁ 2

2
+p(p — 1)2F?r—4 ( + terms containing Pk> uh

+pF2P=2Fy; Frugjugiu™?
+p(p — 1)F2p—3FiFijluljukiu_ﬂ — prf’u_'B
ﬁ 2

—p(p—1)(p — 2)F?~* ( + terms containing Py

—p(p — DF* 3 F R Fjupuigu™”
—2p(p — l)FQP_BFijFﬂulkuiju_ﬁ

F
—pF?r—2 (Bulpu + terms containing Pk) Fijiugju™

2

~2Bp(p — P2 (/3F
pu

+B(B+1)(p — 1) F?y=B=2 4 BFP fy =P~

+ terms containing Pk) u A1

2

(2.15)
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Moreover, using (2.9) and (2.13) in (2.15), after some simplifications we get
-1
aijPij = pF?*72F,; Fyujupu=" + 52;0—F21”u—5—2
p

_1FP

—pF? f'u? — (p—1)BF? [—f - B”} uht
P u

p—1F?

D u

F(8 +1)(p— 1)F2Pu52

+BFP fu=P~! + terms containing Pj

+ BEP [—f -5 ] u Pl —282(p — 1) F?Py=P—2

-1
= pF?P=2F; Fujjugiu=" + B(p — 1) F2Pu P2 [ﬁpp -8+ 1}

+FPu=B | —pf' + B(p—1) S + terms containing Pj.
u
(2.16)

Next, making use of (2.8), (2.11) and (2.12), we evaluate separately the term
F2=2F;; Frujug, as follows:

FQP*ZFiijluljuki = [a,-j — (p — 1)Fp72FiFj]
X lap — (p — 1) FP2F Fy| wyjug;

F? 2
= a;japujug + (p — 1)2F2~4 (6 + terms containing Pk)
pU
—2(p—D)F?** 4 [FFu + (p — 1) Fp F]

F Fu
X (Bul + terms containing Pk> (Bk + terms containing Pk)
U pu

p—1\*F%
= QjjQKIUL;Uk; — B2 () o + terms containing Pj.

p
(2.17)
Inserting now (2.17) into (2.16), we obtain
aijPij = puPajamuug + (1 — B)(p — 1) F*Pu=F=2
(2.18)

+FPy—h {—pf’ + B(p — 1)‘]? + terms containing Pj.
u

Next, to evaluate the term a;jariu;jug; in (2.18), we make use of Lemma 2.3
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and identity (2.12). We thus obtain

2 N —1FP 2
Qi QUL Uk > fﬁ + N_1 {]f\f + ﬂpTT + terms containing Py

f? 1L p—1_f
= 2 rl
N—1+/8N—1 P U

2
N —1\° F?
132 <p ) wE + terms containing Pj.

N-—-1 P
(2.19)
Therefore, inserting (2.19) into (2.18), we obtain
p f* FP N+1f ,
P > I 1 L
ECIE s g Rl L) s bl
(2.20)
2p N —p

F
+8%(p - 1)u5+2 [1 - } + terms containing Py.

p(N —1)

Finally, we analyze separately the case when 1 < p < N, respectively the
case when p > N.

I. Thecase 1l <p < N :

N -1
In this case § = p——, so that we have
N-p

N-p
1—Bm =0. (2.21)

On the other hand, condition (1.4) implies in this case

N
Blp— 1)%5

Therefore, making use of (2.21) and (2.22) in (2.20), we are lead to the follow-
ing elliptic second order differential inequality

—pf' >0. (2.22)

a;; P;; + terms containing P, > 0 in . (2.23)
The conclusion of Theorem 2.1 follows now as a direct consequence of Hopf’s
first maximum principle (see R. Sperb [15]).
II. The case p > N :
In this case 8 = Lp(N —1)/(p — 1)(N + 1) > 0, so that we have

N —
P> (2.24)

_Bp(N* 1)~
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Also, condition (1.4) implies (2.22).

Using (2.24) and (2.22) in (2.20), we see again that P satisfies an elliptic
differential inequality of type (2.23), therefore the proof of Theorem 2.1 is thus
achieved. O

3 The proof of Theorem 1.1

For the proof we adapt an idea employed by L.A. Caffarelli, N. Garofalo and
F. Segala [1] to obtain a different Liouville type theorem (see, also, the recent
works of A. Farina and E. Valdinoci [8], respectively M. Cozzi, A. Farina and
E. Valdinoci [2]).

We first note that u € CL.Y(RN), a € (0,1) and u € C* ({Vu # 0}) (for
clear proofs of these statements, see Proposition 3.1, Proposition 3.2 and Ap-
pendix A in M. Cozzi-A. Farina-E. Valdinoci [2]). Then we introduce the

following set

8y = {1} satisfies (1.3);]'1an§ u(x) <wv(x) <sup u(x)Vx € RN} , (3.1
RN

and remark thus that it is compact in the topology of C’llo’ff(RN ). Now, let us
define
Py:= sup P(v;x) < 0. (3.2)
v E 8y
x € RY

We claim that Py = 0. From this, Theorem 1.1 follows immediately. To this
end, we argue by contradiction and assume contrariwise that

Py > 0. (3.3)

By (3.2), there exist two sequences, (vx)ren C Sy and (xz)reny C RY, such
that
lim P(Uk;,Xk) =F > 0. (34)

k—o0
Let us introduce the following functions
wg(x) == vp(x+xx), k € N. (3.5)

Then, we obviously have

wi € 8y, Pvg, xx) = P(wg, 0), kl;r& P(vg,xp) = klir& P(wg,0) = Py. (3.6)
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Moreover, up to a subsequence, we can suppose that there exists w which
belongs to C*(RN) (8., such that

loc

lim wy = w and lim P(wg,0) = P(w,0) = Py > 0. (3.7)

k—oc0 k—o0

In particular, we have that F'(Vw(0)) # 0, so that Vw(0) # 0. By continuity,
there exists p > 0 such that

inf |[Vw (x)| > 0. (3.8)
B,(0)

On the other hand, from the definition of Py, we know that
P(w;x) < Py = P(w,0) for all x € B,(0), (3.9)

so that 0 is a local maximum for P(w,-) in B,(0). Theorem 2.1 then implies
that P(w;-) is identically constant in B,(0). By the continuity of P(wj;-) and
connectedness arguments, we deduce that P(wj;-) is identically constant on
the whole of RV, i.e.

_ PP(Vuw(x))

P(w;x) := W) = Py > 0 for all x € RV, (3.10)

Now, by the boundedness of w on RY, we must have

iRan [Vw (x)| = 0. (3.11)

Let (yi)ren € RY be a sequence such that |[Vw (yx)| — 0 as k — oo. By
(3.10), we have
FP(Vw(yr))

w?(yx)
Letting k& — oo in (3.12) and taking into account that inf w (x) > 0, we get
R

= Py > 0. (3.12)

Py =0, (3.13)

which contradicts our assumption. Consequently, Py = 0 on R, which implies
that
Vu (x) = 0 for all x € RY. (3.14)

The proof of Theorem 1.1 is thus achieved. [J
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4 Some final remarks. An alternative approach

Writing @ (u) as div (A (Vu)), one may easily check that @ is a S-p-C operator
(see [3], p. 971) and has the weak Harnack property (see Lemma A.2 in [5]).
Moreover, since we have assumed that the solution is bounded away from 0,
that is 0 < ¢ < u(x) < d < +00, for some constants ¢ and d, then the only
thing that has a role is the expression of f on the interval [c,d]. Outside this
interval, one may modify the function f so that it satisfies our condition (1.4).
Therefore, results from some recent results of L. D’Ambrosio and E. Mitidieri
(see [3], [4] and [5]) also apply to our problem. More precisely, let us rewrite
condition (1.4) of f as

t
< l@ for any t € R, (4.1)
where [ := (p —1)(N +1)/(N —p), when 1 < p < N, and [ is a nonnegative

real constant, when p > . Let us also consider the following three sets

P:={t: f(t) >0}, Z:={t: f(t) =0}, N:={t: f(t) <0}. (4.2)
Then, each of these sets, if not empty, is an interval and

P = (Oaﬁ)’ Z = [677]’ N = (77"’00)’ (43)

with 0 < 8 < v < 400. Indeed, let us assume that f(¢y) > 0 and let I be the
maximal interval such that ty € I and f > 0 on I. We will show that inf I = 0;
in such a case, P would be an interval of the form (0, 3). To this end, let us
assume that « := inf I > 0 and let us consider s < 7 in I. Integrating (4.1)
from s to 7 we get f (1) < f(s)7!/s!. Letting s — «, since f(s) — 0 (f is
continuous and I is maximal), we have f (7) < 0 for all 7 € I, contradicting
thus the fact that f(¢p) > 0. Analogously, one may prove that N = (v, +00),
if N 0.

Therefore, if u is a weak solution of (1.3), from L. D’Ambrosio and E.
Mitidieri’s works [3], [4], [5] we get that v < . On the other hand, since
infu > 0, from [3] we have u > (8 so that weak Harnack inequality implies
that u is constant a.e. in RY and u € Z.
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