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Abstract

Let Q be a bounded domain in R* with smooth boundary, and let
zt, 2%, -+, 2™ be points in Q. We are concerned with the singular sta-

tionary non-homogenous g-Kuramoto-Sivashinsky eaquation (q-KSE):
A’u — yAu — A\ Vul|? = p'e”

where we use some nonlinear domain decomposition method to give a
sufficient condition to have a positive weak solution « in €2 under the
physical Dirichlet-like boundary conditions © = Au = 0 on 0f2, which
is singular at each z* as the parameters \,~ and p tend to 0 and where
q € [1,4] is a real number.
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1 Introduction and statement of the results

A fundamental goal in the study of non-linear initial boundary value problems
involving partial differential equations is to determine whether solutions to a
given equation develop a singularity. Resolving the issue of blow-up is impor-
tant, in part because it can have bearing on the physical relevance and validity
of the underlying model. However, determining the answer to this question is
notoriously difficult for a wide range of equations such fourth order equation
like stationary non homogenous general Kuramoto-Sivashinsky equation with
strong nonlinearity like exponential e":

A2y — yAu — N Vul? = pte”.

One route is to try to simplify or modify the boundary conditions in an at-
tempt to gain evidence for or against the occurrence of blow-up. A second
route is to modify the equations in some way, and to study the modified equa-
tions with the hope of gaining insight into the blow-up of solutions to the
original equations: see problems (3)-(11) below and the effect of the presence
of the second-order backward diffusion term —vAw and the nonlinear term
—A|Vul? in (3). The occurrence and type of blow-up depends on the param-
eters A,y and the domain. Studying this type of equations, we will answer
for different basic questions. We concentrate next on the analysis of the main
questions raised in the study of blow-up for such equations. This list can be
suitably adapted to other singularity formation problems. We will examine
several case related to such approaches where basic list includes the questions
of, where and how. We propose here an expanded list of three items: (i) Does
blow-up occur? (ii) Where? (iii) How? For the first question, the blow-up
problem is properly formulated only when a suitable class of solutions is cho-
sen for all solutions in the given class or only for some solutions (which should
be identified) or other kinds of generalized solutions can be more natural to
a given problem and which equations and problems do exhibit blow-up. The
second question is where finite number of points, or regional blow-up, are lo-
calized? For the third question, we are only interested on calculate the rate
at which solution diverges as x approaches to the set of blow-up point and to
calculate the blow-up profiles as limits of solution at the non-blowing points.
A major aim of the present work is to provide examples which demonstrate
that one must be extremely cautious in generalizing claims about the blow-up
of problems studied in idealized settings to claims about the blow-up of the
original problem and to the nonlinearity of a problem which can cause the for-
mation of a singularity, where no such singularity is present in the unaltered
equation. However, many such studies have tried to search for singularities
of the solutions of the equations in the setting of different types of boundary
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conditions like periodic boundary conditions related to the solution of gen-
eral Kuramoto-Sivashinsky equation. The question of blow up of solutions of
stationary general Kuramoto-Sivashinsky equation is still an open question in
dimensions fourth and in higher cases.

First, we introduce a model arising in the growth of amorphous surfaces
which is described by the following partial differential equation, called in the
literature the Kuramoto-Sivashinsky equation:

Opu + A*u — yAu — A\|Vul? = 0. (1)

on R? with d > 1, where A and v be real parameters. The Kuramoto-
Sivashinsky equation has been independently discovered by Kuramoto and
Tsuzuki [13], and by Sivashinsky [24] in the study of a reaction-diffusion sys-
tem and flame front propagation, respectively, as well as in the study of 2D
Kolmogorov fluid flows [25]. This form of the Kuramoto-Sivashinsky equations
is sometimes called the integrated version of the Kuramoto-Sivashinsky equa-
tions, arises also in several other models for surface growth. This type of ver-
sion equation is suggested in [17], [18] (and some reference therein...) as a phe-
nomenological model for the growth of an amorphous surface (Z,¢5Al7 5, Cugr 5).

One can also consider a generalization of (1), called in the literature the
hyper-viscous Hamilton Jacobian:

Opu+ A*u — yAu — A Vul? =0 (2)

on the whole R%, d > 1, where A and v be real parameters. This equation
for ¢ > 2 and (y,A) = (1, %) was considered in [5], where it was shown that
when ¢ > 2, under the boundary conditions u = Au = 0 on 012, a singularity
develops in finite-time, provided that the initial data is sufficiently large in a
certain sense. (In fact, in [5], the authors proved an even stronger result, as
they did not need the destabilizing term Aw.)

The global regularity for the higher dimensional stationary Kuramoto-
Sivashinsky equations is a remarkable open question in nonlinear analysis.
Inspired by this question, we introduce in this paper a family of stationary
hyper-viscous Hamilton-Jacobi-like equations parameterized by the exponent
in the nonlinear term, ¢, called in the literature by the general non homogenous
stationary Kuramoto-Sivashinsky equation:

APy — yAu — N Vul? = f(u)

in O C R* under the physical Dirichlet-like boundary conditions u = Au = 0
on 9 and certain nonlinearity f(u). We refer the reader to [8] where the
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author give some explicit estimates for the L>-norm of the periodic solutions
of the time-independent non-homogeneous Kuramoto-Sivashinsky equation in
R in case ¢ = 1. In particular, they give an estimate of the Michelson’s
upper bound of all periodic solutions of the time-independent homogeneous
Kuramoto-Sivashinsky equation.

One of the purpose of the present paper is to present a rather efficient
method to solve such singularly perturbed problems of the time-independent
general Kuramoto-Sivashinsky equation. This method has already been used
successfully in geometric context(constant mean curvature surfaces, constant
scalar curvature metrics, extremal Kéhler metrics, manifolds with special
holonomy, ...) the first time has appeared in the context of partial differ-
ential equations is given in [1]. We felt that, given the interest in singular
perturbation problems, it is worth illustrating this on the non-Homogenous
stationary q-Kuramoto-Sivashinsky equation: A%u —yAu — \|Vu|? = f(u) in
Q C R* under the physical Dirichlet-like boundary conditions v = Au = 0 on
09 and certain nonlinearity f(u) given by the following problem :

Let Q C R* be a regular bounded open domain in R*. We are interested in
positive solutions of the general stationary q-Kuramoto-Sivashinsky problem:

A%y —yAu—AVul? = ple* in Q

(3)
u=Au = 0 on 0N

when the parameters p, A and v tend to 0 and ¢ € [1,4]. Problem (3)|,—2 has
been treated by first author et al in [4] in context of blow up. For A = 0, we
refer the reader to [9], where the author consider the problem, without non
linear gradient term:

Au+cAu = ble*—1) in Q

(4)
u=Au = 0 on 0N

where §2 is a bounded and smooth domain of R™", ¢ € R and b € R . The
author prove some existence and nonexistence results for (4) via variational
techniques. Such equations may occur while studying traveling waves in sus-
pension bridges. For more general problem see [21], for the following Navier
boundary value problem:

Au+cAu = f(z,u) in

(5)
u=Au = 0 on 0N
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in R® n >4 and f is non linear growth function. Using the Sobolev compact
embedding H?(Q) N H(Q) < L(Q) (1 < q < p*, where p* = 22), it is easy
to see that seeking a weak solution of problem (5) is equivalent to finding a

nonzero critical points of the following functional on E := H?(Q) N H}(Q):

1 u
I:= 3 / (|Aul? — ¢|Vu|?)d x — / F(z,u) where F(x,u) = / F(z,t)dt.
Q Q 0

In conformal dimensional a.e n = 4 and f has the subcritical (exponential)
growth on €, a.e.,
|f(z, 1)

im
t— o0 exp(at)

=0

uniformly on x € Q for all @ > 0 and in some cases and hypothesis and using
Adams inequality, (see [20]), for the fourth-order derivative, namely,

sup / 32 g < 9|,
{uek |lul<1} O

where [|ul =: [, (|Au|? = ¢|Vul?)!/2d z, the authors show that the problem

(5) has at least two nontrivial solutions (for more details see Theorem 1.3 in

[21]) or infinitely many nontrivial solutions (for more details see Theorem 1.4

in [21]).
Problem (3) can be considered as a higher order counterpart of the
—Au—ANVul? = p¥* in QCR?
(6)
u =0 on o0
when the parameters p tends to 0. p? = i e as ¢ tends to 0
P r S (e241)2 '

This last problem with ¢ € [1,2], poses as well a number of fundamental
mathematical questions in singularity problem (see for example [3]) where
the authors do not consider any condition like (A) (see below), to solve such
singularity problem. This type of equation is the stationary case of generalized
non homogenous viscous Hamilton-Jacobian equations [22]

Ou—Au—AVul? = f(u) in Q

u =0 on 0N

where 2 is a smooth bounded domain in R%, ¢ > 1.

As observed by Ren and Wei in [19], the problem (6)),—2, can be reduced
to a problem without gradient term. Indeed, if u is a solution of (6)|4—2, then
the function

w = ()\p26u)/\,
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“Aw = wo in
(7)
w = (Ap?)* on 09,

since the exponent p = tends to infinity as A tends to 0, see also [11].

Al
X
The problem of existence of v x a sequence of solutions of (6)),—2 which

converges to some singular function as the parameters € and A tend to 0 has
studied by Baraket et al. in [2], under the assumption

(A) : If 0<e<A, then AT/2%7° 50 as X —0, for any é € (0,1).

(p~easetends to0). In particular, if we take A\ = 9(¢2/?), then condition
(A) is satisfied. With assumption (A), problem (6)4—2, can be treated as a
perturbation of the Liouville equation

—Au=p’e* in QcCRL

The question we would like to study is concerned with the existence of
other branches of solutions of (3) which is singular at each 2%, i = 1,--- ,m as
the parameters A,y and p tend to 0.

To describe our result, let us denote by G(x,-) the solution of

A%G(z,") = 64725, in Q

{ G(z,r) = AG(z,-) = 0 on 0. )

It is easy to check that the function
R(z,y) :== G(z,y) + 8 log [z — y| (9)
is a smooth function.
We define the set of blow-up as
S={zxeQ:3 z,— 2 st uy(r, — +oo}

and .

W(z!,...,z™) I:ZR(Ij,Ij)—FZG(Ij,IZ). (10)

=1 £

for z',22,--- , 2™ m-points in Q.

Many papers have been devoted to the case (v, A) = (0,0), where the problem

(3) becomes

A%y = plev in Q
(11)
v = Au=0 on 9N
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when the parameter p tends to 0. ( See for example [1]). Semilinear equations
involving fourth order elliptic operator and exponential nonlinearity appear
naturally in conformal geometry and in particular in the prescription of the
so called @-curvature on 4-dimensional Riemannian manifolds [6], [7]

1 :
Qo = 15 (=D¢S, + 85 — 3 |Ricy|?)

where Ric, denotes the Ricci tensor and 5y is the scalar curvature of the metric
g. Recall that the Q-curvature changes under a conformal change of metric

guw =g,
according to
Pyw+2Q,=2Q,, " (12)
where
Py:i=NA244 <§ SgI—QRicg> d (13)

is the Panietz operator, which is an elliptic 4-th order partial differential op-
erator [7] and which transforms according to

e Poouw, = Py, (14)

under a conformal change of metric g,, := e2¥ g. In the special case where the
manifold is the Euclidean space, the Panietz operator is simply given by

P = A?

Geucl

in which case (12) reduces to
A2y =Qetv

the solutions of which give rise to conformal metric g, = €?¥ geye Whose Q-
curvature is given by Q. There is by now an extensive literature about this
problem and we refer to [7] and [10] for references and recent developments.
In dimension 4, Wei in [26], have studied the behavior of solutions to the

following nonlinear eigenvalue problem for the biharmonic operator A2 in R*.
More precisely, consider the following problem

(15)

Ay = XNf(u) in Q
u=Au = 0 on 0f)
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and u* the solution of
2, % _ 2 ) s
Afu* = 64w ;5951, in Q (16)
wr=Au* = 0 on ON.

The author proved the following result

Theorem 1.1. [26] Let Q be a smooth bounded domain in R* and f a smooth
nonnegative increasing function such that

e “f(u) and 67"/ f(s)ds tend to 1, asu — +o0. (17)
0

Foruy, solution of (15), denote by X = )\/ fluy)dz. Then many cases occur:
Q

i) Xy — 0 therefore, ||ux||poccy —> 0 as A — 0.
ii) ¥y — +oo then uy — +00 as A — 0.

iii) ¥\ — 6472m, for some positive integer m. Then the limiting function
u* = limy__,ouy has m blow-up points, {x', ....z™}, where uy(z*) —
+00 as A — 0. Moreover, (z!,...,2™) is a critical point of W.

In the following, we denote by € the smallest positive parameter satisfying

4 384¢%
P =+
Remark that p ~ ¢ as e — 0.

Denote by o, = max(A,v) and assume that €, A and + satisfy

(Acrny): If0<e<ony, then 0125/2576 — 0 as o,y — 0, for any § € (0,1).

Our main results reads :

Theorem 1.2. Let g € [1,4) and o € (0,1). Let Q be an open smooth bounded
domain in R* and S = {z',...,2™} C Q be a non empty set. Assume that
(x',...,2™) is a nondegenerate critical point of W, then there exist py >

0,0 > 0,7 >0 and {up)\ a family of solutions of (3), such that

Y [0<p<pg
0<A< g
0<~v<~v0

m
lim wu = E G(a7, -
g A . (@)
3738 J=1

in CPN(Q —{zt, ... am}).

loc
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Theorem 1.3. Let ¢ =4 and o € (0,1). Let Q be an open smooth bounded
domain in R* and S = {z',...,2™} C Q be a non empty set. Assume that
e, X and v satisfy the condition (Ac ) and (z',...,2™) is a nondegenerate

critical point of W, then there exist pg > 0, g > 0,79 > 0 and {um)w}

0<p<pg
0<A< g
0<y<~o

a family of solutions of (3), such that

A——0
~y—0

in €U (Q—{a', ..., 2™m}).

loc

m
. - J .
Tim w0, = 3Gl )
j=1

Our result reduces the study of nontrivial branches of solutions of (3) to
the search for critical points of the function W defined in (10). Observe that
the assumption of the nondegeneracy of the critical point is a rather mild

assumption since it is certainly fulfilled for generic choice of the open domain
Q.

We briefly describe the plan of the paper : In Section 2 we discuss rotation-
ally symmetric solutions of (3). In Section 3 we study the linearized operator
about the radially symmetric solution defined in the previous section. In Sec-
tion 4, we recall some Known results about the analysis of the bi-Laplace
operator in weighted spaces. Both section strongly use the b-operator which
has been developed by Melrose [15] in the context of weighted Sobolev spaces
and by Mazzeo [14] in the context of weighted Hélder spaces (see also [16]).

A first nonlinear problem is studied in Section 5 where the existence of
an infinite dimensional family of solutions of (3) which are defined on a large
ball and which are close to the rotationally symmetric solution is proven. In
Section 6, we prove the existence of an infinite dimensional family of solutions
of (3) which are defined on 2 with small ball removed. Finally, in Section 7, we
show how elements of these infinite dimensional families can be connected to
produce solutions of (3) described in Theorem 1.2 and Theorem 1.3. This last
section borrows ideas from applied mathematics were domain decomposition
methods are of common use. Throughout the paper, the symbol ¢, > 0 (which
can depend only on k) denotes always a positive constant independent of €, A
and v which might change from one line to another.

2 Rotationally symmetric solutions

We first describe the rotationally symmetric approximate solutions of

APy — yAu — N Vul? = pte” (18)
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in R* for ¢ € [1,4], which will play a central role in our analysis. For this
reason given ¢ > 0, we define

ue(z) == 4 log(1 +&?) — 4 log(e? + |z|?).

which is clearly a solution of

A?u — pte =0, (19)
when \
384 ¢
4 _
s (20)

Let us notice that equation (19) is invariant under some dilation in the
following sense : If u is a solution of (19) and if 7 > 0, then u(7 ) +4 log 7 is
also a solution of (19). With this observation in mind, we define, for all 7 > 0

e, () := 4 log (1+¢%) +4 log 7 — 4 log (¢ + 72 |z|?). (21)

3 A linear fourth order elliptic operator on R*

We define the linear fourth order elliptic operator

384

L:=A%—- ——
(14 [f?)*

(22)

which corresponds to the linearization of (19) about the solution u; (= ue=1)
which has been defined in the previous section.

We are interested in the classification of bounded solutions of L.w = 0 in
R%. Some solutions are easy to find. For example, we can define
bo(a) = 1Dy (@) +4 = 420
) :=1rOrui(x =4——
0 ! 1+7r2
where r = |z|. Clearly L ¢p = 0 and this reflects the fact that (19) is invariant
under the group of dilations 7 — u(7-) + 4 log 7. We also define, for i =
1 4

Yoy -
i(r) := —0p,u1(x) = ————,

¢l( ) T 1( ) 1+ ‘.’IJ|2

which are also solutions of L. ¢; = 0 since these solutions correspond to the

invariance of the equation under the group of translations a — u(- + a).

The following result classifies all bounded solutions of Lw = 0 which are
defined in R,
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Lemma 3.1. [1] Any bounded solution of Lw = 0 defined in R* is a linear
combination of ¢; fori=0,1,...,4.
Let B, denote the ball of radius r centered at the origin in R*.

Definition 3.1. Given k € N, o € (0,1) and u € R, we introduce the Hélder
weighted spaces Gﬁ’”‘(R4) as the space of functions w € Gfoj (R*) for which the
following norm

||’w||el;,a(R4) = ||'LUHek,a(Bl) + SI>II; ((1 + rz)—ﬂ/2 Hw(r~)||ek,a(§1_31/2)> 5

is finite.

More details about these spaces and their use in nonlinear problems can
be found in [16]. Roughly speaking, functions in Gﬁ’a(R‘l) are bounded by a

constant times (1 + r2)*/2 and have their £ — th partial derivatives that are
bounded by (1 + r2)"/2, for £ =1,--- ,k + a. We also define

Crnu(RY) = {f € " (RY); f(z) = f(|z]).¥ € R"}.
As a consequence of the result of Lemma 3.1, we have the :
Proposition 3.1. [1] i) Assume that p > 1 and p ¢ N, then
Ly: ChRY) — €Y (RY)
w — Lw

18 surjective.
i) Assume that 6 >0 and 6 ¢ N then

Lrads: Crugs(RY) — €y 4(RY)
w — Lw
18 surjective.
We set B = By — {0}.

Definition 3.2. Given k € N, a € (0,1) and p € R, we introduce the Holder
weighted space Gﬁ’a(B’f) as the space of functions in C?fo’?(B’l") for which the
following norm

lullgrapsy = sup (r~"[lu(r-)llere(B,—51))
F E r<1/2

18 finite.
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Then we define the subspace of radial functions in (?jf(ﬁ s(BY) by
Crais(B) = {f € G5 (RY); f(x) = f(|o]), = € Bi}.
For all e,7, A > 0, we define

Reny =Treny /€

where
Te Ny ' = max(\ﬁv \/Xa ﬁ) (23)
We would like to find a solution u of
A2y — yAu — N Vul|? — pte* =0 (24)
in B,_, . Using the transformation
v(z) =u (;:n) +8loge — 4log (T(1 +¢%)/2),

then equation (24) is equivalent to
2 4—q
A2y — 5 (5) Av— )\ (5) V|7 — 24¢” = 0 (25)
T T

in Bg,_, . Now we look for a solution of (25) of the form

() = wi(x) + h(z),

this amounts to solve

384 h g 2% ey .
L @ P47 (2) A+ m +2 (2) 19+l 26)
il’l BRE,)\,’Y.
We will need the following definition.

Definition 3.3. Given7 > 1,k €N, a € (0,1) and pu € R, the weighted space
@ﬁ*a(B;) is defined to be the space of functions w € C*(B;) endowed with
the norm

_ = —p . _
lwllegqsy = Nollennm + sup (r7 w0 lesoco-pym) -
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For all ¢ > 1, we denote by
GRS 0,00 (T4
€s 1 € %(Bs) — €% (RY)
the extension operator defined by
flx) for |z| <o

& (f)(z) = X (m) ¥ (a \%I) for |z| > o,

g

(27)

where t — x(t) is a smooth nonnegative cutoff function identically equal to
1 for t < 1 and identically equal to 0 for ¢t > 2. It is easy to check that there
exists a constant ¢ = ¢(u) > 0, independent of o > 1, such that

€a(lgg e < ellwllegecs, (28)

We fix
0 € (O,min(1,4 - q)) for g € [1,4)

and
0€(0,1) forqg=4.

Denote by G; to be a right inverse of L,q,s provided by Proposition 3.1. To
find a solution of (26) it is enough to find a fixed point h, in a small ball of
C‘fff;’&(R‘l), solution of

h = R(h) (29)
where
N(h) = 95 o 85 o i)%(h)
with
384 €\2 e\4-a q
RA) = (@ A1+ (5) At +m+a(2) "IV +n)

For |z| = r, we have

x For q € [1,4).
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Given k > 0, there exist ¢,, > 0 (which can depend only on &), such that for
o€ (O,Inin(1,4 — q)) and ¢q € [1,4) , we have

2 -
sup 70 R(0)] < cny (E) sup A + co (E) ! sup 70|V |
T

r<Rc X~ T/ r<R.x~ ) r<Rc X~
— q
S ey (;)2 T‘Si’ii,y e (12::2)2 +end (;)4 ' T;glﬂ e (1 —‘:7’2)11
2
<t (D) e e (3 g
4— q
e (7)) swe r gy

Taking into account that for r very large we have (1 + r2)™# ~ r=28 we
obtain
sup 470 |R(0)] < cave + c,gyszRi:\‘; + c,,g/\e4_ng;\‘?7_q
TSRE,X,"{

25
< ewye® +epyerlyl)

< cne®r2y

4—q—6

5
+ ¢ e Texm

Recall that R(h) := G5 0 E5 0 R(h), then there exist ¢, > 0 (which can depend
only on k), such that

IRO) e, o) < exe’r2 5, (30)

Making use of Proposition 3.1 together with (28), hence there exist ¢, > 0
(which can depend only on k), such that

Hh”eﬁ;‘;,é(ﬂ@ﬂ <2e,e%2, . (31)

Now, we recall an important result which play a center role in our estimates,
see for example [23] and some references therein :

Lemma 3.2. [23] Given x and y two real numbers, x > 0, ¢ > 1 and for any
small n € R there exists a positive constant C,, such that

x4+ y?— 29| < (1+n)qz? |yl + Cylyl.

Now, let hy, he in B(0, 2055r§7>w) of Gfﬁw(R‘l), then given x > 0, there exist

¢, > 0 (which can depend only on &), such that for § € (07 min(1,4 — q)), we
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sup  r*7% |R(h2) — R(h)]
TSRE,)\,"{
<ece sup 014 |zf?)7 |eh2 —eM 4 hy — ha|
T<Re x~
+e e sup (| V(uy + ho)|? — |V (ug 4 h1)|9)
TSRE,)\,’Y
+cove? sup 7"475‘A(u1 +ha) — Auy + hl)‘
T<Re x~

Again, making use of Lemma 3.2 and recall that a functions w in Gf{’ffi 5(R4)
are bounded by a constant times (1 + 72)%/2 and have their ¢ — th partial
derivatives that are bounded by (1 + 72)0=0/2 for ¢ = 1,--- k + a (a.e
[Viw| < ¢or®™* [wllgse gy, (14 r2)0=0/2 ~ 9=t for r very large), then
there exist ¢, > 0 (only depend on ) such that

sup 7470 |9R(hy) — R(h)|
TSRE,A,'V

<e¢. sup r*4*5|h2 — hi||h2 + h|
T<Re x~

oAt sup [V 4 b1+ (ke — ) [7 ][V (R — )|

TSRE,)\,’Y
+ceye? sup 7‘4_5‘A(h2 — hl)‘
7"<R5 A,y

<cKZ||h leto goyllhe = hallse ey +eave® B2, Ihe = hallgso (g

+cHAg4 ¢ sup i [\Vu1|q_1 +|Vhy|! + |Vh2\q‘1} IV (hs — hy)|

TSRE,)\,’Y
2
<ce )y Ihillese  gallhz = hillgso gy + ey’ 2 |lhe — hillese @e)
i=1
_ 4— 4+6 o—
et e [RS + BRI q}jwww o) 2 = Mallen, g

. 4, .
Provided h; € €, ;(R*) satisfies ”hiHef;f;,é(R‘l) < 2¢, %2

A then the last

estimate, is given by

-5
sup r* 7 |R(ha) — R(h1)| < cue’ 2 s~ llh2 — hillga.a ®a3F cxYTE A llh2 — hill gt.a (R4
r<Re . rad,s rad,s
248(g—1)+
oA [rEn + 2V ks — gt o).

Similarly, making use of Proposition 3.1 together with (28), we conclude that
given k > 0, there exist €., Ax, 75 and ¢, > 0 (only depend on k) such that

IR(h2) = R lgn moy < Er2ayllhe = hallgre, oy (32)
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Reducing €,, A\, and -y, if necessary, we can assume that,

N =

S
CrTeay <

foralle € (0,e4), A € (0, ) and v € (0,7,) . Then, (31) and (32) are enough
to show that
h—s R(h)

is a contraction from the ball
4, . )
{h S GTG(Z,(;(R4) . ||h|‘eﬁ;jj,6(R4) S QCRE T(?’/\,,Y}

into itself and hence has a unique fixed point & in this set. This fixed point is
a solution of (29) in Bgr,_, .

We summarize this in the following proposition.

Proposition 3.2. Let ¢ € [1,4) and § € (O,min(1,4 — q)) Given k > 0,

there exist €, > 0, Ay > 0, 75 > 0 and ¢, > 0 (which can depend only on k)
such that for all for all € € (0,e,), A € (0,\s) and v € (0,7,), there exists a
unique solution h € fofw(R‘l) of (29) such that

v(@) = ui(z) + h(z)
solves (25) in Bg_, . In addition

HhHGf_;’;,é(]}@) S 26;@ €5T§7A,7-

x For g =4
Recall that

- €\? _ -
sup 70 R(0)] < eny (7> sup rO0Aup +e A sup O Vg |
TSRE,)\,'Y T TSRE,)\,’Y TSRE,A,'V

Since

4
_ _ r
A sup rt 5|Vu1|4 =\ sup r? 5724,
r<Re .~ r<Re (L+72)

taking into account that for r very large, we have (1+172)~% ~ =8 then, there
exist ¢, > 0 (which can depend only on &), such that
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sup 170 R(0)] < epye? + c,i'ys‘srgj\‘;,y + A
TSRE,)\,’Y Y

2
S R n

Then there exist ¢, > 0 (which can depend only on &), such that
ROty ooy < o720

Making use of Proposition 3.1 together with (28), we conclude that there exists
a unique solution h € fofj’é(ﬂ%“) of (29) such that

1Rllese sy < 2ex72 5 - (33)

~ Let, let hy,hy in B(0,2¢, 72, ) of C’fﬁ‘w(R‘l), satisfying for each x ¢
Br

e,0,

ce €702 for &> max()\,7)

|hi(x)| < cp r?t\%e*‘s < e AP2e70 for X > max(e, )
ce Y2670 for 4 > max(e, \)

then using condition (A; ), we prove that |fi(z)] — 0 as €, A and 7 tend
to 0.

Now, given k > 0, there exist ¢,, > 0 (which can depend only on k), such
that for 6 € (0,1), we have

sup 470 |R(he) — R(h1)|

T<Re x~
<. osup O |z)?) "t e — e 4 by — g
7'SR5,>\,'~{
+eod sup (| V(uy + he)|t — |V(ug + )|
TSRE,A,W
+cye? sup 7“4_5‘A(u1 + ha) — Aug + hl)’
TSRE,A,'Y

Again, making use of Lemma 3.2 for ¢ = 4 and recall that a functions w in
Gf&‘;yg(R‘l) are bounded by a constant times (1 4 72)%/2 and have their £ — th

partial derivatives that are bounded by (1 +r2)®=9/2 for f = 1,--- k4«
(a.e |Viw| < c,r0* Hw”e“ﬁ; 5 (1) (14+72)0=0/2 ~ 9=t for r very large), then
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there exist ¢, > 0 (only depend on x) such that
sup 1470 [R(he) — R(h)|

TSRE,/\,’Y
<e¢, sup r*4*5|h2 — h||ha + A
T<Re x~
oA sup rd=s [|V(u1 + )P+ [V (B — hl)ﬂ IV (hz — hy)|
TS Le Xy
ot )
TSRE,A,W
2
< ¢ Z ||hi||efﬁiys(n§4) 1h2 — hl“e;{;ii,s(n@) +exve? RE 1o — hl”eff&ys(w)
i=1
ted sup [V 4 [V 4 Vol ][V (B — ha)|
T‘SRE,A,"(

2
<en IRilless ey liPz = Falleta (mey + cxve’R2 |12 — fullese  (ma)
=1

2
+Cn)‘{1 +RE D 1. 5(R4)} 1P = Palleta (gay-
i=1 ’ ’

Provided h; € Gfﬁw(R‘*) satisfies ||hi||eﬁ;f1)5(R4) < 2¢qr then the last

estimate, is given by

2
€,A,7?

4-5 2 2
rgialg);:, [R(h2) — R(f)| <curi Il — hl”@fﬂfd’é(w) + ey a2 — hl“@ﬁ;j;’é(ﬂ%“)

+c,€)\[1 + (r2%2 5_‘5)3} |72 — hl”@i’;; SR

g2,

Similarly, making use of Proposition 3.1 together with (28), using the condi-
tion (A, x,y) we conclude that given k > 0, there exist €., Ax, v and ¢, > 0
(only depend on ) such that

IR(h2) = R(Rn)ll g gay < CarZy yll2 = Piallgno cga)- (34)
Reducing €,, A\ and -y, if necessary, we can assume that,
_ 1
CrTian S5

for all € € (0,e,), A € (0,A;) and v € (0,7,) satisfying (A: x ) . Then, (33)
and (34) are enough to show that

h— R(R)
is a contraction from the ball

4,0 .
{h S erud’5(R4) . Hh||€ﬁg§l§(R4) S 20,@ r?7A77}



SINGULAR LIMITS FOR 4-DIMENSIONAL GENERAL STATIONARY
Q-KURAMOTO-SIVASHINSKY EQUATION (Q-KSE) WITH EXPONENTIAL
NONLINEARITY 313

into itself and hence has a unique fixed point % in this set. This fixed point is
a solution of (29) in Bgr, , .
We summarize this in the following proposition.

Proposition 3.3. Let ¢ =4 and § € (0,1). Given k > 0, there exist £,, > 0,
Ae >0, 75 > 0 (which can depend only on k) and ¢ > 0 such that for all for
all e € (0,ex), A € (0,As) and v € (0,7) satisfying (Ac r), there exists a
unique solution h € Gf;f:i’é(R‘L) of (29) such that

v(@) = ui (@) + h(z)
solves (25) in Bg,_, . In addition

||h||e§;376(m4) <2572

4 Known results [1]

4.1 Analysis of the bi-Laplace operator in weighted spaces
Given zt,..., 2™ € Q we define X := (z!,...,2™) and
QO (X):=Q—{z, ... 2™},

and we choose rg > 0 so that the balls B, (z") of center z* and radius rq are
mutually disjoint and included in Q. For all € (0,7) we define

Q (X) :=Q— U B, (27)
With these notations, we have the :

Definition 4.1. Given k € R, a € (0,1) and v € R, we introduce the Hélder
weighted space C5(Q* (X)) as the space of functions w € Gﬁ;?(@* (X)) which
is endowed with the norm

|w]] ke e = ||w||ek.a + sup (T_" llw(@® +7)||era(m, ),
‘CV (Q* (X)) le (R /2 (X)) ;re(o,ro/z) ek, (By—By)

s finite.

Again, these spaces have already been used many times in nonlinear con-
texts and we refer to [16]. Roughly speaking, functions in €%%(Q* (X)) re
bounded by a constant times the distance to X to the power v and have their
{ — th partial derivatives that are bounded by a constant times the distance
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to X to the power v — ¢, for £ =1,--- |k + «.

When k > 2, we denote by [€5*(Q* (X))]o be the subspace of functions
w € CH(Q* (X)) satisfying w = Aw = 0 on 9Q.

We will use the following :

Proposition 4.1. [1] Assume that v < 0 and v & Z, then

L, 2 [C (@ (X)) — €727 (X))

v

w — AZw

18 surjective.

4.2 Bi-harmonic extensions

Given ¢ € C*%(S%) and ¢ € €2%(S3) we define H' (= H'(¢,v;-)) to be the
solution of

AQ Hi = 0 in Bl
H' = ¢ on 0B (35)
AH' = 4 on 0B,

where, as already mentioned, B; denotes the unit ball in R*.

We set B = By — {0}. As in the previous section, we define :

Definition 4.2. Given k € N, o € (0,1) and p € R, we introduce the Hélder
weighted spaces Cl*(By) as the space of function in GZ;S(BI*) for which the
following norm

lullgr.e gy = sup (r7* [lu(r-)llere(s,-5,)) »
# ! r<1/2

1s finite.

This corresponds to the space and norm already defined in the previous
section when Q = By, m =1 and z! = 0.

Let eq,...,e4 be the coordinate functions on S3. In [1] is proved that :

Lemma 4.1. [1] Assume that

/ (8¢ — 1) dvgs =0 and also that / (12 — ) egdvgs =0 (36)
53 53
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for £ =1,... 4. Then there exists ¢ > 0 such that

1 (0,95 )l et yy < c(llllesass) + [¢llezacse)-

Observe that, under the hypothesis (36), the coefficients of r* and r! van-
ish and hence, at least formally, the expansion of H* only involves powers of
r that are greater than or equal to 2.

Given ¢ € €4%(S3) and 1 € C>*(S3) we define (when it exists !) H¢(=
He(p,;-)) to be the solution of

A’H® = 0 in R*-B
H¢ = ¢ on 0B (37)
AH®¢ = 1 on 0By,
which decays at infinity.

Definition 4.3. Given k € N, a € (0,1) and v € R, we define the space
Cka(R* — By) as the space of functions w € Gfo’?(R‘l — By) for which the
following norm

lllgpe go_p,) = Sup (w l[w(r .)||65,0(B2731)) ,
r>1
s finite.

We recall the :
Lemma 4.2. [1] Assume that

P dvgs = 0. (38)
SS
Then there exists ¢ > 0 such that

IH (@, 05 Mlese@i—p,) < clll@llesa(ss) + [[Plleza(ss)-

Observe that (38) implies that the expansion of H¢ only involves powers
of r that are lower than or equal to —1.

We will need the :
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Lemma 4.3. [1] The mapping
P:oCho(SL x Che(S)t — @3 (83)L x eho(g3)L
(1) — (0,H'—0,.H®, 0, AH" — 0, AH®)
where H' = H'(p,1;-) = H;w() and H¢ = He(p, ;) := Hf:,w(')’ is an

isomorphism.

5 The first nonlinear Dirichlet problem
Recall that for all e, 7, A,y > 0, we have previously defined

Renqy i=Treny /€

where
Tey = max(1/g, \/X7 V)

and
q € [1,4].

Given ¢ € €42(S3) and ¢ € €%2(S?) satisfying (36), we define
u:i=u; + h+ HZ(%%/M ('/RE,A,V))
where, for ¢ € [1,4) and § € (0,min(1,4 - q)),

||hHejf;l"d‘5(R4) < 2c Eérf?:,Aﬂ
and for g =4, h:=h and § € (0,1),

Hh”e‘la sRY) = < 20“ Te Xy
We would like to find a solution u of

AQu—’y(é)QAu—)\<§>4_q|Vu|q—246“ =0 (39)

which is defined in Bg,_ , . and which is a perturbation of u. Writing u = u+v,
this amounts to solve the equation

+7<§)2A(U1+h+Hi(<p b3 (/Repn) +v) v( )A<U1+h>
+/\() q‘v(u1+h+H’(¢¢ (/RsM))H)‘q )\(T>4_q’V(u1+h) !
(40)

(eh — 1w
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since H' is bi-harmonic. In the following, we will denote by X (v) the right
hand side of (40).

We fix
pe(1,2)

and denote by G, a right inverse provided by Proposition 3.1. To find a
solution of (40), it is enough to find v € €*(R*) solution of

v=N(, N7, T, 0,05 v) (41)
where we have defined

N({':a /\7’737_3 <P7¢; U) = 9# © ERs,x,w (:K(U))

Given k > 1 (whose value will be fixed later on), we now further assume
that the functions ¢ € C4*(S93), ¥ € €2(S?) and the constant 7 > 0 satisfy

|log(1/7)| < k124, l@lletiassy < 6725~ and [[¢]|eza(ss) < KT 4,

(42)

I
log1/72

N,y

where 7, > 0 is fixed later.

We have the following technical :

Lemma 5.1. Let q € [1,4]. Given k>0, p € (1,2) and § € (0, min(1, g —4)),
there exist €, > 0,A\s > 0,7 > 0, ¢ > 0 and ¢x > 0 such that, for all
€ € (0,e4), A € (0,\s) and v € (0,7.) (satisfying the condition (Ae ) in
case ¢ = 4), then

IN (g, Ay, 7,0, O)||eﬁ,a(R4) <cpetrly .. (43)
Moreover,

||N(57 )\7 YT, P dj 5 UQ)_N(‘Sﬂ )‘7 VTP ¢ ; vl) ”(‘3?;'”(1&4) < Cr r?,)\,'y ”IUQ_[Ul ||€ﬁ“)‘(1R4)
(44)
provided © = v1,vy € Cy*(RY), o € €H*(S%), ¢ € €V*(S%) satisfy

9]l gt ray < 2enehrl ellesassy < kT2, [¢llezassy < w725

and |log(7/7.)| < “Tg)w log 1/7"5’)\’7.

Proof : The proof of these estimates follows from the result of Lemma 4.1
together with the assumption on the norms of ¢ and % and recall that a
functions in Gﬁ"’(R"‘) are bounded by a constant times (1 + r2)*/? and have

their £ — th partial derivatives that are bounded by (1 + r2)(#=9/2 for ¢ =
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Jk+ a.

Indeed, let ¢, denote constants which only depend on x (provided €, A and
~ are chosen small enough), it follows from Lemma 4.1 and the estimates given
by (42) and under the hypothesis (36), the coefficients of 7° and r* vanish and
hence, at least formally, the expansion of H? only involves powers of r that
are greater than or equal to 2, then

1o/ Ren s egm o,y < e B (lllenass Hitllena o) < o
(45)
* For q € [1,4).

Using the fact that Hh||e4,a Jmy S 26k e9y2 then for all # € Bg_, _,

£,A,7?
|h(z)| < cxr 2+5 tends to 0 as e, A and v tend to 0 and from the asymptotic
behavior of H 2 glven by the estimate (45) then we get

H(1 ]2y eh (eHi(<Pv'¢’§'/Rs,>\,’Y) )H S e, 2,
“(Br_ 5,

Again, using the fact that a function w in Gﬁ’a(R4) are bounded by a constant

times (1 + r2)*/2 and have their £ — th partial derivatives that are bounded

by (1+7r2)#=0/2 for £ = 1,k + a (ae |[Viw| < cor? ! Ju] ot LRI
rad,

(1 4 72)n=0/2 ~ pi=t for r very large) and provided h € Grad5(R4) satisfy
||h|\ef&6(R4) <2¢,¢° 7?2 5, and from the asymptotic behavior of H* given by
the estimate (45), u € (1,2), ¢ € [1,4) and § € (0,min(1,4 = q)), we deduce
that

12 =7 (19 (wn + b+ H (9,65 +/ R ) 17 = |9 (ua + B) |7)

@ (B
CualBre 5,,)

< e det™ sup 17 (Vi (VR 4 [VH 6,/ Ren o)) IVH (0, Reno)

T<Re x
< euheb7e [RG_”_q

6 S5q—56— 4 !
+R. AHer B (e e“* 5(®D) +Rs,)\ﬁrq“H1((‘0 ¥ /Rsxw)\(é “(Br, )}
E,A,Y
6—q|_—6+u+q, .6
< el q[ Frr /\‘,LA/ B Ay s (RY)

—4+ 4— u+q i
e T (o5 Ren) e 5, )]

w,6—p—q 6—p+8g—3—q _p+85(1— q) a—
Sc,i)\[s Teary T Texn € ||hH ehe (R4
d—p+q _p+2(1—q) || gri . q
+Ts)\ g HH (‘pﬂpv ./RE’A’W)HG‘I’U‘(B )
2 ey
H6—n—q wo4—p+dg—o+q wo4—ptq
<k )\(8 T et +efr

< cget TE)W.
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Using the asymptotic behavior of H? given by the estimate (45) and u € (1,2),
we get

H|€2A (H' (¢, -/Rer ) Hez’“

4— 2
_ < mpd—r < 1
(B, ) = O S Tean = O ST

Y

Making use of Proposition 3.1 together with (28) and the fact that u €
(1,2), we conclude that

||N(€7 )‘7 YT, P, 1/} ; O) ||€ﬁ’o‘(R4) S Cr EHTS,)\,W'
To derive the second estimate, we use the fact that

H(l +1-19) H'(003/Re x 7)1 (€ — ¥t — vy + v1)‘

627:14(31%5,)\,4{)
C;-q&‘f“’rg’/\),Y ||1}2 — vl”(‘fﬁ’a(R‘l)

and

(L+]-]2) e (eH (e -/Renn) _ 1) (vs — U1)‘ ) -

H | G‘f;i;(BRE‘AW)
2
Cr € ||U2 - Ul”eﬁ>0¢(R4),

and

2 2
| e Avz — Ul)”egg(BRE,M) S e TEaqllv2 = villenera)

; 4, 4 ; 8,2
Provided h € €7 ;(R?) satisfy Hh”efa Jmyy S 2cxerZy , the fact that

ad,

|h(z)| < ¢y r?t\‘; tends to 0 as €, A and « tend to 0, we deduce that

Ja+1- Py = 1) @2 = v)llene s, ) e Ihlless, e 02 = 1legeeey

< g 557"27)\’7 |lve — U1||eﬁ‘a(R4).

Using the fact that a functions in Gﬁ’a(R‘l) are bounded by a constant times

(1 + r2)#/2 and have their ¢ — th partial derivatives that are bounded by
(1 + T2>(M_Z)/27 for £ = ]-7 e 7k + a (a'e |vlw| < cﬁru_z ”wHeﬁya(R‘L% (1 +

r2)=0/2 ~ pi=t for r very large) and provided h € € ;(R?) satisfy
”hHe“"g Jmny S 2¢k séri)w foré € (O, min(1, 4—q)) and making use of Lemma
3.2 we deduce that
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H|)\a4 q(V(u1+h+H’ 00 /REMH@)‘
q
—|V(ur +h+ H(p,9; -/Rery +v1) ) 0 (5
Z4(Br, 5 )
<cede?™? sup T “[|V(u1+h+H’ 0,05 /Rex ) +v1)|T 1

T<Rc X 5
|V (02 — m)|q—1] |V (v — 1)
et sup r [Vt 4 VAT V(H (9,5 o/ R

r<Re x,~
HTur |7 4 V0|7 IV (02 = 1)
— 5q—56—
< e Xt R+ R
z&inﬂww SRea s,

e, A,

4
+REpahe “ZH 12 122 = 1l et sy

Sq—5—
+T§§,§ e?l= q)llhl\"

5 (&)

<CN)\(€)\,Y
4 Q+2 2(1 q)“HZ(SO7w /REA7)|Z T

+T§,+Alf:,1 #=da_p(1-a) ZZ sl 4“(112{4 )||U2—U1||eﬁ,a(n{4)~

s(RY)

“(Br, )

Provided vi,v; € CL%(R*) satisfy ||vi|\eﬁ,a(R4) < 2¢,eMr2, , the fact
that Hh||e4a L&) < 2¢, €0 72

estimate (45) and for p € (1,2) and ¢q € [1,4), using Proposition 3.1 and (28)
we derive the desired estimate. ]

the asymptotic behavior of H' given by the

Reducing ¢,, A, and 7y, if necessary, we can assume that,

9 1
eAfy—§
(0,

for all e € (0,ex), A € (0,A\;) and v € (0,74). Then, (43) and (44) in

Lemma 5.1 are enough to show that
v— N(g,\,v, T, 0,0; v)
is a contraction from
{ve Gﬁ’a(R‘l) : ”vHeﬁ’a(R‘k) <2¢. 6“7’?7/\77}

into itself and hence has a unique fixed point v(e, A, 7y, T, @, % ; -) in this set.
This fixed point is a solution of (41) in Bg, , _. O
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*x For ¢ = 4.

£,0,7

Recall that for ”hHef;‘:,a(R“) <2¢, 72, then for each x € Bp

ce €92 for e >max(),7)
A(x)] < cnrZi0 €70 <9 e ATFO2e70 for A > max(e, )
cey' T9/2e7%  for 4 > max(e, \)

which tends to 0 as €, A and «y tend to 0, using the condition (A ). Then

a1 pyser (v imean 1) 2

<cge”,
82 a4(BRs,/\,w)

Again, using the fact that a functions w in GZ"X(R‘l) are bounded by a constant
times (1 + 72)#/2 and have their ¢ — th partial derivatives that are bounded
by (14 r2)#=0/2 for £ = 1,--- k4 o (ae |[Viw| < ¢ttt ||w||e4,(:”(R4),
(1 + r2)B=0/2  r=t for r very large) and provided h € Cmd(;(R‘l) satisfy
||h||e4 o 5(RY) < 2¢.12 72, and from the asymptotic behavior of H' given by
the estimate (45), u € (1,2), ¢ =4, 6 € (0,1) and using condition (A ), we
deduce that

H|/\(|V U1+h+Hz(gp,1/1 /REA )) |4*|V(U1+h)|4)’

62’54(BR5,)\,7)
<ced sup ([T 4 (VAP IVE (6, /Ren )P ) IV (9, Ren)|

TSRE,A,W

2— 2—p+38 8—p i
Smg{R Ve B2 ||h||34a (® RE)\’WuHi((Pa"/J;-/Rg’,\,ry)”?é;,a(BR . )}

< QAR [ e )

— 8 i .
+e 8+Mrs )\M'y”H (‘pa w ) ./RE,)\"Y)H34,Q(B

< Cp {s"r + r? A’f,fs‘ss” 39| 1p)|3

84 a (R4)
Re,%'v)

£,y @404 (]R4)

—6|| i ..
SN 5 /R o)

3
2— 2 248 _— 8—
m It w 2 + 5 m H
SCR)\(E Toany TE 7‘5/\7(7"5)/\’75 +etr )\

3
2— 245 _—§ 8—pu
M Iz
Sce rs A ’Y( g, >\ Y +re ALY (Ts,/\,w€ ) + Te}w)

"
<cke rww.

Again, using the asymptotic behavior of H® given by the estimate (45) and
e (1,2), we get

— i w2
<k €78 Ay

[[£*A (H' (.05 /Re.s )Heo @, (Br < e et Ay

/—:)\'y)
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Making use of Proposition 3.1 together with (28), we conclude that
||N(5a )‘7 YTy P w ; 0) ||Gﬁ*°‘(]R4) S Cr EHTS,)\,W'

To derive the second estimate, we use the fact that |i(z)] — 0 as &, A
and 7 tend to 0 under the condition (A ) and then

H(l +1-H eH' (015 /Re x 7)1 (e¥2 — e’ — vy + U1)‘

O /5
euf4(BRE,>\,’y)

< c,{gﬂrg’)w lvg — Ul||eﬁ,a(R4),

[ Byteh (e e/ Rona) — 1) (v — u)|

e?tf4(BRs,/\,»y)
< ene? oz — vl gt gay,

and
2 2
H e A(v2 — Ul)H@ﬂ’Z(BRE,A,W) <epriyqllve — Ul||e;5;a(R4)-

Provided h € Gi’%)é(R‘*) satisfy Hﬁ||eﬁﬁl’5(R4) <2¢472,, and |h(z)] — 0 as
e, A and v tend to 0, under the condition (A ), we deduce that

Ja+1- B " =) @2 =)l 5, ) S e Bhllesy o o2 = llggon e

<ty llva —nm

4 .
el rY)

Using the fact that a functions in Gﬁ’o‘(R4) are bounded by a constant
times (1 + r2)*/2 and have their £ — th partial derivatives that are bounded
by (1+72)#=0/2 for £ = 1,---  k + «, (ae |[Viw| < cort™* ||wHe;4,<x(]R4)7
(1 + r2)e=0/2  pr=t for r very large) and provided £ € Gfﬁm(ﬂ%‘l) satisfy
||h||e<:,a J®) S 26k 72y~ for § € (0,1) and making use of Lemma 3.2, we

ad,

deduce that
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. 4
H| ([T + o+ B, 05/ Repy +12)

"V(ul Fh+H (g, 95 /Repry + “1)’4)

ey (Br, )
< ead sup 7 [[V(us + A+ H (9,5 +/Ren) + 00)|* + [V (2 = 0) | |9 (02 = 1)
T<Re ),y
Sed sup Vel + (VAP 4 [V (0,05 +/Beno)I
r<Re X,y

HV0r 1+ [T ][V (02 — 1)
<A [T BE IS )+ REs,

dy(;(R‘l)

[H' (0,95 o/ Re ) [

(Br, 5 )
2
3 3
FR D Mol o ez = vl e
=1

< Cr (1 + TS,S)\,W‘?_3§”]’L”24)CZ 5(1R4) + rg,x\,’ys_6|lHi((p7 1/}7 '/RE,/\,’Y)”g‘éva(B )

Be x,~

+T§,M>\,7573M Z?:l ||'Ui||gﬁ,a(R4>) vz — v ||@ﬁ"1(R4)'

Provided vy,v; € Cp*(R*) satisfy Hvi”eﬁ*“(R;) < 2¢,eMr2, ., the fact that
”hH@fﬁ,a(R“) < 2c¢,72,, and [h(z)] < 057‘3377876 —+ 0 as e, A and v tend
to 0 under the condition (A ), the asymptotic behavior of H* given by the
estimate (45) and for u € (1,2) and ¢ = 4, using Proposition 3.1 and (28) we
derive the desired estimate. O

Reducing ¢, A\, and 7, if necessary, we can assume that,

_ 2
ChTeny S

N

for all € € (0,ex), A € (0,A:) and v € (0, ,) satistying (Ac r~). Then, (43)
and (44) in Lemma 5.1 are enough to show that

v N(&,\,7, 7, 0,%; v)
is a contraction from
{ve @i’o‘(R‘l) : ||”Heﬁ>“(R4) < 2e¢4 5“7”37)\’7}

into itself and hence has a unique fixed point v(e, A, v, 7, @, ; -) in this set.
This fixed point is a solution of (41) in Bg,, ..

O
We summarize this in the :
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Proposition 5.1. Given k > 1, there exist ¢, > 0 (only depending on k) such
that given o € CH(S3), ¥ € C22(S3) satisfying (36) and T > 0 satisfying

|log(1/7:)| < K12y logl/rZ ., lollet.a(s3y < K725 and 1Pl 2052y < KT2 2

then

i) for q € [1,4), there exist ¢, > 0, Ay > 0, 7, > 0 and ¢, > 0 (only
depending on k) such that for all e € (0,e,), A € (0,As) and v € (0,7,), the
function

u(&)\,%ﬂ%?ﬁ; ) =ur +h+HZ(<Pa¢7 '/RE,)\,’Y) +U(57/\a7:T:<P7¢§ ')7

solves (39) in Bg. , .. In addition

e,y

||U(5»)\a%7',507'¢); ')”eﬁ’o‘(]}@) S 20% Eﬂrg,)\,’y (46)

and
)
||hHeﬁﬁl‘é(R4) <2c¢ue Tg)w

i1) for g = 4, there exist e, > 0, Ay > 0, v, > 0 and ¢, > 0 such that for
alle € (0,ex), A € (0,\:) and v € (0,7,) satisfying (Ae.x), the function

U(5>>\a%7',%¢§ ) = Uy +h+Hl(@ﬂw7 '/RE,)\,’Y) +U(57)\;%7'7807¢§ ')7

solves (89) in Bgr_, . In addition

£,
||’U(€7Aa777-7(pa¢; ')||G;4Lv”(R4) < 2CK S#T;)\,"/

and

2
[Blles.e may < 2€xTEny

Observe that the function v(e, \,7v,7,¢,%; -) being obtained as a fixed
point for contraction mapping, it depends continuously on the parameters 7.

6 The second nonlinear Dirichlet problem
For all (g, ),7) € (0,73)3, we recall that

Teny = max(V/e, VA, V)
Recall that G(z,-) denotes the unique solution of

A?G(z,-) = 64724,
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in Q, with G(z,-) = AG(z,-) = 0 on d9. In addition, the following decompo-
sition holds
G(z,y) = =8 log|z —y| + R(z,y)

where y — R(z,y) is a smooth function.

Lemma 6.1. There exists C > 0 such that for all x,y € Q,x # y, we have
that 4 '
IV'G(z,y)| < Clo—y[™"i > 1.

Proof. This estimate is originally due to Krasovskii [12] and some
reference therein.

1

Given z, ...,z € Q. The data we will need are the following :

(i) Points Y := (y!,...,y™) € Q™ close enough to X := (x!,... 2™).
(ii) Parameters 7 := (7',...,7™) € R™ close to 0.

(iii) Boundary data ® := (p!,...,9™) € (€+*(S3))™ and ¥ := (¢!,...,y¥™) €
(€% (S3))™ each of which satisfies (38).
With all these data, we define
=Y (1+7) G, )+ D xro(- =) H(& 07 (- =) [rens) (47)
j=1 j=1

where X, is a cutoff function identically equal to 1 in B, /» and identically
equal to 0 outside B,,.

Recall that we have defined p > 0 by

. 384ct
P+

We fix
q € [1,4].

We would like to find a solution of the equation
A2y — yAu — \|Vul? — p* e =0, (48)

which is defined in €, _, (Y) and which is a perturbation of @. Writing
u = 1 + v, this amounts to solve

A?5 = p* e — ATA A+ YA+ D) + AN V(a+ )7 (49)

We need to define an auxiliary weighted space :
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Definition 6.1. Given 7 € (0,r9/2), k € R, o € (0,1) and v € R, we
define the Hélder weighted space CE(Q (X)) as the space of functions w €
€k (Q; (X)) which is endowed with the norm

lolleto oy (xyy = lwlera@,, o contd  sup (17w +7)llecn s,y ) -
j=1 relr,ro/2)

For all 0 € (0,79/2) and all Y € Q™ such that || X — Y| < r¢/2, we denote
by
Eoy + €Y (Qo (V) — E(Q7 (V)),

the extension operator defined by &,y (f) = f in Qy (V)
2 i |z i x
Coy(f) (W' + o) =X (') f (y +0>
o ||

for each j = 1,...,m and émy(f) = 0 in each BU/Q(yj), where t — x(¢) is
a cutoff function identically equal to 1 for ¢ > 1 and identically equal to 0 for
t < 1/2. Tt is easy to check that there exists a constant ¢ = c¢(v) > 0 only
depending on v such that

Héa,Y (w)Hegva(Q* xy =S¢ ||wHegv°(Qa (X)" (50)

We fix
ve(—1,0),

and denote by Ql,yy the right inverse provided by Proposition 4.1. Clearly, it
is enough to find o € €L (Q* (Y)) solution of

o= N(e,\7,1,Y, @, ¥; 3) (51)

where we have defined

N(9) == N(e,\,7,7,Y,2,9; 9)
=Gy ol v (p*e"T = AU+ yA(@+0) + AV(a+0)]7).
= 9V,Y o ETE)A,,Y,Y (S(U))

=

Given k > 0 (whose value will be fixed later on), we further assume that
® and ¥ satisfy

[@[l(era(saym < w125, and  [[¥][eza(saym < w12 (52)

Y
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Moreover, we assume that the parameters 77 and the points Y are chosen to
satisfy

7| < /-m"g,)w, and Y — X|| < kren - (53)
Then, the following result holds :

Lemma 6.2. Given k > 1. There ezist €, > 0, Ax > 0, v, > 0, ¢, > 0 and
Cx > 0 such that, for all e € (0,e4), A € (0,\;) and v € (0,7,), we have

||N(€’ /\7 e 777 Y7 (ﬁa v ; 0)”63’0‘(5_2* (Y)) § Cr T?,)\,’y' (54)
Moreover,

||N(€7 )‘7’7777]7Y7 q)a Y ) ﬁ?) - N(€7 )‘7’7777]7}/’ q)7 v ) 171)“83’0‘((2* (Y))

< ety 52 = Bt lese e (v (55)

provided © = vi,v5 € CH(Q* (V)), & = &, Dy € (CH(S3))™, ¥ =
Uy, Uy € (C2(S3))™ satisfy

~ 2 f~d 2 T, 2
||’U|\e§va(§z* vy S 26kT2x [@llea.a(ssyym S hrzng, [1Wlezassym < mrexy,

and || < kr Y — X|| < krennq-

2
e,A,77

Proof. The proof of the first estimate follows from the asymptotic
behavior of H® together with the assumption on the norm of boundary data
@ given by (52). Recall that a functions in €%%(Q* (X)) are bounded by a
constant times the distance to X to the power v and have their £ — th partial
derivatives that are bounded by a constant times the distance to X to the
power v —f, for { =1,---  k+ a.

Indeed, let ¢, be a constant depending only on « (provided e, A and v are
chosen small enough) it follows from the estimate of H® := H;j’ i (Observe

that (38) implies that the expansion of H¢ only involves powers of r that are
lower than or equal to —1.), given by lemma 4.2, then

|H<;-7',1Zﬂ' (&= y")/reaq)l < CKT?,A,’yril' (56)

Recall that N(7) = G,y o érs,me (5’(1})), we will estimate N(0) in dif-

ferent subregions of Q*.
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e In B, /2(y’) for 1 < j < m, we have xr,(z —y’) = 1 and A*a = 0, using
Lemma 6.1, so that

m . .
|§(0)| < Cn54H [e(1+n'7)Gyj (z)+Hg;;j’w((I*y])/rs,x,w)} + ~y|AG| + A|[Val?
j=1
< e [Lle =750 4| G@)] + AV (@)
j=1
. m :
< eslle—y [T Ja -y
0=1,0+#]
oy D1+ NAG(, )] + ey D [180 0 (= N (H (075 (- =) frens)) |
j=1 j=1
. . . q
+c,«\2 (1 +7)|VG(z, )| +cHAZ’ [V, xro (- — ¥ )](He(soj,wj; (- —yj)/rg,m))
Jj=1
. s il 0 . .
< edtle =y T =y 1T f ey (L4 ) — |
0=1,0%#j

+oerrinqlr =y |7 F e A7) e =y [T ekl e -y

Here
[V, Xrolw = VX - w0+ X, - Vw

and
[A, Xro]w = wAXTo + Xro Aw + QVXTO -Vw

Hence, for v € (—1,0), ¢ € [1,4] and 7/ small enough, we get

N g pm . < vIN
INOlero e, o oy = s N
< c,{g4re Ny teey + CNVTS,/\,W + e+ c,{)\rgf\?v
< c,irg Ay
e InQ, i (recall that Q,, ,i =Q\ U;B,,(y?)), we have x,,(z —y’) = 0 and
A%4 = 0, then
SO < epetle—y? B T o=yt 7507)
L=1,0#]
+ ooy Y L+ )AG(x,y)| + el Y (1 +7)|VG(z,y7)|?
j=1 j=1

< epelle — | ey (L) |z — 7|72 4 e ML+ 7)o — o]
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Thus R R
HN(O)”G&’“(QW ) < Cxosup r7715(0)| < cxe® 4 oy + cr.
’ r>ro
e In B, (y’) — By,/2(y’), for j = 1,...,m, taking into account that
A%G(z,y7) = 0, we have

e .

|§(0)| < Cm€4 H e(1+ﬁj)Gyj exro(zfyﬂ)HW‘u;j((I*yﬂ)/rs,x,y) —A2ﬁ+’yAﬁ+)\|Vﬁq‘

j=1
< cnel|z — g 7RO H |$fye|78(1+ﬁ[)
0=1,0#1
ton 3L+ T)AG, )| + e D [18% X o = 7)) (HE, 5, (@ = v7)/1en))]
j=1 j=1
ey Y1+ NG, )] + ey D |18, 30 (= N (H (075 (= 17)frens)) |
j=1 j=1
m i . m . e . . . q
Fod DL+ )G,y ) + e D |1V, x00 (= 9 (HO 05 (= ) frens)
Jj=1 j=1
< o=y PO T Je -y ey (L4 e — o2
=104
e o W e e ey N I e | e e R e D Y W E e Vol R
Here

[A2 X Jw = 28X Aw+w A2 X o +4V X 1o -V (AW) +4V WV (A X1y )4V X 1o - V0.
So, for |z —y7| = r, we have ro/2 < r < rq then all quantity of type |z — 37",
which appear to estimate |S(0)| are bounded, then using(50) and Proposi-
tion 4.1, we derive

<co sup  rtTYIN(0))

N eta Blos ry— B
INO)les2(Bys.r0)- By ro/2)) o

<cpet+ e+ CH/}/T‘S’)\,W + ceA + c,g)\rg’f&’,y < c,ﬂri)\ﬁ.
Finally in each subregions of Q*, we conclude that

Y 2
HN(O)Heg,a(Q,U}n:l By, re.x4)) S CRTE A
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To derive the second estimate, we use the fact that for ||ﬁi|‘cé,a(ﬁ*) <

c,,urg’ Ay for i = 1,2 in different subregions of Q*, we derive the following
estimates

4 Q+vs _ u+wvq _
lo* (e T lege @, o)
= pt sup V(MR 0T
TEQ’V'Eyky,Y (Y)
< et |J TG X0l G s (VD o) (o etz
7j=1
< eomax(er]y e (|12 — il et r (v
< ene? |52 = Dallese - (1))

and the fact that for all w € C4%(Q* (Y)), there exist ¢ > 0 such that |Aw| <
cr”_QHwHeﬁ,a(Q* (vy) then

[y(A@+ 1) = A(@+02))[lese g (vyy = ey _sup YA — 0)
TEQ%A,W Y)
< ¢y sup  r2|oy — Bal s (e
TEQTE)\,’Y (Y)
<

crY |01 = B2l gao (g
Again, making use of Lemma 3.2 and lemma 6.1 and the fact that for all

w € €y (2 (Y)), there exist ¢ > 0 such that [Vw| < e Hwl|esage vy
we get

INV (@ + 6] = AV + 52) [l te e (v

S s V@ o)+ V(e - )90 — )|

TEQ’!‘E Ay

S sup VAP 4 Vo [Tl 9 (e - o))

reﬂ""a,)\,»y
<xA  sup 'Y V( 1+7) G, )
rE€Qr A j=1
m . e . . . qg—1
> X = W) B 05 (=) freaa))) | 1902 = wn)]

j=1



SINGULAR LIMITS FOR 4-DIMENSIONAL GENERAL STATIONARY
Q-KURAMOTO-SIVASHINSKY EQUATION (Q-KSE) WITH EXPONENTIAL
NONLINEARITY 331

4—v ~
+eh sup T Zn BilEh [V 2 = 01)]

TEQ’I‘E Xy

SCH)\(lJrﬁj)Cn sup 3Z|VG I 1HU2 *51Hc§=a(s§*>

re(er X,y

3 j e j a-t
A sy Z\[v,xm(x—yn (#2,.5, (@ = ) /rea) [ 152 = Bl gpo o)
re Te Xy i

+ckA sup 7T Z||Ul||q4a(n* HGQ _ﬂch;}v"‘(Q*)
?"697

<c A1+ )cn sup  r2r' 79|, —f)l||c4,a(ﬁ*)
TeQTs A,y Y
+ ¢\ sup 7"37“3(;1 71) —2(ea-1)

5 HU? - @1”05“(9*)
T‘Egrs,k ~

+2e, A28 sup |52 = D1l ghie e,

TeQ"s,)\,’y

<cwAex  sup 7‘47(1”172—171”0;4’,&(@*)+CH)\7‘ (a—1) sup r572q||172—171||cé,a(§*)

£,y
reQ, reQ,

e,y 0,y

+2¢, A7 ‘{7” sup  7°||dy — 01| gto ey

TGQTE,A,W

3(q—1 3(g—1 2(g=1)\ | ~ -
ScrA (1 + TE,(;\IW : + max (Te,(gﬁ/ )’ ng\?’y) + Tey(gﬁ )) o2 — vl”cff“"((z*)

S C,i“f)z — ’L~)1 |‘C§’a(ﬁ*)'

Using(50) and Proposition 4.1, we conclude that
HN({)l) - N(ﬁz)”eﬁvﬂ(gre \ w?/j) < Cnrg,A,’y”f’l - 172||e,4;ﬂ(fz*)~ O

Reducing €,, A and -y, if necessary, we can assume that
1

Z o2

ChTeny S5

forall e € (0,e,), A € (0,A,) and v € (0,7,) . Then, (54) and (55) are enough
to show that R
ﬁ'—>N(Ea)‘7fYaﬁ7YV7(b7\Ilﬂ)

is a contraction from
(5 € CLe(Q* (V) : 18]l ee (e (vy) < 25 .

into itself and hence has a unique fixed point (e, 7, Y, ®, ¥; -) in this set. This
fixed point is a solution of (49).
We summarize this in the :
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Proposition 6.1. Given k > 0, there exists e, > 0, A, > 0, v, > 0, and ¢, >
0 (only depending on k) such that for all e € (0,e5), A € (0,As), v € (0,7vx)
(satisfying condition (Ac ), when ¢ = 4) and for all set of parameters 7,
points Y satisfying

il < K1y, and Y = X[ < kreny

and boundary functions ® and ¥ satisfying (38) and
and H\I/H(e2,a(53))m < ’%T?,N’Y

||(I)H(e4,a(53))m S IQ?”g,)\7,y,

the function

1'7’(57A7777~]7Kq)7q} Z 1+77 Gy7 +ZX7‘O -y )HP(LIO w] ( _yj)/’r&/\»’}’)
= =
+ (5)"7777}/7@’\1};')1

solves (48) in Q._, _ (Y). In addition

”6(53)‘77777’}/7@7\1/ )He‘l"‘ Q) = < QCH Teay: (57)

Observe that the function o. » +,7,v,®,w being obtained as a fixed point for
contraction mapping, it depends continuously on the parameters 1 and the
points Y.

7 The nonlinear Cauchy-data matching

Keeping the notations of the previous sections, we gather the results of the
Proposition 5.1 and Proposition 6.1. From now let x > 1 is fixed large enough
(we will shortly see how) and assume that ¢ € (0,e4), A € (0,\;) and v €
(0,7x) (satisfying condition (A. x~), when g = 4).

Assume that X = (z!,...,2™) € Q™ is a nondegenerate critical point of
the function W defined in the introduction. For all j = 1,...,m, we define
1 >0 by

—4logr! = R(a?,27) + Y G(a*,a7). (58)
£

We assume that we are given :

(i) points Y = (y',...,y™) € Q™ close to X := (z!,...,2™) satisfying
(53).
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(ii) parameters 7 := (7',...,7™) € R™ satisfying (53).

(iii) parameters T := (7*,...,7™) € (0, 00)™ satisfying (42) (where, for each
j=1,...,m, 7, is replaced by 7).
We set

RZ,)\,W = Tj/re,/\ﬁ
First, we consider some set of boundary data
D= (ol ..., M) € (@b (S3))™ and U= (¢h, .. ™) € (CB¥(S3))™
satisfying (36) and (42).
Thanks to the result of Proposition 5.1, we can find wu;,; a solution of
A?u — yAu — \|[Vul|? — p*e* =0

in each B,_, (y?), which can be decomposed as

uint(57 )\777T7 Y7 (b7 \Ilv .'I}) ::ue,‘rj (:C - y]) + h(Ri,)\;y(m - yj)/TE,)\,’Y)
+ HY(Y 95 (x—y7)/rerny)

+ (e, ANy @l Ry (2 =) [ren )
in B, (y’) where, for g € [1,4) and 6 € (O,min(1,4 - q)),

1hllese ey < 2¢x 2

and for ¢ =4, h:=h and § € (0,1),

2
Hh||eﬁ;;15(R4) < 2¢ Te Ay

Similarly, given some boundary data

= (p...,¢™) e (CH(S3)™  and W= (¢, ..., ™) € (€B(S3))™

satisfying (38) and (52), we use the result of Proposition 6.1, to find ue,: a

solution of
Ay — NAu — y|Vul|? — ptet =0
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in Q,_,  (Y), which can be decomposed as

m

Ueat (8, X,7,77, 2, U5 2) = Y (1+7) Gy, x)
=1
+ ) xno@ =) HYE W (2 — o) [rens)
j=1

+ e\, Y, 8, 1),

It remains to determine the parameters and the boundary functions in such
a way that the function which is equal to wujn: in U; By, | (y7) and which is
equal to ezt in Oy, (Y) is a smooth function. This amounts to find the
boundary data and the parameters so that, for each j =1,...,m

Uint = Uext, a’r’uint = aruexta A’U/imf = Auemt, a’r‘Auint = a’r‘Auezh

(59)
on 0B,_, (7). Assuming we have already done so, this provides for each
e, A and v are small enough, a function w. ., € €»%(Q) (which is obtained
by patching together the function wu;,; and the function w.,:) solution of
A%y — yAu — \|[Vul|? — p*e* = 0 and elliptic regularity theory implies that
this solution is in fact smooth. This will complete the proof of our result since,
as g, A and ~ tend to 0, the sequence of solutions we have obtained satisfies
the required properties, namely, away from the points 27 the sequence we ) -
converges to » ;G (27, -). This completes the proof of Theorem 1.2 and The-
orem 1.3. We leave the details to the reader (For more details see [1]).
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