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Abstract

In the present paper, we will concentrate our efforts on ordered Kras-
ner hyperrings and investigate some of their related properties. More-
over, we introduce and analyze the notion of interior hyperideal in or-
dered Krasner hyperrings. We also characterize intra-regular ordered
Krasner hyperrings by the properties of these interior hyperideals. Fi-
nally, we give some results on ordered Krasner hyperrings.

1 Introduction

Algebraic hyperstructures are a generalization of classical algebraic structures.
In a classical algebraic structure, the composition of two elements of a set is
again an element of the same set, while in an algebraic hyperstructure, the
composition of two elements is a non-empty subset of the same set. The the-
ory of hyperstructures has been initiated in 1934 by a French mathematician,
Marty [24], during the 8th Congress of Scandinavian Mathematicians. Marty
introduced hypergroups as a generalization of groups. The hyperstructure the-
ory and its applications have been investigated by the contribution of many
mathematicians. The principal notions of hyperstructure theory can be found
in [9, 10, 11, 12, 14, 29].

A semigroup is an algebraic structure consisting of a non-empty set .S to-
gether with an associative binary operation. A semigroup (S,-) is called an
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ordered semigroup [5] if there is a partial order < on S such that a < b implies
z-a<zxz-band a-x < b-x for any a,b, x € S. The notion of interior ideal of an
ordered semigroup has been introduced by Kehayopulu in [20]. Let (S, -, <)
be an ordered semigroup. A subsemigroup A of S is called an interior ideal of
Sif (1) SASCAand 2)Ifz € A,y € S and y < z, then y € A. In regular
and intra-regular ordered semigroups the concepts of ideals and interior ideals
coincide. Let (S,-, <) be an ordered semigroup. A non-empty subset A of S
is called a left (resp. right) ideal of S if (1) SA C A (resp. AS C A) and
(2) If z € A and y € S such that y < z, then y € A. Good and Hughes [16]
introduced the notion of bi-ideals of a semigroup as a generalization of left
(right) ideals. We mean by a bi-ideal is a subsemigroup A of a semigroup (S, -)
such that ASA C A. Prime bi-ideals, strongly prime bi-ideals and semiprime
bi-ideals in a semigroup were discussed by Shabir and Kanwal in [27]. Kehay-
opulu et al. [21] characterized the intra-regular ordered semigroups in terms
of right ideals and left ideals of ordered semigroups.

The concept of a semihypergroup is a generalization of the concept of a
semigroup. Many authors studied different aspects of semihypergroups. In
[17], Heidari and Davvaz studied a semihypergroup (H,o) besides a binary
relation <, where < is a partial order relation such that satisfies the mono-
tone conditin. An ordered semihypergroup (S, 0, <) is a semihypergroup (.S, o)
together with a partial order < that is compatible with the hyperoperation,
meaning that for any z,y, 2 in 5,

r<y=zox<zoyandzxoz<yoz.

Here, z o x < z oy means for any a € z o x there exists b € z o y such that
a < b. The case x 0 z < yo z is defined similarly. In [6], Changphas and
Davvaz studied some properties of hyperideals in ordered semihypergroups.
Ordered polygroups was introduced in a paper of Bakhshi and Borzooei [4].
The concept of ordering hypergroups introduced by Chvalina [7] as a special
class of hypergroups and studied by many authors, for example, Chvalina [7],
Chvalina and Moucka [8], Davvaz et al. [15], Hoskova [18, 19].

The aim of this paper is to give some results on ordered Krasner hyper-
rings. The structure of the paper is organized as follows: In Section 2, we
discuss some basic concepts of Krasner hyperrings. We recall some elemen-
tary definitions and results concerning Krasner hyperrings, which we need for
development of our paper. The reader is referred to [14] for the notions and
notations of hyperring theory. Section 3 is devoted to characterize the sev-
eral properties of ordered Krasner hyperrings. In Section 4 of this paper, we
introduce interior hyperideals in ordered Krasner hyperrings and investigate
some related properties. Moreover, we consider characterizations of ordered
Krasner hyperrings which are intra-regular. In Section 5, we give some results
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on ordered Krasner hyperrings.

2 Terminology and basic properties

In this section, we provide all the background notations and definitions will
be used throughout this paper.

Definition 2.1. [25] A canonical hypergroup is a non-empty set H endowed
with an additive hyperoperation + : H x H — P*(H), satisfying the following
properties:

1) for any z,y,z € H, 2+ (y +2) = (x +y) + 2,

(
(2) forany z,y € H,z +y =y + =,

(3) there exists 0 € H such that 0 + z = z, for any = € H,

(4) for every x € H, there exists a unique element z’ € H such that 0 € 42’

(we shall write —z for 2’ and we call it the opposite of z),

(5) z € z + y implies that y € —x + z and = € z — y, that is (H,+) is
reversible.

The following equalities follow easily from the axioms: (i) —(—a) = a; (ii)
a+ H=H forall a € H; and (iii) —(a+b) = —a—bfor all a,b € H.

Krasner has studied the notion of hyperfields and hyperring in [22]. Some
authors, namely, Davvaz [13], Nakassis [26], Spartalis [28] and others followed
him. Hyperrings are essentially rings, with approximately modified axioms in
which addition is a hyperoperation. Let us survey some definitions and results
on Krasner hyperrings such that we will apply in the next sections.

Definition 2.2. [22] A Krasner hyperring is an algebraic hyperstructure
(R, +, ) which satisfies the following axioms:

(1) (R,++) is a canonical hypergroup,

(2) (R,-) is a semigroup having zero as a bilaterally absorbing element, i.e.,
z-0=0-2=0,

(3) The multiplication is distributive with respect to the hyperoperation +.

We call 0 the zero of the Krasner hyperring (R, +,-). For z € R, let —x
denote the unique inverse of z in (R, +). Then —(—z) =z, for all z € R. In
addition, (z+y)-(z+w) Cz-z+z-w+y z+y-w, (—x)-y=2z-(-y) = —(x-y),
for every z,vy,z,w € R.
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A Krasner hyperring R is called commutative (with unit element) if (R, -)
is a commutative semigroup (with unit element). A Krasner hyperfield is a
Krasner hyperring for which (R — {0},-) is a group. A non-empty subset A
of a canonical hypergroup H is called a subcanonical hypergroup of H if A
is a canonical hypergroup under the hyperoperation of H. Let (H,+) be a
canonical hypergroup and A C H . Then A is a subcanonical hypergroup of
H if and only if x —y C A for all z,y € A. A subhyperring of a Krasner hyper-
ring (R, +,-) is a non-empty subset A of R which forms a Krasner hyperring
containing 0 under the hyperoperation + and the operation - on R, that is,
A is a canonical subhypergroup of (R,+) and A- A C A. Then a non-empty
subset A of R is a subhyperring of (R, +,-) if and only if, for all z,y € A,
r+yCA —ze€ Aand z-y € A. So, a non-empty subset A of R is called a
subhyperring of Rif t —y C A and x-y € A for all z,y € A.

Definition 2.3. [9] A non-empty subset I of a Krasner hyperring (R, +, -) is
called a left (resp. right) hyperideal of R if (I,+) is a canonical subhypergroup
of (R,+) and for everya € T andr € R, r-a € I (resp. a-r € I). A hyperideal
of (R,+,-) is one which is a left as well as a right hyperideal of R. That is,
r4+yCland —x €I, forall z,y € [ and x-y,y- -z € I, for all z € I and
y € R. Every hyperideal (whether left, right, two-sided) is a subhyperring of
R but the converse is not true in general.

Lemma 2.4. [1/] A non-empty subset A of a Krasner hyperring R is a left
(resp. right) hyperideal if and only if

(1) a,b e A impliesa —b C A.
(2) ac A, re Rimplyr-ac A (resp. a-r € A).

Definition 2.5. [1] A partially ordered ring is a ring (R, +, -) together with a
partial order < in which < is compatible with the addition and multiplication
of R in the following sense

(1) For all a,b,z € R, a < b implies that a + x < b+ z,

(2) If a,b,r € Rwitha<band 0 <r,thena-r<b-randr-a<r-b.

3 Operations on hyperideals

In this section, we deal with ordered Krasner hyperrings. Moreover, we study
some aspects of hyperideals of ordered Krasner hyperrings.

Definition 3.1. A hypersructure (R,+,-, <) is called an ordered Krasner
hyperring if the following conditions hold:
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(1) (R,+,-) is a Krasner hyperring.
(2) (R, <) is a partially ordered set.

(3) For any a,b,c € R, a < b implies a + ¢ < b + ¢, meaning that for any
T € a + c, there exists y € b+ c such that z < y.

(4) For any a,b,c€ R, a <band 0 < cimpliesa-c<b-cand c-a <c-b.
In what follows, we provide some examples of ordered Krasner hyperrings.

ExAMPLE 1. Every Krasner hyperring induces an ordered Krasner hyperring.
Indeed: Let (R,+,-) be a Krasner hyperring. Define the order on R by <:=
{(z,y) : ® =y}. Then (R,+,, <) is an ordered Krasner hyperring.

Let (R1, 41,1, <1) and (Ra, +2, -2, <2) be two ordered Krasner hyperrings.
Then, the direct product of ordered Krasner hyperrings R; and Ry, is an
ordered Krasner hyperring where for all (sq,s2) and (¢1,t2) in Ry X Ry we
define

(1) (s1,82) + (t1,t2) = {(w,y) : v € 51 +1t1,y € s2 +ata},

(2) (s1,82) - (t1,t2) = (511 t1, 82 2 t2),

(3) (s1,82) < (t1,t2) if and only if s1 <; ¢1 and so <y to.
In the following, we give another example in more detail.

EXAMPLE 2. A preorder on an arbitrary non-empty set X is a binary relation
on X which is reflexive and transitive. An antisymmetric preorder is said to
be an order. Let p be a preorder relation on a Krasner hyperring (R, +, ). We
say that p is stable if for every a,b,z € R, apb implies a + xpb+ x, x - apzx - b
and a - xpb- z. Let p be a stable preorder on a Krasner hyperring R. We
construct an ordered Krasner hyperring R/p = (R/ ~p,®,®, <). We define a
binary relation ~, on R as follows: for every a,b € R, a ~, b < apb and bpa.
Then, ~, is a congruence relation on R. It can be shown easily that ~, is an
equivalence relation on R. Let z,y,u,v € R such that z ~, y and v ~, v.
Then xpy, ypx, upv and vpu. Since p is a stable preorder on R, it follows that
x-upxr-vand z-vpy-v. Since p is transitive, it follows that z-upy-v. Similarly,
we obtain y-vpx-u. Thus we have x-u ~, y-v. Similarly, we get z4+u ~, y+v.
Hence ~, is a congruence relation on R. We write [a] for the congruence class
containing a specified element a. Now, let R/ ~,= {[a] : a € R} be the set
of equivalence classes. The congruence ~, determines a Krasner hyperring
(R/ ~,,®,®) with the hyperoperation & and the binary operation © defined
as follows:
[a) & [b] = {[2] : z € a + b},
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[a] © [b] = [a - b].

The definition of a congruence ensures that @& and © are well-defined. We
define an order relation < on R/ ~, as follows: for any a,b € R, [a] < [b] <
apb. It is easy to see that (R/ ~,,®,®, <) is an ordered Krasner hyperring.

Definition 3.2. Let (R,+,-, <) be an ordered Krasner hyperring. A non-
empty subset I of R is called a hyperideal of R if it satisfies the following
conditions:

(1) (I,+) is a canonical subhypergroup of (R, +);
(2) z-yelandy-ze€lforallz €1 and y € R;
(3) When z € I and y € R such that y <z, imply that y € I.

EXAMPLE 3. Let R = {0,a,b,c} be a set with the hyperaddition & and the
multiplication ® defined as follows:

a b
a b
{0,0} {a,c}
{al;c} {0,b}

o o9 OoOf
o o9 oo
o o9 oG
oo o oo
o oo O o
o OO0 oo

O T 0|0

o o O

Then, (R, ®,®) is a Krasner hyperring [2]. We have (R, ®,®, <) is an ordered
Krasner hyperring where the order relation < is defined by:

<:={(0,0), (a,a), (b,b), (c,¢),(0,b), (c,a)}.

The covering relation and the figure of R are given by:

<={(0,b), (c,a)}.

b a
0 c

It is easy to see that Iy = {0}, I = {0,b}, Is = {0,c}, Iy = {0,b,c} and
Is = {0, a,b,c} are hyperideals of R.

Lemma 3.3. Let (R,+,-, <) be an ordered Krasner hyperring. Then,
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(1) If {Ax : k € A} is a family of hyperideals of R, then |J Ay is a hyper-
ideal of R. ret

(2) If {Ax : k € A} is a family of hyperideals of R, then () Ay is a hyper-
ideal of R. re

Proof. (1): Since 0 € |J Ag, it follows that |J Ax # 0. Let a,b € |J Ag.

keA keA keA
Then a,b € Ay for some k € A. Since Ay is a hyperideal of R, we obtain

afbgAk for some k € A. Thusa—b C |J Ag. Also we have (|J Ag) R

kEA kEA
UAr-RC UArand R- (U Ax) = U R-Ar C | Ak. So, for each
keA keA keA keA keA
a€ |JA,andr € R,a-r € |J Ag. Similarly, r-a € |J Ax. Now, let
keA kEA kEA
x € |J Ak, vy € Rand y < z. Then z € Ay for some k € A. Since Ay is
keA
a hyperideal of R, it follows that y € Ay C |J Ag. Therefore, |J Ay is a
kEA kEA

hyperideal of R, as desired.
(2): Since 0 € ﬂ Ay, it follows that (| Ax # 0. Let a,b € () Ax and
keA keA
r € R. Then a,b € Ak for each k € A. By assumption, we obtain a — b C Ay,

for each k € A. Thus a —b C () Ag. Similarly - a,a-r € (| Ag. Now, let

keA keA
x € [\ Ag and y € R such that y < z. Then for every k € A, y € A;. Hence
keA
y € [\ Ag. Therefore, [ Ay is a hyperideal of R. O
keA keA

We say that a preorder relation is a relation which satisfies conditions re-
flexivity and transitivity. We continue this section with the following theorem.

Theorem 3.4. Let (R,+,-,<) be a preordered Krasner hyperring and p be a
strongly regular relation on R. Then, (R/p,®,®, <) is a preordered ring with
respect to the following hyperoperations on the quotient set R/p:

adb={c|cea+b},
aOb=a-b,
where for all @,b € R/p a preorder relation =< is defined by:
@ = b<s Va; €adb; €bsuch that a; < by.

Proof. Since p is a strongly regular relation on R, it follows that (R/p, ®, ®)
is a ring. First, we show that the binary relation < is a preorder relation
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on R/p. Since < is reflexive, it follows that (a,a) €<. So, @ < @ for every
a € R/p. Thus < is reflexive. Now, let @ =< b and b < ¢ Then for every
a1 € @ there exists b; € b such that a; < by. Since by € b = €, there exists
c1 € ¢ such that by < ¢;. So, @ < ¢. Hence =< is transitive. Therefore, the
binary relation < is a preorder relation on R/p. Now, let @,b,T € R/p such
that @ < b. If w = T ® @, then for every u; € U there exist z; € T and a; € @
such that u; € x1 4+ a1. Since a1 € @ < b, there exists b; € b such that aq < by.
Hence x1 + a1 < 1 + b;. Thus there exists v; € 1 + by such that u; < vy.
Hence u=u <71 =Z@®b. So,wehave THa <z @ b. If 5 =7 ®a, then
for every s; € 5 there exist 1 € T and a; € @ such that s; = x1 - a;. Since
a1 € @ < b, there exists by € b such that a; < b;. Hence 1 - a1 < 1 - by.
Thus for t; = x1 - b1, we have s; < t1. Hence 5 =357 < {; = T ® b. Therefore,
(R/p,®,®, X) is a preordered ring. O

Definition 3.5. Let (Ry,+1,1,<1) and (Ra, +2, -2, <2) be two ordered Kras-
ner hyperrings. The map ¢ : Ry — Rs is called a homomorphism if for all
a,b € Ry, the followinging conditions hold:

(1) ¢la+1b) € ¢(a) +2 ¢(b),
(2) pla-1b) = p(a) -2 p(b),
(3) a <1 b implies that p(a) <o @(b).

Also ¢ is called a good (strong) homomorphism if in the previous con-
dition (1), the equality is valid. An isomorphism from (Ry,+1,-1,<1) into
(R2, 42,2, <2) is a bijective good homomophism from (Rj,+1,-1,<1) onto
(Ra2, +2, 2, <2). The kernel of ¢, kery, is defined by kery = {z € Ry | p(x) =

02}, where 0 is the zero of Rs.

Theorem 3.6. Let ¢ be a homomorphism from an ordered Krasner hyperring
(R, +, -, <) into an ordered Krasner hyperring (T, ®,®, X). If I is a hyperideal
of T, then = 1(I) = {a € R: p(a) € I} is a hyperideal of R containing ker.

Proof. Since 0 € p~1(I), it follows that ¢~1(I) # (). Let z € R. Since ¢ is a
homomorphism and 0 € x — z, we have 0 = p(0) € p(z — ) C p(z) ® p(—).
So 0 € ¢(z) ® ¢(—x). Thus, p(—=z) is the inverse of ¢(z) in the canonical
hypergroup (T, ®). Since 0 € ¢(z) ® p(—x), it follows that p(—z) = —p(x).
Now, let a1,as € o~ 1(I). Then ¢(a1),p(az) € I. Since I is a hyperideal of T,
we have ¢(a; —az) C p(a1) © ¢(az) C I. Hence a; —az C ¢ 1(I). Let z € R
and a € ¢~ 1(I). Then ¢(a) € I. Since ¢ is a homomorphism, it follows that
o(x-a) = p(x)®pla) € I. Thus z-a € p~1(I). Similarly, a -z € p~1(I).
Now, let a € ¢~1(I) and b € R such that b < a. Then ¢(a) € I. Since b < a
and ¢ is a homomorphism, we have ¢(b) < @(a). Since T is a hyperideal of
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T, it follows that ¢(b) € I. So b € ¢~ 1(I). This proves that ¢~ 1(I) is a
hyperideal of R, as desired. Moreover, if « € kerp, then ¢(z) =0 € I. Hence
x € ¢ Y(I). Therefore, kerp C o= 1(I). O

We continue this section with the following definition.

Definition 3.7. Let I and J be two hyperideals of an ordered Krasner hy-
perring (R, +, -, <). The hyperideal quotient is (I : J) ={zx € R:z-J C I}.
The hyperideal quotient (0 : J) is called the annihilator of J and denoted by
Ann(J). The set Ann;(z) = {a € R: a-x = 0} is called the left annihilator
of z in R. Similarly, the set Ann,.(x) = {a € R : - a = 0} is called the
right annihilator of z in R. In a commutative ordered Krasner hyperring R,
we have Ann;(z) = Ann,.(x). In this case, we denote it by Ann(x).

Lemma 3.8. In Definition 3.7, Ann(x) is a hyperideal of R.

Proof. Since 0 € Ann(z), it follows that Ann(x) # 0. Let a,b € Ann(x).
Then a-z=0and b-x =0. So, we have (a+b) -z =a-z+b-2=0+0=0.
Thus ¢-x = 0 fo all ¢ € a+b. Hence a +b C Ann(x). Also, we have
(—a)-z=—(a-z) = -0=0. So, —a € Ann(z). Now, let a € Ann(z) and
r € R. Since a -z = 0, it follows that (r-a) -2 =r-(a-z) =7-0=0. So,
we have 7 - a € Ann(x). Let a € Ann(z), b € R and b < a. Then, we have
b-x <a-xz. Since a-x =0 and {0} is a hyperideal of R, we obtain b-z = 0.
So, b € Ann(x). Therfore, Ann(z) is a hyperideal of R, as desired. O

EXAMPLE 4. In Example 3, Ann(0) = {0,a,b,c}, Ann(a) = {0}, Ann(b) =
{0, ¢} and Ann(c) = {0,b} which are hyperideals of R.

Theorem 3.9. In Definition 3.7, (I : J) is a hyperideal of R.
Proof. This proof is straightforward. O

Definition 3.10. Let (R,+,:, <) be an ordered Krasner hyperring (resp.
Krasner hyperring). R is said to be a reduced ordered Krasner hyperring (resp.
reduced Krasner hyperring) if it has no nilpotent elements, i.e., if a™ = 0 for
a € R and a natural number n, then a = 0. In a reduced ordered Kras-
ner hyperring R, If a-b = 0 for all a,b € R, then b-a = 0. So, we have
Annj(xz) = Ann,.(z). In this case, we denote it by Ann(z).

REMARK 1. In Definition 3.7, we can replace the commutative ordered Krasner
hyperring with the reduced ordered Krasner hyperring.
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4 Properties of interior hyperideals in ordered Krasner
hyperrings

In this section, we introduce the notion of interior hyperideals in ordered Kras-
ner hyperrings and investigate some related results. We provide conditions for
an interior hyperideal to be a hyperideal. In particular, we prove that the
concepts of interior hyperideals and hyperideals coincide in the case of regular
(resp. intra-regular) ordered Krasner hyperrings.

Definition 4.1. A non-empty subset A of an ordered Krasner hyperring
(R,+,-, <) is called an interior hyperideal of R if the following conditions
hold:

(1) (A,+) is a canonical subhypergroup of (R,+) and A- A C A;
(2) R-A-RC A4
(3) When 2 € A and y € R such that y < z, imply that y € A.

EXAMPLE 5. Let R = {a,b,c,d,e, f,g,h} be a set with the hyperaddition &
and the multiplication ® defined as follows:

& |a b c d e f g h
ala b c d e f g h
b |b b {a,b,c,d} b f f {e, f,g,h} f
c|c {abecd} c c g Aelfght g g
d|d b c a h f g e
e e f g h A{ae}  {b,f} {c.9}  {d,n}
Ir f {e.f,g,n} f A{b,f}  {b,f} R {b. f}
919 {ef.gh} g 9 {cg} R {9t A{e g}
h|h f g e {dh} {bf} {9t {ae}
and

®la b ¢ d e f g h

ala a a a a a a a

bla b ¢ d a b ¢ d

cla ¢ b d a ¢ b d

dla a a a a a a a

ela a a a e e e e

fla b ¢ d e f g h

gla ¢ b d e g f h

hla a a a e e e e
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Then, (R, ®,®) is a Krasner hyperring. We have (R, ®,®, <) is an ordered
Krasner hyperring where the order relation < is defined by:

< = {(U‘?a)a (b7 b)’ (Cv C)v (d7 d)7 (67 6)7 (.f7 f)v (979)7
(hyh), (a,e), (b, f), (c,9),(d, h)}.

The covering relation and the figure of R are given by:

< = {(a7 6), (ba f)v (Cv 9)7 (d’ h)}

It is easy to see that {a}, {a,d}, {a,e} {a,b,c,d}, {a,d, e, h} and R are interior
hyperideals of R.

Obviously, every hyperideal of an ordered Krasner hyperring R is an in-
terior hyperideal, but the converse is not true in general, that is, an interior
hyperideal may not be a hyperideal of R.

EXAMPLE 6. Let R be the set { (Z 2) ta,bc e Z}. We define the binary
hyperoperation & as: A@® B = {A + B}. Consider the operation ©® as usual
matrix multiplication. Then, (R,®,®) is a Krasner hyperring. Moreover,
(R,®,®,<) is an ordered Krasner hyperring, where A = (a;;) < B = (b;;)

a;; = by foralll <i4,j <2. Let A= { (Z 8) ta,b e Z}. It is easy to check
that A is an interior hyperideal of R. Since ((1) 8 ® (8 é) = <8 (1)> ¢ A,

it follows that A is not a right hyperideal of R. Thus A is not a hyperideal of
R.

Lemma 4.2. Let (R,+,-,<) be an ordered Krasner hyperring. If Ay is an

interior hyperideal of R for all k € A, then () Ay is an interior hyperideal of
keA
R.

Proof. Let {Ay : k € A} be a family of interior hyperideals of R and A =

(| Ag. Since 0 € [\ Ay, it follows that (| Ax # 0. It is easy to check
keA keA keA
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that (A, +) is a canonical subhypergroup of (R,+) and A- A C A. Now, let
r€R-A-R. Then x =ry-a-ry for some ri,70 € R and a € A. Since each
Ay is an interior hyperideal of R, it follows that x € R- Ag - R C Ay for all

k€ A. Thus z € Ay, for all k € A. Hence x € (| Ax = A. Since x was chosen
keA
arbitrarily, it follows that R- A- RC A. If x € A and y € R such that y < x,

then x € Ay for all k € A. Since each Ay is an interior hyperideal of R, it

follows that y € Ay, for all K € A. Thus we have y € [| A = A. Therefore,
keA
A is an interior hyperideal of R. O

Theorem 4.3. Let (R,+,,<) and (T,®,®,X) be two ordered Krasner hy-
perrings. If ¢ : R — T is a homomorphism and A is an interior hyperideal of
T, then o= 1(A) = {r € R: ¢(r) € A} is an interior hyperideal of R.

Proof. Since 0 € ¢~ 1(A), it follows that ¢~'(A4) # (. Now, let 71,79 €
@ 1(A). Then ¢(r1),¢(rs) € A. Since A is an interior hyperideal of T, we
have o(r1 +712) € @(r1) @ ¢(r2) € A and @(r1 - 12) = @(r1) © @(r2) € A.
Thus 71 + 72 C ¢ *(A) and r; - 79 € ¢ 1(A). obviously, other properties of
a hyperring hold for ¢=1(A), since ¢ 1(A) is a subset of R. Let ry,72 € R
and a € p~1(A). Then ¢(r1),p(r2) € T and p(a) € A. Since A is an interior
hyperideal of T, it follows that ¢(r; - a-12) = o(r1) ® ¢(a) ® p(ry) € A.
So, we have r1 - a-r9 € p~1(A). Hence R- o 1(A)- R C p~1(A). Now, let
a € ¢ 1(A) and r € R such that 7 < a. Since ¢ is a homomorphism, it follows
that ¢(r) = ¢(a). Since p(a) € A and A is an interior hyperideal of T', we
obtain (1) € A. So, we have r € p~!(A). Therefore, ¢~!(A) is an interior
hyperideal of R. O

In the following, we provide conditions for an interior hyperideal to be a
hyperideal.

Theorem 4.4. Let (R,+,-, <) be an ordered Krasner hyperring. Then,

(1) If R is a regular ordered Krasner hyperring, then every interior hyper-
ideal of R is a hyperideal of R.

(2) If R is an intra-regular ordered Krasner hyperring, then every interior
hyperideal of R is a hyperideal of R.

Proof. (1): Let A be an interior hyperideal of R and a € A. Since R is regular,
there exists x € R such that a < a-x-a. Now, let r € R. Since A is an interior
hyperideal of R, it follows that a-r < (a-x-a)-r = (a-x)-a-r € A-A C A. Since
r was chosen arbitrarily, we have A - R C A. Hence A is a right hyperideal of
R. Similarly, we can prove that A is a left hyperideal of R. Therefore, A is a
hyperideal of R.
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(2): Let A be an interior hyperideal of R. Let r € R and a € A. Since R is
intra-regular, there exist ,y € R such that a < xz-a?-y. Since A is an interior
hyperideal of R, it follows that a-r < (z-a?-y)-r = (z-a)-a-(y-r) € A. Since
r was chosen arbitrarily, we have A- R C A. Hence A is a right hyperideal of
R. Similarly, we can prove that A is a left hyperideal of R. Therefore, A is a
hyperideal of R. O

As a consequence we obtain the following corollary.

Corollary 4.5. Let (R,+,-,<) be a regular (resp. intra-regular) ordered
Krasner hyperring. Then, the following assertions are equivalent:

(1) Ais a hyperideal of R.
(2) A is an interior hyperideal of R.

The concepts of regular (resp. intra-regular) ordered Krasner hyperrings
generalize the corresponding concepts of regular (resp. intra-regular) Krasner
hyperrings as each regular (resp. intra-regular) Krasner hyperring endowed
with the order <:= {(a,b) : a = b} is a regular (resp. intra-regular) ordered
Krasner hyperring. Let (R, +,-, <) be an ordered Krasner hyperring and () #
A C R. Then, (A] is the subset of R defined as follows: (A ={z € R:z<a
for some a € A}. Let A, B C R. Then A C (4], (A](B] C (AB] and ((4]] =
(A]. An element a of an ordered Krasner hyperring (R, +, -, <) is said to be
reqular if there exists an element 2 € R such that a < (a-z)-a, i.e., a € (aRal)
for all a € R or A C (ARA] for all A C R. An ordered Krasner hyperring
(R, +,-, <) is said to be regular if every element of R is regular. An element
a of an ordered Krasner hyperring (R, +,-,<) is said to be intra-regular if
there exist ,y € R such that a < z-a? -y, i.e., a € (Ra’R] for all @ € R or
A C (RA2R)] for all A C R. An ordered Krasner hyperring (R, +, -, <) is said
to be intra-regular if every element of R is intra-regular. An ordered Krasner
hyperring (R, +, -, <) is called left (vesp. right) reqular if for every a € R there
exists an element = € R such that a < z - a? (resp. a < a? - x). An ordered
Krasner hyperring R is called left (resp. right) regular if all elements of R
are left (resp. right) regular, i.e., a € (Ra?], (resp. a € (a®>R]) Va € R. or
A C (RA?), (resp. A C (A%R]) VA C R. An ordered Krasner hyperring is
called completely reqular if it is regular, left regular and right regular.

Asokkumar [3] studied the idempotent elements of Krasner hyperrings.

Definition 4.6. Let (R, +, -, <) be an ordered Krasner hyperring (resp. Kras-
ner hyperring). An element z of R is said to be idempotent if {x} = x-x = 22,
An ordered Krasner hyperring (resp. Krasner hyperring) is called idempo-

tent if every element x of R is an idempotent. An ordered Krasner hyperring
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(resp. Krasner hyperring) is called a Boolean ordered Krasner hyperring (resp.
Boolean Krasner hyperring) if every element x of R is an idempotent.

The following theorem were motivated by the Corollary 4.5.

Theorem 4.7. Let (R,+,-,<) be an ordered Krasner hyperring. Then, the
following assertions hold:

(1) If R is a Boolean ordered Krasner hyperring, then every interior hyper-
ideal of R is a hyperideal of R.

(2) If R is left (resp. right) reqular, then every interior hyperideal of R is a
hyperideal of R.

Proof. (1): Let R be a Boolean ordered Krasner hyperring and = € R. Then
{z} =2 =2 -2 =2% 2% =222 2. Since < is reflexive, it follows that
(z,2) €<. So, (z,z-2?-z) €<. Thus x < z- 22 -z for every z € R. Hence
R is intra-regular. Hence by Corollary 4.5, every interior hyperideal of R is a
hyperideal of R.

(2): Let R be a left regular ordered Krasner hyperring and x € R. Then
there exists an element y € R such that + < y-22 <y (y-2%) -2 € R2*R.
So, R is intra-regular. Hence by Corollary 4.5, every interior hyperideal of R
is a hyperideal of R. Similarly, we can prove that in a right regular ordered
Krasner hyperring R, every interior hyperideal of R is a hyperideal of R. O

5 Main results

The concepts of hyperideals, prime hyperideals and semiprime hyperideals of
ordered Krasner hyperrings generalize the corresponding concepts of Krasner
hyperrings. Let (R, +,-, <) be an ordered Krasner hyperring. A hyperideal A
of R is called a prime hyperideal of R if for any hyperideals A;, As of R such
that A;-As C A, we have A; C A or Ay C A. Note that if a hyperideal A of R
is prime, then A # R. A hyperideal A of R is called a semiprime hyperideal of
R if for any hyperideal B of R such that B2 C A, we have B C A. Note that
every prime hyperideal of R is a semiprime hyperideal of R, but the converse
is not true in general, that is, a semiprime hyperideal may not be a prime
hyperideal of R.

EXAMPLE 7. (1) In Example 5, {a,b,c,d} and {a,d, e, h} are prime hyper-
ideals of R, but {a}, {a,d} and {a, e} are not prime hyperideals of R.

(2) In Example 3, {0} is not a prime hyperideal of R. Indeed, {0,b}®{0,¢} =
{0}, but {0,b} € {0} and {0,c} € {0}.
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(3) In Example 3, {0} is a semiprime hyperideal of R, but is not a prime
hyperideal of R.

(4) In Example 5, {a,d} is a semiprime hyperideal of R, but is not a
prime hyperideal of R. Indeed, {a,b,c,d} ® {a,d,e,h} = {a,d}, but
{a,b,c,d} ¢ {a,d} and {a,d,e,h} ¢ {a,d}.

Theorem 5.1. Let (R,+,-,<) be an ordered Krasner hyperring. Then, the
following statements are equivalent:

(1) R is intra-regular.
(2) Every interior hyperideal of R is semiprime.
(3) Every hyperideal of R is semiprime.

Proof. (1) = (2): Assume that (1) holds. Let A be an interior hyperideal
of R and B C R such that B> C A. Since R is intra-regular, we obtain
B C (RB?R) C (RAR] C (A] = A. So, A is semiprime.

(2) = (3): This proof is straightforward.

(3) = (1): Assume that (3) holds. Let A C R. It is easy to see that
(RA?R] is a hyperideal of R. By assumption, (RA%?R] is semiprime. Since
A* C (RA?R), we have A C (RA?R]. So, R is intra-regular. O

Definition 5.2. Let (R, +,, <) be an ordered Krasner hyperring. A subhy-
perring A of R is called a bi-hyperideal of R if A-R-A C A and (4] C A.
For every left hyperideal, right hyperideal, hyperideal and bi-hyperideal A of
R, we have (A] = A. A non-zero bi-hyperideal A of R is said to be a min-
imal bi-hyperideal if A does not properly contain any non-zero bi-hyperideal
contained in A.

Theorem 5.3. Let (R,+,-,<) and (T,®,®,X) be two ordered Krasner hy-
perrings. If o : R — T is a homomorphism and A is a bi-hyperideal of T, then
0o YA) = {r € R:p(r) € A} is a bi-hyperideal of R.

Proof. Since 0 € ¢~ 1(A), it follows that o= 1(A) # 0. Now, let ri,ro €
@ 1(A). Then ¢(r1),¢(r2) € A. Since A is a bi-hyperideal of T', we have
o(r1 +12) C o(r1) @ p(r2) € A and @(ry - r2) = o(r1) © p(r2) € A. Thus
r1+1ry C o Y(A) and 71 - rg € 9 1(A). obviously, other properties of a
hyperring hold for p~1(A), since ¢ ~1(A) is a subset of R. Let aj,as € ¢~ (A)
and z € R. Then ¢(a1),p(az) € A and p(x) € T. Since A is a bi-hyperideal
of T, it follows that ¢(a; - = - az2) = ¢(a1) © p(x) © p(az) € A. So, we
have a; -z - az € p 1(A). Hence o 1(A) - R-p~1(A4) C »~1(A). Now, let
a € p71(A) and x € R such that < a. Since ¢ is a homomorphism, it follows
that ¢(x) < p(a). Since p(a) € A and A is a bi-hyperideal of T, we obtain



OPERATIONS ON HYPERIDEALS IN ORDERED KRASNER HYPERRINGS 290

¢(z) € A. Thus we have x € ¢~ !(A). Therefore, ¢~!(A) is a bi-hyperideal of
R. O

Theorem 5.4. Let (R,+,-,<) be an ordered Krasner hyperring, having a
non-zero proper bi-hyperideal. Then, every non-zero proper bi-hyperideal of R
1s minimal if and only if the intersection of any two distinct non-zero proper
bi-hyperideals is {0}.

Proof. Assume that every non-zero proper bi-hyperideal of R is minimal. Let
Ay and A be two distinct non-zero proper bi-hyperideals of R and Ay N Ay #
{0}. It is easy to see that Ay N Az is a bi-hyperideal of R. By hypothesis, A;
and A, are minimal. Since {0} # A; N Ay C A; and {0} # A1 N Ay C Ay, we
obtain A; = Ag; a contradiction. So A; N A = {0}, as desired. O

Theorem 5.5. Let (R,+,-, <) be an ordered Krasner hyperring. Then,
(1) If R is left regular, then the left hyperideals of R are semiprime.
(2) If R is completely reqular, then every bi-hyperideal of R is semiprime.

Proof. (1): Let A be a left hyperideal of R and T C R such that 7% C A.
Since R is left regular, we have T C (RT?] C (RA] C (A] = A. So, A is
semiprime.

(2): Let A be a bi-hyperideal of R. Let T be a bi-hyperideal of R such
that T2 C A. Since R is completely regular, we have

T C(TRT] C ((T2RIR(RTY) = (T*R)(R)(RT?]
C (T?R)R(RT?)] C (T2RT?.

So, T C (T?RT?] C (ARA] C (A] = A. Hence A is a semiprime bi-hyperideal
of R. O

Theorem 5.6. Let (R,+,-, <) be a reqular ordered Krasner hyperring. Then,
the following statements hold:

(1) AN Ky NKy C AK Ky for every left hyperideals K1, Ky and right hy-
perideal A of R.

(2) BN Ky N Ky C BK1Ks for every left hyperideals K1, Ko and interior
hyperideal B of R.

(3) CNK1NKy C CK1 Ky for every left hyperideals Ky, Ko and bi-hyperideal
C of R.

(4) DNENK C DEK for every bi-hyperideal D, interior hyperideal E and
left hyperideal K of R.
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Proof. (1): Let a € AN K7 N Ks. Since R is regular, there exists x € R such
that a < aza. Thus we have a < aza < az(aza) € (AR)K1RK> C AK 1 Kos.
Therefore, we have AN K1 N Ky C AK 1 K>.

(2): Let B be an interior hyperideal of R. By Corollarly 4.5, B is a
hyperideal of R. The rest of this proof is similar to the proof of (1).

(3): Let a € CnN K1 N Ky. Since R is regular, there exists © € R such
that @ < azxa. Since C is a bi-hyperideal of R, it follows that a < axa <
azx(aza) < azax(axa) € (CRC)RK1RKs; C CK1K3. Therefore, we have
CNKiNKy CCK 1 Ks.

(4): By Corollarly 4.5, E is a hyperideal of R. The rest of this proof is
similar to the proof of (3). O

At the end of the paper, we prove the following theorem.

Theorem 5.7. Let P be a prime left hyperideal of an ordered Krasner hyper-
ring (R,+,-,<). Then, the set (P :a) = {x € R:x-a € P} is a prime left
hyperideal of R, for any a € R\ P.

Proof. Since 0 € (P : a), it follows that (P :a) # 0. Let ,y € (P : a). Then
x-a € P,y-a € P. Thus we have (t+y)-a=z-a+y-a C Pand (—x)-a=
—(x-a) € P. So,z+y C (P :a)and —x € (P :a). Now, let x € (P : a)
and r € R. Since x - a € P, it follows that (r-z)-a=r-(x-a) € R-P C P.
So,7-x C(P:a). Letx € (P:a),y€ Rand y < z. Then x-a € P and
y-a < x-a. Since P is a left hyperideal of R, it follows that y-a € P. So,
y € (P :a). Hence (P : a) is a left hyperideal of R.

Finally, let A and B be any left hyperideals of R such that AB C (P : a).
Then (AB)a C P. Since P is a left hyperideal of R, it follows that (P] = P.
It is easy to see that (Aa] and (Ba] are left hyperideals of R. Thus we have
(Aa) - (Ba] C (A(aB)a] € ((AB)a] € (P] = P. Since P is a prime left
hyperideal of R, it follows that (Aa] C P or (Ba] C P. Thus Aa C P or
Ba C P. So, we have A C (P :a) or B C (P : a). Therefore, (P : a) is a
prime left hyperideal of R. O
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