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Abstract

In this paper, some generalizations of Pompeiu’s inequality for two
complex-valued absolutely continuous functions are provided. They are
applied to obtain some new Ostrowski type results. Reverses for the
integral Cauchy-Bunyakovsky-Schwarz inequality are provided as well.

1 Introduction

In 1946, Pompeiu [6] derived a variant of Lagrange’s mean value theorem, now
known as Pompeiu’s mean value theorem (see also [8, p. 83]).

Theorem 1 (Pompeiu, 1946 [6]). For every real valued function f differen-
tiable on an interval [a,b] not containing 0 and for all pairs x1 # o in [a,b],
there exists a point & between x1 and xo such that

(e el o) e _epr o). 1)

Tl — T2

The following inequality is useful to derive some Ostrowski type inequali-
ties.
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Corollary 1 (Pompeiu’s Inequality). With the assumptions of Theorem 1 and
i NIf =Lf e = sUPse(ap |f (1) = tf ()| < o0 where €(t) =t, t € [a,b], then

[tf (@) —af O < 1f = £f | J2 — 2] (2)
for any t,x € [a,b].

The inequality (2) was stated by the author in [3].
In 1938, A. Ostrowski [4] proved the following result in the estimating the
integral mean:

Theorem 2 (Ostrowski, 1938 [4]). Let f : [a,b] — R be continuous on [a, b
and differentiable on (a,b) with |f' (t)] < M < oo for allt € (a,b). Then for
any x € [a,b], we have the inequality

1 x—‘%b 2
< 4+< ba) M (b—a). (3)

The constant i is best possible in the sense that it cannot be replaced by a
smaller quantity.

b
'f(m)—bla/ f (o)t

In order to provide another approximation of the integral mean, by making
use of the Pompeiu’s mean value theorem, the author proved the following
result:

Theorem 3 (Dragomir, 2005 [3]). Let f : [a,b] — R be continuous on [a
and differentiable on (a,b) with [a,b] not containing 0. Then for any x € [a,
we have the inequality

aer.f(x)_bia/ab &

7b]
b,

5, (4)

b—a |1 r — atb

where £(t) =1, t € [a,b].
The constant i 18 sharp in the sense that it cannot be replaced by a smaller
quantity.

In [7], E. C. Popa using a mean value theorem obtained a generalization
of (4) as follows:
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Theorem 4 (Popa, 2007 [7]). Let f : [a,b] — R be continuous on [a,b] and
differentiable on (a,b). Assume that « & [a,b]. Then for any x € [a,b], we
have the inequality

a+b a—x [P

|( ! —a>f(a;>+b_a/af<t)dt
_ atb 2

< i+<ajl)_§> (0=a)[lf —Laflls

where £y, (1) =t — a, t € [a,b].

(5)

In [5], J. Pecari¢ and S. Ungar have proved a general estimate with the
p-norm, 1 < p < oo which for p = co gives Dragomir’s result.

Theorem 5 (Pecari¢ & Ungar, 2006 [5]). Let f : [a,b] — R be continuous on
[a,b] and differentiable on (a,b) with 0 < a < b. Then for 1 < p,q < co with
% + % = 1 we have the inequality

b
a;—b_f(xx)_bia/f(t)dt SPU(%?)HJC_KJHHP’ (6)
for x € [a,b], where
. S u %—1 a?2— 4 — p2—4 x2qa1+qx12q)1/q
PU (z,p) + =(b—a) [((1_2q)(2—q)+ (1—29)(1+4q)

p2—4a — p2—a 22-0 _ pltagl—2q\ /4
a * )
(1-2¢)(2-¢q) (1-2¢9)(1+q)

In the cases (p,q) = (1,00), (00,1) and (2,2) the quantity PU (x,p) has to be
taken as the limit as p — 1,00 and 2, respectively.

For other inequalities in terms of the p-norm of the quantity f — £ f’,
where £, (t) =t — a, t € [a,b] and « ¢ [a,b] see [1] and [2].

In this paper, some new Pompeiu’s type inequalities for two complex-valued
absolutely continuous functions are provided. They are applied to obtain some
Ostrowski type inequalities. Reverses for the integral Cauchy-Bunyakovsky-
Schwarz inequality are provided as well.

2 A General Pompeiu’s Inequality

We start with the following generalization of (2).
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Theorem 6. Let f,g : [a,b] — C be absolutely continuous functions on the
interval [a,b] with g (t) # 0 for all t € [a,b]. Then for any t,x € [a,b] we have

flx) f(t)‘
g(xz) g(t)
17 = 19/l S | if f'9— f9' € Lo [a,0],
. 1/q if f'9—fg' € Lyla,b]
<< If'g— 19l —ix%\ p>1, (7)
P ) P
pta=h
||f/g fg ||1§up9€[t z]([z,t]) {lg s)|2}

or, equivalently

g (8) f(x) = f () g (2)]

19 = 19/l l9 (8) g (@) | st € Lt

e Wf'9—fg € Lyplab]
I el Peh
pta =1

IN

1f'g—fd'll,lg(t) g

19— fd'lly 19 (t) g () SuPsept 2 (o)) {m} ~
(8)

Proof. If f and g are absolutely continuous and g (t) # 0 for all ¢ € [a, b], then
f/g is absolutely continuous on the interval [a,b] and

[ () e-f8-10

for any t,x € [a,b] with x # t.

e [(E9) - [ L2010,

then we get the followmg 1dent1ty

LR (0N dCHUES (CLICY
)

gz g% (s

s (9)
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for any t,x € [a, b].
Taking the modulus in (9) we have
f@) 1| _| [P e~ F5)g )
peptoil) IO
/m f'(s)g(s) = f(s)g" (3l ,
t lg (s)I”

and utilizing Holder’s integral inequality we deduce

S

< S|

SUPselt,0) (2,0 | [ (8) g (s) = [ (s) g (5)]

)

e 1
) words

T<$ |51 () g(s) = F(s) g ()P ds|"P | [ =L ds

lg(s)*¢

’1/<1 p>1,

|17 () g () = f(5) g ()] ds| suDeis o)) {m} ;

/ / z 1
179 = 19"l | I} r5s]

IN

1/q p>1,
19— 14, |

z 1
Ji toqymds

1f'9 = £9'll1 sUPsert ) ((at)) {W}
and the inequality (7) is proved. O

The following particular case extends Pompeiu’s inequality to other p-
norms than p = co obtained in (2).

Corollary 2. Let f : [a,b] = C be an absolutely continuous function on the
interval [a,b] with b > a > 0. Then for any t,x € [a,b] we have
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fz)  f(t)
T t
If=2f oo |5 =3 if f=Lf" € Lo [a, 0],
y if f—Lf € L,[a,b]
S W ||f _éf/Hp |t2ql—1 - 1.23—1| ! 1 p ? 17 (11)
o 1’
P q
I1f = €f'lly gy
or, equivalently
tf (z) — = f (t)]
1f = €f" | o |2 — 2] if f—Lf € L a,b],

- +2 |1/q fo—éf/ ELP [a,b]

1 1 4
< 11/ Hf—ﬁf H q—1 = pq—1 1 1 _ 12
(2q—-1)"/1 plt x p>L+.=1 (12)

If = ef s e

min{t,x}"’

where £ (t) =t,t € [a,b].

The proof follows by (7) for g (t) =€ (t) =t, ¢ € [a,].
The general case for power functions is as follows.

Corollary 3. Let f : [a,b] — C be an absolutely continuous function on the
interval [a,b] withb > a > 0. If r € R, r # 0, then for any t,x € [a,b] we have
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x” tr

f () f@w

1

= rfll B = &l if f—rf € Lo [a8],

1f€=rfll,
1

1
[1—q(r+1)|*/9 ’ gl—alr+1)

IN

1/q
tl—q%r«}»l) | ) fO’f‘ T 7& _%
X

Iz —Int|"?, forr=—

if f'f —rf e Lyla,b],

D=

£ =rflly W7

or, equivalently

[t f () — 2" f (1)]

pllf7e=rflllt” —a"|,if f'0—7f € Lo [a,b],
1fe—rfll,

t"x"” ’

1
1—q(r+ D[/

1 1/q 1
21— D) T {—a(rFD) ’ , forr # o

IN
X

(14)
tra” lna — It forr=—1
if f'f —rf e Lyla,b],

LF€ =7 flly e

mr+1 7t7*+1 } )

1 1 _
wherep>1,5+af1.

The proof follows by (7) for g (t) = t", ¢ € [a, b] . The details for calculations
are omitted.

We have the following result for exponential.

Corollary 4. Let f : [a,b] — C be an absolutely continuous function on the
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interval [a,b] and o € R, a # 0. Then for any t,x € [a,b] we have

fle) —f(@)

exp (iax)  exp (iat)

If —iaflllz =t if f' —iaf € Loo[a,b],

if f' —iaf € Ly|a,b]
| = iafl,le =t p>1, (15)

1 _
Lyl=,

IN

1" —iafll,

or, equivalently

lexp (iat) f () — f (t) exp (i)

If —iaflllz =t if f' —iaf € Loo[a,b],

if f' —iaf € Lya,b]
I —iafll, |z — ¢ p>1, (16)

1 1 _
Lyl=,

IN

1" —iafll; -

3 An Inequality Generalizing Ostrowski’s

The following result holds:

Theorem 7. Let f,g : [a,b] — C be absolutely continuous functions on the
interval [a,b]. If 0 <m < |g(t)] < M < oo for any t € [a,b], then
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b b
|f(m)/ g(t)dt—g(aw/ f(t)yde

2 z— okt 2
179 1o 0= 0 |3+ (5522 | o= 1o € Lol
M\? if f'9— 19 € Lyla,b]
< () b e [(b—a) Vg (g—a) it/ P
m) g - fg'l, [ S e ot
1f'g—fg'll, (b—a)
(17)
for any x € [a,b].
Proof. Utilizing (8) we have
b
|f(:v)/ t)dt —g / f(t)dt
b
< [la) 5@~ f @9l
19 = £9'lc 9 @)1 J; (19 @)1 | ;7 rrpeds]) .
/ B 1 1/a
<3 0o sl la @1 (la |7 pma ) ae. (15)
1f'g—fd'lly1g (= |f ( N SUD et 2)([2,1)) {m}) dt

for any x € [a,b], which is of interest in itself.
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Since 0 <m < |g(t)| < M < oo for any ¢ € [a,b], then

x>|/ab<|g<t>|‘/f|()|2ds> ( )/Ix—tldt
:<M)2 i+<xb—_a;b>2 |

1/q

b x
19 (@) / 19.(0) / m(l)'d it

2 b 2 o n\1+1/g _ N\141/q
m a m 1+1/q

‘/ ( se[tz] [m] {lg(l)|}> dtg(%)Q/:dtC\nf)Q(ba)

for any « € [a,b] and by (18) we get the desired result (17). O

Remark 1. If we take g (t) = 1,t € [a, b] in the first inequality (17) we recapture
Ostrowski’s inequality.

Corollary 5. With the assumptions in Theorem 7 we have the midpoint in-
equalities

’f(a;b> /:g(t)dt—g(a;b> /abf(t)dt

Lo-a)|f'g— 19l if f'g—fg' € Lo [a,b],
M 2
< ()
" ) i f'9— 19" € Lyla, ]
sraagg 0—a) g = 1, 1pT1’1
p q =+

(19)

The following result also holds:
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Theorem 8. Let f,g : [a,b] — C be absolutely continuous functions on the
interval [a,b], g (z) # 0 for x € [a,b] and =% € Ly [a,b]. Then

fla) [ [
g(x)/ag(t)dt /af(t)dt

1f'g = £9'lloc [ lg @) |2 = tldt, if f'g— fg' € Loolab],

y if f'9—f9' € Ly[a,b]
<|lg72ox3 If'g = F9'll, f) g (0)] |z — ¢/ dt p>1
1plaoy,

1f'g— £d'll, J2 lg ()] dt

(20)
for any x € [a,b].
Proof. Utilizing (8) we have
T b b
géx; / g(t)dt—/ ) dt
179 = 19l J2 (g O] |J} oists|)
. /
<3 17191, 02 (la @117 bmas| ) (21)
1f'g— fd'lly f ( ) SUPseft 2] ([2.1]) {W}) dt

for any x € [a, b].
Since

< g™l Iz =2l

/txg(t’)|2ds

" 1 1/q
72(1(18
¢ g (s)l

< g

1
sup —— <972
selt.a]([a.t) {Ig( ) } o™l

gl =il

and
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for any z,¢t € [a,b], then on making use of (21) we get the desired result

(20).
We have the midpoint inequalities:
Corollary 6. With the assumptions of Theorem 8 we have

atb b b
ﬁgib;/ g(t)dt—/ f(t)dt
2 a a

< Jlg™* oo

b 1/
19— £9'll, [ lg ()] |5 —¢] " at p>1,
Lyi=1

O

1£'g = 19l 219 (]| %52 —t|dt,  if f'g— f¢' € Loo[ab],

if f'g—fg' € Lyla,b]

(22)

We have the following exponential version of Ostrowski’s inequality as well:

Theorem 9. Let f : [a,b] — C be an absolutely continuous function on the

interval [a,b] and o € R, a # 0. Then for any x € [a,b] we have

exp (ia(b—x)) —exp (—ia(z —a

b
»ﬂ@f/fwﬁ

Qo

a+tb\ 2
I = iaflle - ? £+ (55) | i £ = iaf € Luclat],

if ' —iaf
= I ol e i@t € Lyla,b]
”f - Zaf”p 1+1/q ’ D> 1’
1 1 _

Lyl=g,

1" —iaflly -
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Proof. If we write the inequality (18) for g (t) = exp (iat), t € [a,b], then we
get

b b
|f (2) / exp (iat) dt — exp (iozx)/ f (@) dt

I1f" = iafll [ |z —t|dt, if f' —iaf € Loo[a,]
if [/ —iaf
< r b l/q €L,la,b]
<31 =il g @) [2 o — o tar, ST
1,1 _
lyi=1
1f —iafll,
which, after simple calculation, is equivalent with (23).
The details are omitted. O

Corollary 7. With the assumptions of Theorem 9 we have the midpoint in-
equalities

exp (i (*3%)) — exp (—in (*5%)) (a;b) _ /a” F )t

(163

LI —iafll, (b—a)?, if f' —iaf € Lo [a,b],

IN

(24)

if f' —iaf € Ly|a, b

1+1 .
b= f —iafl, p S 1Y)

1
21/4(1+1/q)

or, equivalently
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2o (2 (150

LI —iafll (b—a)®, if f' —iaf € Lo [a,b],

IN

(25)

if f' —iaf € Ly|a, b

o 1+1/q .
(b a) Hf ZOépr, p>1’%+%:1.

1
2174(141/9)

4 An Application for CBS-Inequality

The following inequality is well known in the literature as the Cauchy-Bunyakovsky-
Schwarz inequality, or the CBS-inequality, for short:

b b
< / o / 9 (1) 2 dt, (26)
provided that f,g € Lo [a,b].

We have the following result concerning some reverses of the CBS-inequality:

t) dt

Theorem 10. Let f,g : [a,b] — C be absolutely continuous functions on the
interval [a,b] with g (t) # 0 for all t € [a,b]. Then

b b
og/ |g<t>|2dt/ )P dt -
F'g— 17 € Lo [0,1).

2
17— 171 (@ P dt) (J2 et . if e Loy

19— 17 € Ly[a,b],
2/ = € Lla,b
N 57— 1712 (g 0F ) (J7 bmdt) i "‘"p>1[a |

1 1 _
Lyl=y,

IA
N |

1f'G — f7 ||1 (f lg (¢ \ dt) esssupte[a’b]{lg(l } if 2 Tl € Lo [a,b].
(27)
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Proof. Utilising the inequality (8) we have

90f @)~ f (09 ()]

155 = 1l I e ’ lefé/zitfbij
it f'g - 7
<< g 70,1 () e “hrled
St =1,
195~ 111 19 1) 9 ()] s00eppayey { e |-

(28)
for any ¢,z € [a,b].
Taking the square in (28) and integrating over (t,z) € [a,b]* we have
2
~ [0 g(@)| did
1= 7/ 20z _ 1 2
175 = 13115 S Ji g (¢ S imds| dida,
2 b b z 2/a
= If'g — f9/||;27 fa fa lg (t) g () 2 ft st‘ dtdz, (29)
15— £33 f f g (t) g ()] SUD s [t,2]([2,¢]) {m}dtd%

Observe that
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~ 1@ dud

/ [ (s P17 @ 20 [505 0T 09 +|g(x)l2\f(t)|2) dtd

= [wora [y ane | [ 70 [ 1000
+/a |g<x>|2dz/a O
=2[/:|g<t>|2dt/abf<t>|2dt— /abm)g(t)dt

ft s
g(am ) (/| ) ,
/ab ab [|g () g (2 /tx |g(81)|2qd5 2/1 dtdz

b 2 b 2/q
24 - d
< ( ’ lg ()] t) < . g O t)

and
b b 1
/ / lg@®) g @)> sup ——— ¢ | dtdx
a Ja settato | 19 (5)
b 1
< / lg (t)|2dt ess sup § ——— ¢
a tefat] | g (8)]
then by (29) we get the desired result (27). O
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