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Evolution of solutions for dipolar bodies in
Thermoelasticity without energy dissipation
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Abstract

The aim of our paper is the study of the spatial evolution of vibra-
tions in the context of Thermoelasticity without energy dissipation for
dipolar bodies. Once we get an a priori estimate for the amplitude of
the vibration, which are assumed being harmonic in time, it is possible
to predict some spatial decay or growth properties for the amplitude,
provided the frequency of vibration is greater than a certain critical
value.

1 Introduction

We consider a right prismatic cylinder composed of a physically dipolar ther-
moelastic body. The cylinder is free of loads on lateral surface (no body force,
no dipolar body force and no heat supply), while on the base of cylinder are
prescribed a time-dependent displacement, a dipolar displacement and a ther-
mal displacement, which are harmonic in time. We associate a measure of
Toupin type to the corresponding steady-state vibration and we will obtain a
spatial decay estimate by assuming that the exciting frequency is lower to a
certain critical frequency.

It is known that the theory of thermoelastic material behavior without
energy dissipation possesses the following properties: the heat flow, in contrast
to that in classical thermoelasticity characterized by the Fourier law, does not
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involve energy dissipation. In addition, a constitutive equation for an entropy
flux vector is determined by the same potential function which also determines
the stress, and it permits the transmission of heat as thermal waves at finite
speed.

The origin of the theories of dipolar bodies goes back to Mindlin which in
his famous paper [17] proved that the linear theory of a micropolar continuum
is a special case of the theory of dipolar media.

There were several motivations for the extension of the classical theory to
dipolar. For instance, the classical theory was not able to predict the size
effect experimentally observed in problems which had a geometric length scale
comparable to material’s microstructural length, such as the grain size in a
polycrystalline or granular aggregate. Also, the apparent strength of some
materials with stress concentrators such as holes and notches is higher for
smaller grain size; for a given volume fraction of dispersed hard particles,
the strengthening of metals is greater for smaller particles; the bending and
torsional strengths are higher for very thin beams and wires.

The theories of dipolar bodies are quit sufficient for a large number of
solid mechanics applications. Because the system of governing equations and
conditions for the thermoelasticity of dipolar bodies is more complicated, it is
neccesary a new approach for the boundary value problem in this context.

In specific literature, there are many studies for describing the heat con-
duction which are also called theories of second sound, where the flow of heat
is modelled with finite propagation speed, in contrast to the classical model
based on the Fourier’s law leading to infinite propagation speed of heat signals.
Several articles of this kind are analyzed in the paper [1] by Chandrasekhara-
iah.

It is believed that Green and Naghdi 7] have obtained the first results
in the thermoelastic theory without energy dissipation, where they introduce
the so-called thermal displacement related to the common temperature and
uses a general entropy balance as postulated in Green and Naghdi [8]. By the
procedure of Green and Naghdi, the reduced energy equation is regarded as
an identity for all thermodynamical processes and places some restrictions on
the functional forms of the dependent constitutive variables. The theory is
illustrated in detail in the context of flow of heat in a rigid solid, with partic-
ular reference to the propagation of s thermal waves at finite speed. Nappa
[18] used the theory of thermoelasticity without energy dissipation to obtain
spatial energy bounds and decay estimates for the transient solutions in con-
nection with the problem in which a thermoelastic body is deformed subject
to boundary and initial data and body supplies having a compact support,
provided positive definiteness assumptions are supposed upon the constitu-
tive coefficients. Chandrasekharaiah [2] proves the uniqueness of solutions in
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the linear theory of thermoelasticity without energy dissipation, Iesan [11]
establishes continuous dependence results, while Quintanilla [19] studies the
question of existence. Some considerations on the propagation of plane waves
in a microstretch thermoelastic diffusion solid of infinite extent can be find in
the paper [12]. The Newton interpolating series proposed in [9] can be used
successfully to approximate the solution of boundary value problems. The im-
pact of initial mechanical deformation on the propagation of plane waves in a
linear elastic isotropic solid crystals, is shwon in [10], while the algorithm pro-
posed in [5] may be useful in addressing the solutions of mixed initial boundary
value problem in the context of microstretch bodies. Other results regarding
thermoelasticity of dipolar bodies and of microstretch bodies are presented in
the papers [13]-[16].

We must emphasize that the spatial behavior of the harmonic in time vi-
brations has been studied by Chirita [3] in the classical linear thermoelasticity,
by using a technique developed by Flavin and Knops [6] in the low frequency
range. The author establishes some exponential estimates for spatial evolu-
tion of the amplitude of vibration, provided the positive definiteness of the
constitutive coefficients is assumed.

The theory without energy dissipation proposed in Ciarletta [4] allows
propagation of thermal waves at a finite speed.

In first part of our study we write down the mixed initial boundary value
problem within context of dipolar bodies in thermoelasticity without energy
dissipation. Second, we obtain some differential relations for certain cross-
sectional integrals. In main part we use previous relations to obtain some
estimates describing how the amplitude evolves with respect to the distance
to the excited base, provided the frequency of vibrations be greater than a
certain critical value.

2 Basic equations

Let us consider that the reference configuration of a homogeneous thermoe-
lastic dipolar body occupies a domain B of three-dimensional Euclidean space
and assume that B is a regular and finite region with boundary 0B. We de-
note the closure of B by B. We use a fixed system of rectangular Cartesian
axes and adopt Cartesian tensor notation. We denote by x; the points of the
domain B and by t€[0,c0) the temporal variable. Also, the spatial argument
and the time argument of a function will be omitted when there is no likeli-
hood of confusion. A superposed dot denotes the differentiation with respect
to time ¢, and a subscript preceded by a comma denotes the diferentiation
with respect to the corresponding spatial variable.

The basic system of equations of theory of anisotropic and homogeneous
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dipolar bodies in thermoelasticity without energy dissipation, consist of (see,
for instance, [4])
- the equations of motion

(Tij + 0ij), j + oF; = iy,

Mijk, i + 0k + 0G ik = Tkr@jr; (1)
- the equation of energy
. 0
=T —qi; 2
01 = T = i, (2)

- the constitutive equations
Tij = AijmnEmn + GijmnYmn + FmnrijXmnr — Dij0,
035 = Gijmngmn + Bz]mn’Ymn + DijmnTanr - Eijev
Hijk = Fijkmngmn + Dmnijk’ymn + Cijkmn'r‘anr - Fijk?97 (3)
c
on = ?‘9 + Dijeij + Eijvij + FijkXijks
0
1
qi = —fUKijﬁj
- the geometric equations:
2ei; = w5, i + Ui 55 Vij = Uj, 0 — Pijs Xijk = Pij, k- (4)
To complete the basic equations system, we need to add the law of heat flow
Bi=0,, (5)

We must mention that all functions occurring in the above equations, depend
on the variables ¢ and z. Also, all the above equations are defined for (z,t) €
B x [0,00).

It is important to outline that the constitutive equations (3) are derived under
the additional assumption that the reference solid has a center of symmetry
at each point, but is otherwise non-isotropic. In this situation, the free energy
U has the following expression

1
Q\II = iAijmngijEmn + Gijmngij’)/mn + anrijginmnr +
1 1
+§B1]mn71j7mn + Dijmnr’Yinmnr + icijkmaniijmnr - (6)
C
270

Notations used in the above relationships have the following meanings:
o-the constant reference density, u;-the components of displacement, ¢;i-the

Kigm,at, j

)

c
—Djeij0 — Eijvij0 — Fijxijut — 507 +
2Th
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components of dipolar displacement, 7;;, 05, (s j5-the components of stress ten-
SOrs, €5, 7ij» Xijk-the components of strain tensors, g;-the components of the
heat conduction vector, n-the specific entropy, Tp-the constant reference tem-
perature, f-the temperature variation measured from the reference tempera-
ture Tp, Fi-the components of body force per unit mass, Gj;-the components
of dipolar body force per unit mass, r-the heat supply per unit mass and unit
time, I;;-the components of inertia.

The coefficients A;jmn, Bijmn, -, ¢ are the characteristic constants of the ma-
terial and they are subject to the symmetry conditions

Aijmn = Amnij = Aijnma Bijmn = anijv Gijmn = Gjimna
Fijkmn = Fijknm, Cijkmnr = Cmnrijh, Eij = By, kij = kj;. (7)

Also, in (6) we denoted by 7 the thermal displacement related to the temper-
ature variation, depending on which it has the following expression

F=0 (8)

If we take into consideration the constitutive equations (3) and the geo-
metric equations (4), from the equations of motion (1) and equation of energy
(2) we obtain a system of equations in terms of displacements wu;, dipolar
displacements ¢;; and thermal variation 7, for any (z,t) € B x (0,00), as

0ii; = [(Aijmn + Gijmn)un, m + (Gmnij + Bijmn)(Un, m — @mn) +
+(Frnrij + Dijmne)nrom — (Eij + Diz)0], j + oF3,
I @jr= [Fijkmnun, m"‘Dmnijk(un, m_@mn)'i‘cijkmnr@nr, m_Fijk(g], it (9)
4G jkmntm,n+ Bjkmn (Un, m —@mn) + Djkmnr@nr, m —Djr0+0G j,
et = =To [Dijvj, i + Eij(vj, s — ¥ij) + Figebje, o) + (K450, 5), 0 + or,

3 Preliminary results

We consider that the dipolar thermoelastic body occupies a prismatic cylinder
and denote by D a cross-section in this cylinder. Also, the body is assumed be
homogeneous and anisotropic. Suppose that the boundary of this section is a
piecewise continuously differentiable curve, denoted by dD. Then the lateral
boundary of the cylinder is § = 9D x [0, L], where L is the length of the
cylinder. The system of Cartesian rectangular axis has its origin in the center
of the cylinder base and the positive x3—axis is directed along the cylinder.
Assume that over the base of cylinder are given the displacements, dipolar
displacements and thermal displacement, all of which are assumed harmonic
in time. Also, the cylinder is assumed be free of load on the lateral boundary
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surface, that is zero body force, dipolar body force and heat supply and zero
displacement, dipolar displacements and thermal displacements.

We complete the boundary value problem for the cylinder considering the
following lateral boundary conditions

ui(z,t) =0, @i(x,t) =0, 7(z,t) =0, (z,t) € 8 x (0,00) (10)
On the base of cylinder following boundary conditions are assumed
wi(z1,12,0,t) = (21, 22)e"™", @ij(x1,22,0,t) = i (x1, 2)e™",
(21, 22,0,1) = 7(x1,22)e", (21,22) € D(0), t >0 (11)

The functions @;(x1, x2), @i;j(x1,x2) and 7(z1, z2) are given and smooth func-
tions, w is a given positive constant and ¢ is the complex unit.

We consider that the vibrations harmonic in time induced by loads defined
in (11) inside the cylinder, have the form

ui (21, 22, 73, ) = U (21, 22, 23)e"", 04 (21, 22, 23, t) = Dyj(21, 22, 73)"",

(21, T2, 73,t) = T(21, 22, 23)e"", (21,22,73,t) € B x (0,00). (12)
If we substitute (u;, ¢;;, ) from (12) in the system (9), we get that the ampli-

tude (U;, @;5,T) of the vibrations satisfies the following system of differential
equations

0w Ui + [(Aijmn + Gijmn) Un, m + (Gnij + Bijmn) (Un, m — Poun) +

+ (anrij + Dijmn’r‘) Dprm — tw (Dij + Eij) (‘T}, i 0

Ly ® 4 [FijtmnUn, m~+Domnigi (Un, m = Prnn) +Cigrmnr P, m—wFijiT] -+
+GikmnUn, m + Bjkmn Un, m — @mn) + Djkmnr Prr. m — wFjT =0 (13)
T£0w27+ <T10Kij‘.l j) T [DijUj, i + Eij (Uj, i — ®ij) + Fije®jn, o) = 0

)

With the help of (12) and (10), the lateral boundary conditions become:
Ui(z) =0, ®;5(x) =0, T(z) =0, 2 €8 (14)

and the base boundary conditions receive the form

Ui(x1,72,0) = Ui(21,22), ®ij(21,22,0) = &4(21, 22),

T(l‘hl‘g,O) = 7(1‘171‘2), (Il,fﬂg) € D(O) (15)

If the considered cylinder has a finite length L, then we are forced to
prescribe a boundary condition on the superior base of the cylinder, that we
denote by D(L).
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Chirita in [3] and Ciarletta in [4] studied the spatial behavior of the ampli-
tude for a forced oscillation, in the case of a rhombic thermoelastic materials,
provided the exciting frecquency is less than a certain critical frequency.

In the following we want to estimate the evolution the amplitude with re-
spect to the axial distance to the excited end. In this regard, we will prove first
some estimates on a solution of the system of equations (13), considering the
lateral boundary conditions (14) and taking into account the base boundary
conditons (15).

The following theorem provides four identities, like auxiliary results on
which will be based the main result.

Theorem 1. Let (U;,®;;,7T) be a solution of the boundary value problem
consisting of Eqs. (13)-(15). Then the following equalities are satisfied
2 ( {)Aijanj, [ 7n, m + Gijmn [Uj, 7 (ﬁn, m ci)nm) + Uj, [ (Un, m (I)nm)} +
D xrs3
+Bijmn (Uj, i (I)'Lj) (Un, m (i)nm) + Fijmm“ (Uj, i‘i)m", m+Uj, i(bm“, m) -
+Dijmnr [(Uj, i ‘i)z]) ¢nr, m T+ (i)nr, m (UJ, i élj)] + Cijkmn'r@jk, i(i)nr, m
—,QLUQUiU'i—IkTWQ(I)jTi)jk + %wDij (Kj‘Uj’ i—TUvj’ i) +
L

3

WEy [T (Uy,s = ©i3) =T (Ui = ®i)] + 5w (T0p0 1= T, o) dA=
d

N T% D(z3)
+ (G3jmn + Bsjmn) [(Un, m — ®rm) Uj + (Un, m — Pnm) U] +

+ (Fsjmnr + Dajmnr) (Prr, mUj + Pur, mU;) + wEs; (TU; — TU;) +

+F3jkmn (PrnUj, & + PmnUj, k) + Csjkmnr (PikPrr, m + ©ikPrr, m) +

D3 jkmn [(Urj—®j1) @rn+ (Urj — Pji) ®pun] +1wFajn (TOj—T ;1) } dA(16)

{(Ag,jmn + G3jmn) (Un) mUj + Un’ mUj) + Lngj (ﬁUj — ‘IUj) +

/D( : {LwDij (rj‘Uj7 i+rIUj7 i)+LWEij [‘jﬂ (Ujﬂ‘ — q)ij)—f—‘I (Uj7 i — ‘i)ij)] +
z3

+wwFyji (‘j’@jk, i+ T‘i’jk’ 1)} dA =

= dixg Do) {(ASjmn + G3jmn) (Un) mUj — Un7 mUj) + LwD3j (ﬁUj + ‘IU]‘) +
+ (G?»jmn + B3jmn) [([7”) m (i)nm) Uj - (Un, m (I)nm) UJ] +

=+ (FBjmnr + D3jmnr) (énr, mUj . (I)m«’ mUj) + LwEgj (‘jin + {IUJ) +

+F3jk7rm ((i)mn(]j7 k — (I)anj, k) + C3jkmnr ((i)jkq)nr, m ‘I)jk(i)nr, m) +
+D3jkmn [(de‘—i’jk) (I)mn_(Uk,j —(I)jk) Ci)mn] +LwF3jk (‘jTI)Jk —‘F{Ii)]k)} dA(l?)
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/ |:2 (Kij‘I, irj',j — CLUZ‘I‘j') + LWDij (Uj, l‘j’ — Uj7 z(-T) dA +

+/ Lw {Eij [(Uj’i—q)ij) T— (Uj,i_ci)ij) ‘T} +Fijlc (‘ij,i‘j'—(i)jkﬂ‘g‘) } dA =
D(z3)

d 1 - _
— — K33 (‘J’T, 3+ J7, 3) dA (18)

- d$3 D(zs) 90

/ 209 {DZJ (Uj, 1§'+ Uj, 17) + Ez‘j [(Uj,i_q)ij) (j'-f— (Uj’i—(iij) T] } dA +
D(z3)
_ d 1 _ _
+/ LLUF’/L'jk (@jk,iT+(I)jk,i7) dAZT/ ?ng (T‘I’j—j’g’ j) dA (19)
D(x3) L3 JD(x3)00

Here we denoted with Z the complex conjugate of the complexr number z.

Proof. Using equations (13); and (13)s is easy to deduce the following equal-
ity
{ow’U; + [(Aijmn + Gijmn) Un, m + (Gmnij + Bijmn) Un, m — Pma) +
+ (Fmnrij + Dijmnr) @arn — w (Dij + Eij) T], j} Ui +
+{0w’Ti + [(Aijmn + Gijmn) Un, m + (Gmnij + Bijmn) (Un, m — ®mn) +
+ (Panrij + Dijmnr) ®rr.m + w (Dij + Bij) T]. j} Ui + (20)
+{Ikrw2<1>jr+[Fijkann,erDmmjk (Un,m—@mn)+cijkmm<1>m,m—LwFijm,i}éjk
+{GikmnUn, m + Bjkmn (Un, m — ®mn) + Dikmnr Prr, m — wFpT} @5 +
+{Ik:rw2§)jr+ [FijkmnUn.m~+Dmnijk Un,m—Pmn) +Cijkmnr Prr,m+ 1w FijiT] ﬂ-}cbjk
+{GikmnUn, m + Bjkmn (Un, m — ®mn) + DjkmnrPnr, m + wFT} i = 0.
This equality, after some obvious calculations, receives the form
2{AijmnUj, iUn, m + Gijmn [Uj, i (Un, m — Pum) + Uj, i (Un, m — Prm)| +
+Bijmn (Uj, i = ®ij) (Un, m = Pum) + Fijmnr (Uj, i®ur, m+Uj, i®ar, m) =
+Dijmnr [(Uj, i = ®iz) P, m + P, m (U, i — ij)] + Cijhmnr Pk, iPrr, m +
fgw2UiUi—Ikrw2<I>jr<I)jk} + wDy; (‘j’Uj, i—TU;, l) +
+wEi [T(U), s — ®45) = T(Uj, 5 — ®45)] +ewFiji (T®ji, i— T, i) =  (21)
[(Aimn + Gijmn) (Un, mUj + Un, mUj) + wDy; (TU; = TU;) } ; +
+ {(Gijmn + Bijmn) [(Un m (I)nM) Uj + (Unv m i)nm) UJ’] }z +
+ {(FijmnT + Dijmnr) ((I)m", mUj + (i)m“, mUj) + wki; (‘j‘Uj - TUJ) },i +
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+ {FZkan ((pmn[j], Kkt (i)anj, k) + Cijkmnr ((I)jk(i)nr, m i)jkq)nr, m) },i +
+ {Dsjkmn [(Ukj —Pjk) Prmn+ (U = Pjk) Ponn| +wFyjie (TOj—T D)

K

Now it is easy to obtain equality (16) by integrating equality (21) over D(z3),
then applying the divergence theorem by taking into account the lateral con-
ditions (14).
The following equality is also obtained with the help of equations (13); and
(13)2

{QWQUZ + [(A'L]mn + Gzymn) Un, m + (Gmnij + Bijmn) (Un, m ¢mn) +

+ (anr” + D'L]mnr) (bn'r,m —ww (Dlj + Ezg) ‘J‘]’ ]} Uz +

— (Pnrig + Digmnr) ®arom + 10 (Dij + Eig) 7]} Ui+
+{1r? @+ [FismnUnom + Dannis (Unom = ®n) + Cigtmnr ®rrom —100F5T] . (22)
+{GjkmnUn, m + Bjkmn (Un, m = ®mn) + Djkmnr ®rr, m — wFT} & +
_{zmw2<i>jr+ [FsstmnUn,m + Do O = ®onn) + Cliommr ®rarm 100 Fy 7] ﬂ_}cpjk
—{GjkmnUn, m + Bjkmn (Un, m — Pmn) + Dikmnr®Prr, m + wFjpT} 5, = 0.
After some simple calculations, we can rewrite equality (22) in the form
wDij (TU;, i+TUj i) +wBij [T (U, i — i) +T (Uy, 0 — @45)] +
+wFije (T®jn, i + TRk, ;) =
= [(Asjmn + Gijmn) (Un, mUj = Un, mUj) + wDi; (TU; +TU;)] |, +
+{(Gijmn + Bijmn) [(Un, m = ®rm) Uj = Un,m — Pum) Us] } ,+  (23)
+ [(Fijmnr + Dijmnr) (Par, mUs = Pur, mU;) + wBi; (TU; +TU;)] |, +
+ [Fijkmn (PrnUj, &k — Pmnlj, k) + Cijrmnr (®ikPrr, m — i Por, m)] ;T
+ Dijrmn [(Un = ®ji) Povn— (U, = Pjk) Prnn | + 1w Fiji (TR +TPs) ]
If we integrate equality (23) over D(x3), then apply the divergence theorem

and take into account the lateral conditions (14) we get the equality (17).
Now we use the equation (13)s, in order to deduce the equality

_ 1
T { Tf W*T + (*T KT, j) —w [DiUj, i + Eij (U, i — ®i5) + Fije P, i]} +
0 0 i

_ 1 _ _ _ _
+T {jf()u)27+ (?()Kij-Ty j> — W [DijUj’ i+ Eij (Uj, P — q)ij) + Fz’jk@jk, Z} } (24)

, T



EVOLUTION OF SOLUTIONS FOR DIPOLAR BODIES 66

It is easy to see that equality (24) can be written in the form

Tz (Kij‘J“, i“i i cw2‘.T‘j’) =+ LCUDij (Uj7 1‘j‘ — Uj7 17) =+
+Hw {E” [ 4, (I)”) (j‘— (Uj,i—(iij) {I] +F7;jk (ij,i‘f—éjk}ﬁ)} = (25)
1 _ _
=% (K (T, +T7,5)]

If we integrate equality (25) over D(z3), then apply the divergence theorem
and take into account the lateral conditions (14) we get the equality (18).
*#* Finally, we use again equation (13)3 based on which we deduce equality

e
T (aKijT, j) — wD;;Uj, s — wEij (Ui — ©ij) — wFije®jp,i + ;wgff] -
0 i 0

1 _ _ _ _ _ _
—T|\<00KZ]T’J> 4+LwDijUj’7;+LOJEij (Uj,i—(I)Z-j)+LwFijk<I>jk7¢—900(.‘;23:| :0(26)

Of course, this equality can be rewritten as follows

LwDij (Uj’ ii-ﬁ- Uvj} iT) + LwEij [(Uvj,i - i)zg) T+ (Uj’ i — q’,‘j) 7] +
- _ 1 _ _
+L(JJFijk ((I)jk,i7+ (I)jkyiji) = %Kl] (‘I‘I i ‘I‘I J):| , (27)
4
Integrate equality (27) over D(z3), apply the divergence theorem and if we
use the lateral conditions (14) we get the equality (19) the proof of Theorem
1 is completed. [
Now we demonstrate two other identities that are useful to prove the main
result of our study.

Theorem 2. If (U;, ®;;,7) is a solution of the boundary value problem con-
sisting of Eqgs. (13)-(15), then take place these identities

/ (=) {Aijanj, [ 7n, m + Gijmn [Uj, 7 (Un, m q)nm) + U (Un, m (I)nmﬂ +
T3

+Bij'ffm (UJ, ) (U - (I’nm) + FL]WWLT (U (i’m, m+Uj, iq)m", m) -
+Dijmnr [(U i) ) nr, m + (I)n'r m (Uj i g ] + Cijk:mnrq)jk;’ iénr, m +
—3w? (QUU +11r @ @ ) wDy; (‘J'UJ i— )
7LwEij [‘T (U q) ) ( Ji @Z])] 7LwFijk (‘T(I)jk’, i ‘Téjk, 1)} dA*

i (

=T pUj, )+ 2pFijn (T p @ik, i— T, p @i, i) +

—Lw/ {x,D
D(z3)

+2pBij [T,p (Uj i = i) = T p (Uj, i — Biy) | } dA =
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d

dx3 D(x
- [ABjann,m +G3jmn (Un,m *(I)nm) +F3jmnr(i)nr,m+LWD3j§] :Cpijp}dA

i[Agjann7m+G3jmn(Un,m *(I)nm> +F3jmnr(1)nr,m 7LWD3j'T] I;DUL:D
3
(28)

d _
g {[GSjann,m +B3jmn (Un,m*(I)nm)+D3jm,nr(1)nr,m*LWE3j‘T] l'pUj,p
da?g D(zs3)
- [GSjann,m+B3jmn (Un,m*i)nm) +D3jmnr(i)nr,m+LWE3j‘j‘] ‘TPUjvp}dA

d _
G {[F3jk,ann,m+D3jkmn(Un,m*(I)nm)+03jkmnr(bnr,m *LWFZ%jk‘T]Ipq)jk,p
da?g D(z3)
- [F3jkmn0n,m+D3jkmn (Un,m,*(i)nm) +C3jkmnri)nr,m+LWF3jk§] xp(pjk,p}dA
d _ _ _ _
T/ €3 {Aijanj,iUn,nz+Gijmn [Uj,i (Un,mf(bnm) +Uj,i (Un,qu)nm)}
L3 JD(xs)
+B7jmn (Uj, T (1)7]) (Un m i)nm) + Fijmnr (Uj, i) T, m+Uj, i(I)nr7 m) -

+Dijmnr [(U], i (i)zj) (bnr, m + (I)nr, m (Uj, i ¢1j>} + Cijk:mnrq)jk:, i‘inn m}dA +

d x3 [w2 (QUiﬁi‘i‘Iqu)jr(i)jk) + LwDij (j‘Uj, Z'—(.T[jj} Z)] dA —
23 J D(as)

—wo | g { By [T (U= i) =T (Ui = i) [+ Fojr (Trs =Ty )} dA
L3 JD(zs)

+/ TpTp
8D($3)

/ |:Ti (Kijg” i‘j: i~ 30&127‘}) + LwDijxp (Uj7 i‘:r, p — Uj, i‘j” p):| dA
D(z3) L+0

—|—/D( )LwEijl‘p { [(Ujﬂi—(i)ij) T,p—(Uj,i—(I’ij) j"p] —‘,—Dij (ijij"p—iji‘j"p) } dA
3

- - 1 aT a7
Fiig (Pig.iT p—Pix:T ) dA — Kaognang— —d
JF/D(ZS)LW‘TP Jk< jk,iv,p ik, ,p) Jr/ T IpNpLapNanlg on on S

oU; 0U,, OU; O, 0P;j 0P,
Aiam Ficx m ijakm J o4 d
( P on on ok P on on Cijakms on 0On >n neas

29
9D (x3)*0 29

d 1 - - _ _
=7 — |2a K35 (TaT s+T o7 o K33 (T3T o+T3T )| dA
dzs /D(z3)TO [x 30 ( et ’/3)+£L' 33 ( 3ot 5], )]

d T3 = = 2ma
- — (K337 373 — KogJ o7 TT) dA
dﬂc3/D(:c3)To( 337,373 #7.aT. 5+ e TT)

Proof. Multiplying equation (13); with z,U; , and equation (13); with
TpPjrp, then we add the resulting relations. We then made a similar com-
bination regarding to the conjugates of equations (13); and (13)2. So, we
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obtain
{l(Aijmn + Gijmn) Un, m + (Gmnij + Bijmn) (Un, m — ®mn) +
+ (Fuunris + Digmnr) @ — 16 (Dig + Eig) 7] ; + 0?Us } a2, Us,  +
+ {[Fijkann, w4 Dunige (Un, e — Prnn)+ Cighomne @, m—wFig 7]+
4G jtmnUn.m+ Bikmn (Un,m—@rmn) +Djkmnr ®rrm — twFj T+ I w? @50} 2, @5
+{[(Aijmn + Gijmn) Un, m + (Gmnij + Bijmn) (Un, m — ®mn) + (30)
+ (Fmnrij + Dijmnr) @arm +w (Dij + Eij) T] .+ ngUi} xpUs, p +
+ { [FijtmnUn, m+ Dannijte (U, m — in) + Cojhmnr S, m+160FipT] o+
4G tmnUn,m + Bikmn (Un,m — o ) 4D jkmnr R + 1w Fjp T+l w? @, b2, @ gy = 0
Using simple rule of derivation of the product, we can rewrite the last equality
in the following form
{[(Aijmn + Gijmn) Un, m + (Gmnij + Bijmn) (Un, m — Pmn) +
+ (Fonrij + Dijmnr) @nrm — wo (Dij + Eij) TapUsp} -+ ow?z, Uil —
— [(Aijmn + Gijmn) Un, m + (Gmnij + Bijmn) (Un, m — @mn) +
+ (Fnnrij + Dijmnr) ®nrm — w (Dij + Eij) T 2p,Us ;5 +
+{[FijkmnUn, m+Dumnise Un, m = Pmn) +Cijkmnr rr, m—wFijuT] 2p @i} ;+
+[GkmnUn.m~+Bjkmn Un.m—Pmn) +Dikmnr Prrm — w Fijp T 2y ® 1+
+I,w? 2p®; QDJ;”, + I w? 33,,<I> 7 Pirp —
— [FijkmnUn, m+Dmnijk (Un, m — Prmn) +Cijkmnr ®nr, m — wF;jk T 2@k pi + (31)
+{[(Aijmn + Gijmn) Un, m + (Gmnij + Bijmn) (Un, m — ®mn) +
+ (Fonrij + Dijmnr) i)m«?m —w (Dyj + Eij) ‘j“] IPU@P},]‘ + ngxpﬁiUim —
— [(Aijmn + Gijmn) Un, m + (Gmnij + Bijmn) (Un, m — ®mn) +
+ (Fnrij + Dijmnr) Dppm — w (D + Eij) T| 2,Us pj +
+ {[FijkmnUn, m+Dmniji (Un, m — ®mn) +Cijkmnr Prr, m — wF 7] xp<I>jk,p}7 T
+[GjkmnUn,m+Biemn (Unm —Pmn) +Djkmnr Prrm — 1w FjT | 2,® 555+
— [FijemnUn, m+Dimnije (Un, m — Pman) + Cijemnr Prr, m —wFijnT | 2@k pi
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An equivalent form to (32), easily to obtain, is the following
AijmnU;j, iUn, m + Gijmn [Uj, i (Un, m — @am) +Uj, i (Un, m — @) | +
+Bijmn (U, i — ®ij) (Un, m — ®rm) + Fijmnr (Uj, i®nr, m+Uj, i®nr, m) —
+Dijmnr [(Uj, i = Pij) Par, m + P, m (Uj, i — Pij)] + Cijrmnr Pk, i®Prr, m +
—3w® (oU; Ui+ 1y @, ® 1) — wDy; (TU;, ;—TU;, ;) —
~wBij [T (U, s — ®ij) = T (Ui — ®ij) | —wFijn (T, s— T, i) —
—Lw {xpDij (‘jj pUj i =7, pUj i)—I— TpFijk (‘j' pPik, i— T péjk;, 1) +
+ @B [T, (Us, 0 = @ij) = T, (U, — ij)] } =
= —{[Aijann7m+Gijmn(Un7m D@pn) + Fijmnr Porm — tw DT pri,p},j
— {[Aijann,m‘f'Gijmn (Umm—(fnm) —I—FijmnT(fnr,m—l—LwDijﬂ a:pUi,p}’j
—{[Gijann m+ Bijmn (Un.m = @)+ Dijomne @rm —1wEi;T) 2,0}
—{[GijmnUn.m+Bijmn (Un.m—Pnm) +Dijmnr Prrm+ 1w E;;T] pri’p})j
_{[Fijkann m—l—DZ—jkmn(Un,m—<I>nm)+CijkmnrtI>m’m—Lngjk‘.T]xpi)ik’p},j
—{[FijemnUn,m~+Dijtmn (Unm—Pnm) + Cijrmne Prrm +1wFnT]| qu)ik,p}J
H2pAijmnUj,iUnm+2pGijmn [Uji (Unm—Prm) +Uji (Unm—Prm)]
+2p Bijmn (Uj, s = i) (Un, m = ®am) + @pFijmnr (Uj, i®nr, m+Uj, i®nr, m) —
+2p Dijmanr [(Uji—®ij) Pur.m+Pur.m (Uji = ®ij)] +2pCljkmnr ik i®rrm | ,
—{a [ (UiU;+Iir @+ i) + wDij (TU;, i —TUj, )] },p -
—ww {2y By [T(Uj,z’—q’ij)—‘f(Uj,i—q%‘j)]+9Usz'jk (TP, =T ®jni)}

(33)

Equality (32) can be integrated on D(z3) and if we take into account the
lateral boundary condition (14) we will be lead to the equality

/ {"41']'777,710}7 A 7n, m + Gijmn [Uj, 7 (Un, m (i)nm) + Uj, [ (Uvn7 m (I)nm)} +
D(a:g)

+Bijmn (Uj [ (I)ZJ) (U - (i)nm) + Fijmnr (Uvj7 i(i)n'r, m'i_Uvj7 iq)nr, m) -
+Dijm'm“ [(U] i (i) ) nr, m + (I)m" m (Uj, i (I)ij)] + Cijkmm"q)jk, i‘i)m: m +
(34)
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—30.)2 (QUiUi—‘v-Ikr(I)jr(ijk) — LwDij (Ij‘Uj’ i—‘IUj’ z) —
7L(-L)Elij [i (Uvj7 i (I)l]) - ‘T (Uj7 i i)”)] 7LwFijk (i‘(bjk, i ‘T(i)jk7 1)} dA*

—LOJ/ (23) {xlej ((ji pl-]j7 i_(.T’ pUj, 2) + l'pF”k ((j" pq)jk, i — (I’ pi)jk, 7l) +
D(xz3

+ :EpEij [{jﬂ’ p (Uj, P (I)ZJ) - (‘T, p (UL [ (i)lﬂ)] } dA =
d _
=TI {[ASjmn Un’m‘f'GSjmn(Un,m _(I)nm) +F3jmn”‘q)n7"am _LwDSJT] xPUj’p
d'r?) D(xg)
- [A3jann7m+G3jmn (Un,m _(i)nm) +F3jmnr(i)nr,m+LwD3j§] prj’p}dA (35)
_ 4
dl‘g
- [GSjann,m+B3jmn (Un,m_i)nm) +D3jmnrci)nr,m+wa3j§] prj’p}dA
d _
- {[FBjkann,m+D3jkmn(Un,m_(I)nm)+03jkmnrq)nr,m _LWF3jkT]xp(I)jk,p
dl‘s D(w3)
- [FSjkann,m+D3jkmn (ﬁn,m _(i)nm) +03jkmnr(i)nr,m+LWF3jkrj‘] xpcbjk*p}dA

"Qi/ €3 {Aijanj,iUn,m"_Gijmn [Uj,i (Un,m_énm) +Uj,i (Un,m_q)nm)}
das D(x3)

/ {[GSjann,m‘i‘BSjmn (Un,m_(I)nm)+D3jmnrq)nr,m_LWE3j{I] xPUj,P
D(z3)

+Bijmn (Uj, i q)ij) (Un, m (i)nm) + Fijmm‘ (Uj, i(I)n'r, m+Uj, i(I)nr, m) -
+Dijmnr [(0] i (i)zj) (I)m", m + (i)m”, m (Uj, i (I)ij)} + Oijkmnr(pjk, i‘i)m", m}dA +
d

vy ey

d _ _ _ _ _
_“‘QT/ 23 {Eij [T(U;ji—Pi;)—T (Ui —Pij) |+ Fijr (T®jri—T i)} dA+
L3 .JD(x3)

+/ TpTyp { A’élijmnljj7 iUn7 m+ Oijkmnrq)jk, i(i)nr, m¥t
8D(I3)

T3 [w2 (QUiU¢+Ikr‘I)jT(i)jk) + LwDij (‘j'Uj, Z‘—‘.T(jj, 1)] dA —

+Fijmnr (Uj, i(i)nr7 m+[7j, i(I)nr, m) } ds

Let us denote, as usual, with 7, are components of the unit vector tangent
to dD, with n, are components of the unit vector normal to 9D, with 9/07
the derivative in the direction of tangent and with 9/0a the derivative in the
direction of normal. Then, on the curve 9D we have

oU; oU;

an T or

Ui,a = Ngq

Taking into account the lateral boundary condition (14) we deduce U; /01 = 0
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on the curve 9D and hence we obtain

Ui, 3=0 on 0D(x3).

Ui, o = %Zi on 9D(zs3) (36)
The last integral in (33), with the help of relations (34), will receive the form

/ (z3) TpNp (Aijanj,iUn,m + Fijmanj,ién'r,m + Cijkmnrq)jk,i(fnr,m) ds = (37)
OD(z3

_ - 0U; 90Uy, : OU; 0Pxm | - 0%1; OB
_/0D(w3)mpnp (AmmB n on ek g T Cuekns 5" 5, >nan@ds

If we substitute (35) in (33), we obtain relation (28).
We intend now to prove the relation (29). For this, we start from equation
(13)3 from where we deduce

2pTp +

iKijT’j *LwDijiji 7LwEij (U]',i *q)ij) 71/0.)Fi]'k‘¢jk‘,i+ £w2‘3‘
To ) To

5

1 _ _ _ _ _ _
-HIJP‘IP (?oKijT’j) .—Ltz‘jUj,i—LwEi]‘ (Uj,i—@ij)—LwFijk@jk,i+£w2T:| =0 (38)

X

It’s easy to rewrite equation (36) in the form
wDijzy (U547, p = Uy, o7, p) + wBijay [(Uj i = $i3) T, p = (U = ©35) T ] +

_ _ _ 2
HuwFijeap (Pjk, iT,p = Pjr, 1T, p) = —2p (WQ‘T‘T) + g KT T = (39)
s D

1 _ _ 1 _
— K (T pT, 5+ T75) | +ap | KT 4T, 5
To ( Ty D

)

To facilitate the proof of relation (29), it is useful to write the equality (37)
as follows
1
o
+LwEij1‘p [(ij P — (i’”) 7, p — (Uj, i — CI)ij) {j: p] + LwFijk (‘i)j)“ iT, p— CI)jk’ i‘j: p) :(40)

S (£w27§) e |:iZL‘pK¢j (‘i p‘T’ i+ {I p‘j’, ]):| + (ﬁKij{I i‘j', j)
To p To i To ., P

Kij(.T, i‘ji i z—jwzrfﬁ—k LwDijxp (Uj7 7;(.]’7 p — (]j7 i‘jﬂ, p) +

You just need to integrate equality (38) on D(x3) and keep in mind the lateral
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boundary condition (14). So, we obtain

/ i (Kij‘T, i‘j', j— 360,}23'?) dA + / LwDij:I:p (Uj7 i‘T, p— Uj, i‘j', p) dA +
D(x3) 10 D(x3)

—|—/;( )Lu} {Eijxp [(Uj,i_(i)ij) (‘T,p—(Uj,i—q)ij) {j-’pjl +ka (‘i’jk’ig"p—@jk’i{j:p)}dA:
z3

d 1 = = xr3 = xrs3 2 e
= —— —xp K3 (T, p7, 5+ 7,57, 5) — =Ki;T T ;+ —cwTT| dA+ (41
dzs Dea) |:T0$p 3j ( ,pY, , P ,J) T J J T ( )

1 _ _ _
+/ —_— [xpnpKij‘T, i‘J: i aipr]' (‘I p‘T’ i + 77 p‘I j) np} ds
oD(zg) 10

In equality (39) we will consider that on the curve 0D(z3), we have T 3 =0

and or
T,=nq—, a=12

on
These relations are obtained based on the lateral boundary condition (14) us-
ing a procedure analogous to that used in the proof of equality (28).
Now it is clear that the equality (39) implies the relation (29), which ends the
proof of Theorem 2. O
In the following theorem we will prove two conservation laws which will be
used to derive a priori estimates for a solution of our mixed problem.

Theorem 3. Let (U;,®;;,7T) be a solution of the boundary value problem

consisting of Egs. (13)-(15). Then, the following two conservation laws are

satisfied

a4

dxs D(z3)
4 <
43 Jp(ag) To

d

-IT/ {Ai3m3Uj,SUm,3+Gi3m3 [Ui,3 (Um,s—(i)ms) +Ui3 (Um,S_q)mZi)}"'
23 JD(x3)

w2 (QUjUj =+ Iqu)jrfi)jk + TLOT‘?) dA +

( K337, 37 3 — KagT, o7, ,3) dA +

+Bisms (Ui, 3 — ®i3) (Um, 3 — 'i)mii) + Fizmn3 (Ui, 3Pmn, 3+Ui, 3®mn, s) —
+D;i3mn3 [(Ui,s—i’w) ®n3+Prna (Ui,B_CI)iS)] +Ci3k7nn3¢ik,3§)mn,3} dA

d
3 Jp(as)
Biamp (Ui, o = Pia) (Um, g = Pmp) + Fiamnp (Ui, «Pmn, p+Ui, aPmn, 5) =
+Diamnp [(Uia—Pia) Prmn.s+Pmn.s (Uia —Pia) | +CiakmnsPik,a®mn,s } dA

d

dxs

{A'LamBU],aUm,ﬁ +G1amﬂ I:UZ,DC (Um,ﬁ_émﬁ)—’_ﬁl,a (Um,ﬁ_©m6):| (42)

/ {Lme (‘j'Ui, o—TU;, a) + wFija (§'¢ij, o—T®ij, a) +
D(z3)

+wFEiq [j’ (Uz, a — q)ia) -7 (Ula a Cf)ia):l } dA =0
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d

7/ {[A3jann,m+G3jmn(Un,mf(i)nm)+F3jmnrénr,m+LWD3jT] Uji
dx3 ) p(ay)

- [ABjann,'m +G3]mn (Un,m_(I)nm)'i_FBjmnr(pnr,m_LwDSjT] U]} dA
d _ _ _ _ _
_%/ [G3jann,m+B3jmn (Un,m_(Dnm)+D3jmnr¢nr,m+LwE3jT} Uj
dz3 J p(ag)

7[G3jann,m+B3]’mn (Un,qu)nm)+D3jmnr<I)nr,m7LWE3]'(‘T] U]dA (43)
d

+—— [FSjkann,m +D3jkmn (Un,mf(i)nm) +03jkmnr&>nr,m+LWF3jk‘j’:| éjk
3 p(zs)

_[FSjkann,m +D3jkmn(Un,m_énm)"_ciijkmnv‘(bnr,m_LWFBjk‘I](bjde =

d 1 _ _
= oy o [0 (5 =71 a2

Proof. Multiplying equation (13); with U; 3 and equation (13)2 with @y 3,
then we add the resulting relations. We then made a similar combination
regarding to the conjugates of equations (13); and (13)2. So, we obtain

{l(Asjmn + Gigmn) Un, m + (Grmnij + Bijmn) (Un, m — ®mn) +
+ (Frmnrij + Dijmnr) ®rrm — w (Dsj + Eij) 7]7 ;T Qw2Ui} Uj s+
+ {[Fijkann, m+Dmnijk (Un, m — @mn) +Cijemnr Prr, m —twF,T] +
4G kmnUn,m+Bjkmn (Un.m —Prn) +Djkmns Pririm — wFje T+ Terw? @5 } @3
+ {[(Aijmn + Gijmn) Un, m + (Gmnij + Bijmn) (Un, m — Pmn) + (44)
+ (Fonnrij + Dijmnr) ®nrm + w (Dij + Eij) 5']7 ;T QWQUz’} Uj, s +

+ { [FijkmnUn, m+ Dmnijk (Un, m — Pmn) +Cijkmnr Pur, m+LWFijk(ji]’ ;T

+GkmnUn.,m~+ Bjkmn (Un,m *ff’mn)JrDjkmnr‘i)m,m+Lijk'j'+[krw2<T>jr}‘I’jk,3 =0
By direct calculations on equality (42) we obtain

d
dxs
+Bisms (Ui, 3 — ®:3) (Um, 3 — Pm3) + Fismns (Ui, 3®mn, 31U, 3Pmn, 3) +
+Dismn3 [(Uiz—Pi3) Prmn,3+Pmn,s (Uiz—Pi3)] +Ciskmns Pin,3Prmn,s —
~AiamsU,aUn,s—Giams [Ui,a (Un,p—@mp) +Uia (Un,s—Pms)]
—Biams (Ui, o = ®ia) (U, 8 — ®ms) — Fiamns (Ui, a®mn, +Ui, a®Pmn, 5) —
~Diamng [(Uia—Pia) Prmn,g+Pmn,g (Usa—Pia)] = CiakmnsPik,a®mn,6 +
+wDio (TUi, 0 =TU;, o)+ wEija (TR, 0 — TPij, o) + (45)

{ Aism3U;3Um 3+ Gizms [Uis (Un,z—Pms) +Uis Upz—Pms) |+
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+LUJE1'Q [‘j,(le7 a — (I)ia) -7 (le7 a — (i)ioz)] + ‘(_)(JJQU]'U]' + Ikrwzéjr(i)jk } +
+ {AiamSUm,SUi,3+Giam3 (U3 (Uiz—Pi3) +Unm,z (Uis—®i3)] +
+Biams (Ui3 — ®:3) (Um.3 — Pms) + Fiamns (Ui3Pmn,3+ Ui 3Pmn.3) —
+Diamn3 [(Ui3—Pi3) Prmn,3+Pmn3 (Uiz—Pi3)] +CiakmnsPik,3Pmn,3 +
+LUJDZ‘Q (‘jiUi73 —‘IUL;}) + LwFZ'ja (‘ji(I)ijyg— ‘I(i)ing) +
+wEiq [T (Ui, 3 — ®i3) — T (Ui, 5 — Pis)] } +wDij (T, 3Ui j =T, 3Us ;) +
e
+LWE1']' [‘ji 3 (Ui,j — (I)”) — ‘T_’ 3 (UL j (i)”)] + LwFl'jk (‘j‘7 BCDij,k_ ‘I, 3&)1']'7]@) =0.

After an integration in equality (43) over D(z3) and using the lateral boundary
condition (14) we obtain

% {QW2UjUj +Ai3m3U;j,3Um,3+Gizms [Ui,:a (Um,3_§)m3)+Ui,3(Um,3_¢m3)}+
3JD(z3)

+Bisms (Ui, 3 — ®i3) (Um, 3 — Pm3) + Fismns (Ui, 3®mn, 3+ Ui, 3®mn, 3)+

+Digmns [(Uiz—Pis) Prmn,3+Pmn,s (Uis—Piz)] +CiskmnzPik,3Prmn,3 —
—AiamBijaUmyﬁ—Giamﬁ [Ui,a (Um,ﬁ—@mg)—kl_]i,a (Um,5—¢m5)]

—Biamp (Ui, o — Pia) (Um, 5 — Pmp) — Fiamns (Ui, a®mn, +Ui, aPrmn, g) —
—Diamng [(Us,a—Pia) Pmn,s+Pmn.s (Uia —Pia)] — CiakmnsPik,a Prmn,s + (46)
+wwDia (TUi, o —TUs, o)+ wFijo (TPij, o — TPij, o) +

+wEia [T (Ui, o — ®ia) = T (Ui, a — Pia)] + Lirw’ @0 P } dA +

+/ [wDij (T, 3Ui; =T, 3Ui ;) + wFije (T, 3®ije— T, 3Pij0)] dA+
D(z3)
+/ LwEij [‘jﬂ 3 (Ui,j — ‘I)ij) — Tv 3 ([jz7 j— i)lj)] dA =0

D(z3)

With the help of equation (13)3 we can write

1

‘j: 3 |:0 Kl'jg: ij — LwDijUi, ji— LwEij (Ul, i— (I)i’ ]') — LwFijk(I>jk, i+ Tiu)2T:| =+
0 0

L

0 Kij‘j" ij+LwDijUi, ]-er.)Eij (Uz, j*éi, j)‘FLL«)Fi]‘k‘i]‘k, 1+T£w2{ji| =0 (47)
0 0

+7.3 {
and this relation can be rewritten in the form

d C 2 e 1 - 1 — 2 _
— | =W TT+ —K33T 3T 3— —KopT oT — Ko3T 3T
dzs (Tow +To 33J,3J 3 T s8J, ,B>+ (To 3J.3 ,3> +
+LwDij ({.T, 3[77;, j— ‘j‘, 3Ui, j) + LwFijk (‘T7 3&)]']“ P — ‘j: 3‘I’jk’ 1) -+ (48)
+L(4.)E7;j [(‘T’ 3 (Uﬁ j CT)”) — ‘ji 3 (Uz, i q)”):l =0

oY
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Now we integrate (46) over D(z3) and use the lateral boundary condition
(14), and thus we get

d C o= 1 = 1 =
—_— —w TT + —K33T 3T 3 — —Kap7T, o7 dA
= /D(x3) (Tow +To 337,37, 3 = - KapT, ,6> +

+/ [LwDij (T, 3[77;, i ‘j-, 3Ui, j) + LWFijk ((-T, 3Ci)jk, i (‘T, 3(I’jk, z)] dA + (49)
D(x3)
+/ LwEij [T’ 3 (Uz’ j CT)Z]) — rj: 3 (Uz’ i q)”):l dA =0
D(x3)

Conservation Law (40) is obtained now by combining relations (44) and (47).
Finally, by combining the relations (17) and (19) we obtain the conservation
law (41) and this concludes the proof of Theorem 3. [J

In what follows we combine the relations (16) - (19) with relations (28) -
(29) and relation (40) - (41) in order to obtain certain measures associated
to solution (U;, ®;5,7T) of the problem (13)-(15). These measures are used to
obtain suitable estimates which describe the spatial evolution of the amplitude
(Uiy D, j ) T) .

The ﬁrjst of these estimates will be proved in the following theorem.

Theorem 4. Let (U;,®;,T) be a solution of the boundary value problem
consisting of Eqs. (13)-(15). Then the following equality holds

D(z3)

+B2jmn (U'L, Jj ©7,]) (Un, m émn) + Fijmnr (Uz, jémn, T+Ui, j<bmn, 3) -
+D7,jmn7‘ [(Uz,] 7&)1]) q)mn,r+§)mn,r (Ul,j 7<D2])} +Cz]kmnrq)]k,zi>nr,m} dA —

—/ w? QUZ‘UZ' + Iqu)jri)jk + ij‘j — iKijT, i‘j’, j dA +
D(x3) To Ty

-|-/ [LUJDZ‘J‘ (‘TU»LY j— ‘j'Uz‘, j) + wkFijk (T(i)jk’ P — ‘j’(I)jk, 1)] dA +
D(z3)

+/ wkE;; [‘J’ (Ui, i q)ij) - ‘T(Ui, i ‘I)ij)] dA =
D(z3)

d _
= 7 {[ASj’ann,nL +G3j7nn(Un,7n - (bnm) +F3j'mn7'®nr,m - LWDSj‘I] Uj,p"" (50)
423 /D (ay)
+ [ASjann,m +G3jmn (Un,m - (i)nm) +F3jmnrénr,m +LLUD3J'§-:| ijp}dA +
d

7/ {[G3]ann,m+B3]mn (Un,m7(I)nm)+D3jmnrq)n'r,m7LWE3]'T} Uj,p+
dz3 J p(ag)

+ [G3jann,m+B3jmn (Un,m _énm) +D3jmnr(i'n'r,'m +LWE3]§‘} Uj,p}dA+
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d -
{FsjkmnUn,m~+ D3jkmn(Un.m —Pnm) +Cajkmnr Prr.m — 1w Fajn TPk
423/ p(as)
+[F3jkann,m +Dd]kmn (Un,m_i)nm) +03jkmnr(i)n'r,m +LWF53k§] q)jk,p}dA+

1 _ _
4 — K3 (TT, 5+ TT, 3) dA
23 Jp(ay) bo

Proof. This identity is immediately obtained by combining relations (16)
and (18). O
In the next theorem we will prove another a priori estimates.

Theorem 5. If (U;, ®;;,7) is a solution of the boundary value problem con-
sisting of Eqgs. (13)-(15), then we have

/ {Aijanj,iUn,m+Gijmn [Ui,j (Un,m*émn)“i’ﬁz,j (Un,m*q)mn)]+
D(z3)

+Bijmn (U’L, J (I)zj) (ﬁn, m (T)mn) + Fijmnr (l:]z7 j(i)mn, T+Ui, j(I)mn7 3) -
+Dijmnr [(Ui,j_i)ij) (bmn,r_‘_(i)mn,r (Ui,j_q)ij)] +Cijkmnrq)jk,i(i)nr7m} dA —

_/ |:w2 <QU’LUZ + Ikr@jr(i)jk + ;TT) — TLKZ']"I i{j‘, j:| dA —
D(x3) 0 0

oU; 0U,, oU; 0@ 0P;; 0D,
- Aiam a._ o 2Fio¢ m, - Ci‘a m — « d
/8D(x3$)pnp( 5on on + kB on " om +Cijakms on  On >n neas

1 9T 0T
- —z,n, K, = Zods=
/amg) T, PRt g g™

= d;; D(mg{)[ASjmn Un.m+G3jmn(Un.m—Prm FF3imnr Pnrm —twD3;T] (Uj +a:p(7j’p)
+[A3jmnUn.m+Gsjmn (Un,m—Pam) + Fajmnr @orm +1wDs; T | (U +3,U;, ) fdA
HG3jmnUn,m+Bsjmn (Un.m —Prm) +D3jmnr Prr.m —wEs;T] (U; + 2,0, )+

+[G3jmnUn,m+ Bsjmn (Un,m —Pnm) + Dajmnr ®rrm +1wEs; T (U +2,U; ) FdA
HE3kmnUn.m+D3jkmn (Un,m —Prm) +Csjkmnr Prr.m — twFs,,7] (Cf)jk +xp<fjk,p)

+ [F?)jkann,m +D3jkmn(Un,m - i)nm) +03jkmnr(§nr,m+LWF3jkT]((bljk +qu)jk7p)}df4
d 1 - -
—_— — K33 (TT TT 3)dA 51
a3 Jpen To 33 (TT 34+ TT 5) dA+ (51)
K Ta

d$3 D(z3) TO

d _ _ _ ~
T/ x3 { Aism3U; 3Um 3+ Gizms [Uis (Un,3—Pms) +Uis (Upz—Pms) |+
T3 JD(xs)

+Bisms (Ui, 3 — ®i3) (Um, 3 — Pm3) + Fismns (Ui, 3Pmn, 31U, 3®mn, 3)+

(K3 (7,07, 547,07, 5) + K33 (T,0T,3+ T, 07, 3)] dA +
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+Dizmn3 [(Ui3—Pi3) Prmn,3+Pmn,3 (U3 —Pi3)] +Ciskmns Pik,3Prmn,3 +
+AiamﬁUj7aUm,ﬂ+Giamﬁ [Uz',a (Um,ﬁ 7(1)7"5) +U7370‘ (Umﬁiq)mﬁ)]

+Biamp (Ui, a — Pia) (Um, 8 — ®Pma) + Fiamns (Ui, a®mn, 84+ Ui, a®imn, 8) +
Diamnp [(Uia—Pia) Pmnp+®Pmn,s (Uia—Pia)] +CiakmnpPik.a®mn,s —
—wDia (TU;, o =TUi, o) = wEFija (TPij, 0= TPij, o) —

~1wEiq [T (Ui, o — ®ia) = T (Ui, o — Bia) | } dA+

d _ _ _ _ _
47/ |:£L'3 (K33773773 *Kaﬁg‘,aj‘,ﬂ) +x3w2 (UjUj +Ikr(1)jrq)jk+ C‘T‘T):| dA
dx3)p(as). To Ty

Proof. The equality (49) can be obtained if we combine the results from
equalities (28) and (29) of Theorem 2 with relation (48) of Theorem 4. [J

Spatial evolution of the solution of mixed problem will be studied using equal-
ity (49). To this aim we specify assumptions, which are really common in
continuum mechanics. First, we assume that tensors of dipolar thermoelastic-
ity satisfy the strong ellipticity condition

Aijmnxixmyjyn > 0, Bijmnxixmyjyn > 0,
V non-zero vectors (z1,x2,23), (Y1, Y2, Y3) (52)
Cijkmnrxixmyjynzkzr > 0,

V non-zero vectors (x1,z2,23), (y1,Y2,y3), (21,22, 23)

Also, we suppose that the conductivity tensor K;; and the specific heat ¢
are positive, that is, satisfy the conditions

¢ >0, Kjjz;z; > 0, for all non-zero vectors (z1,x2,x3) (53)
As a particular case, from (50) we can deduce

Aism3TiTm > 0, Bizms;Tm > 0, V non-zero vectors (x1,zq,x3)

Ciskmn3TiTmYryn > 0, V non-zero vectors (x1,x2,23), (y1,y2,y3) (54)

The curve 9D is regular enough that we can deduce that there is hg > 0 such
that z,n, > ho > 0. So, by using the notations

C= (AiamBAiamB + 2BiamﬁBiocmB + Ciamﬁciamﬁ)l/z (55)

M= sup (23 + 23) (56)
(z1,22)€EOD
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we can deduce the inequalities

oU; OU,, OU; 0P im AP, OPrm
< Aiamp o 2™ +2Fjakm 0% o
0_/8D(f:)np( 5 on “on + kB " on +Cijakmp o on )n npds

oU; 0U; 0%, 0D,
< T 1 ij ij
s Me 9D (x3) ( on On on 0On >ds (57)
Regarding the conductivity tensor K;;, we introduce the notation
K = (KagKag)''? (58)
such that we have
1 T 0T MK T 0T
0< / —wpnpKagnanga— a—als < — a— a—als (59)
dD(z3) 10 on On To dD(x3) on On

where M is defined in (54).
In order to obtain an explicit critical value for the frequency of vibration, we
will need the quantities mg, m1, wj and wi defined by

aU; oU. 0P;; 0Py
Jop(as) ( o on- T o on ) s

1
mo = max = = , wy = —-MCm 60
0 z3€[0,L] fD(az3) (UiUi + ‘I)ijq)ij) ds 0 0 0 (60)
9T 9T
Z=2=ds 1
m; = max M, wy = —-MKm, (61)
23€[0,L] fD(mg) TTds c
We always can suppose that
w > w" = max {w;, wi} (62)
mo < mg, mp < mj (63)
where
aU; oU; 0P;; 0,
% fc’)D(wg) ( on On + on  On )dS
m( = max (64)

fD(wg) (UZU} + q)”(flj) ds
the maximum being calculated for U; € H} (D), ®;; € HY(D), i,j =1,2,3.

9T 8T
i} JoD(ws) 5 505
m] = max ———=— (65)
TeHL(D) fD(xs) TTds
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Here H}(D) is the usual Sobolev space. So we got an explicit critical value
for the frequency of vibration, namely

1 1
w* = max{MC’mS, MKm’l‘}
0 c

With the help of relations (49), (55) and (57) we obtain the following result
regarding the spatial evolution of the amplitude (U;, ®;;,7)

d _ _
df {[A3jm’ﬂ Un,m + GSjmn (Un,m —Pm )+F3jmnr q’nr,m - LWD?)j ‘I] (UJ +Tp Ujap)
L3 D(xs)

+ [ASjann,m +G?>jmn (Un,m - <i)m%) +F3jmnr(i)nr,m+LWD3j‘ji] (Uj +prj, p)}dA
HGSjann,m +B3jmn (Un,m,*(I)nm)+D3jmnr©nr,m*LWE3j7} (Uj + prj, p) +
+ [G3jann,m+B3jmn (Un,m _(inm) +D3jmnr(§nr,m+LWE3j§] (U] +prj,p) }dA
""[FBjkann,m"_DBjkmn(Un,m _(I)nm)+03jkmnrq)nr,m_LWFBjk‘I] ((T)Jk +1'p§>jk,p)
+ [F3jkann,m +D3jkmn(Un,m - (i)nm) +C3jkmnr(i)nr,m+LWF3jk‘j’]((I)jk +qu>jk,p)}df4
d 1 - - _ = -

+— |:K33 (‘I‘I’ 3+ J7, 3) + .%‘3(,02 <UjUj +Iqu)jrq)jk+077):| dA +
ddfg D(xg.) TO TO

K Ta
dl‘3 D(zs) To
@
dl‘g

[Kga (‘j: Q‘I g+ ‘J: ai [3) + K33 (‘T, 01“77 3+ 77 @‘i 3)] dA +

/ ( )xs { Ai3m3Uj,SUm,3+Gi3m3 [Uzs (Um,3_(§m3)+Ui,3 (Um,s—q’ms)]-i-
D xr3

+Bisms (Ui, 3 — ®i3) (Um, 3 — Pm3) + Fismns (Ui, 3®Pmn, 317U, 3Pma, 3)+
+Dizmn3 [(Ui3—Pi3) Prmn,3+Pmn.3 (Ui3—Pi3)| +CiskmnsPik,3Pmn,3 —
~AiompU;.aUm s —Giams [Us o (Om.g—Pms) +Uia Un g —Prmg)] — (66)
~Biams Ui, o — ®ia) (Um, g = ®mp) — Fiamns (Ui, a®rmn, 5+Ui, «Prmn, g) —
—Diamns [(Uia—Pia) Pmn.s+Pmn.s (Uia—Pia)] = CiakmnsLik.oPmn.s —
—wDia (TUs, 0 =TV, o) — wFijo (T®ij a— Tij, ) —
~wEia [T (Ui, o = ®ia) = T (Ui, 0 — Pia)] } dA +

d |:$3

T (Kggmg‘j"g—Ka,@T’a‘j:B) +x3w2 (UjUj—l—IkT(I)jr‘i)jk-i-;TT)] dA
0 0

d7:173 D(=3)
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2 / {Azganj,zﬁnm'i_szmn [Uz,] (Un,m_(i)mn)+Uz,j (Un,m_q)mn)]+
D(z3)

+B'ijn (Ui, Jj (I)zj) (Un, m émn) + Fijmnr (Uz, j(i)mn, T+Ui, j(I)mn, 3) -
+Dijmnr [(Ui,j 7él]) an,r“i’émn,r (Ui,j 7®'Lj)] +Cijkmnr(bjk,iénr,m} dA +

1 _
+/ ?Kij‘.T} T dA
D(z3) -0

Conclusion. It is easy to ascertain that the differential inequality (64) is
different from those used for deduction of estimates of Saint-Venant type.
Also, it is appropriate to note that to deduct these estimates we used only the
strong ellipticity assumptions for the thermoelastic coefficients.

For this reason, we belive the these results can be apply for a large scale of
materials.
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