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Evolution of solutions for dipolar bodies in
Thermoelasticity without energy dissipation

Marin Marin and Ibrahim Abbas

Abstract

The aim of our paper is the study of the spatial evolution of vibra-
tions in the context of Thermoelasticity without energy dissipation for
dipolar bodies. Once we get an a priori estimate for the amplitude of
the vibration, which are assumed being harmonic in time, it is possible
to predict some spatial decay or growth properties for the amplitude,
provided the frequency of vibration is greater than a certain critical
value.

1 Introduction

We consider a right prismatic cylinder composed of a physically dipolar ther-
moelastic body. The cylinder is free of loads on lateral surface (no body force,
no dipolar body force and no heat supply), while on the base of cylinder are
prescribed a time-dependent displacement, a dipolar displacement and a ther-
mal displacement, which are harmonic in time. We associate a measure of
Toupin type to the corresponding steady-state vibration and we will obtain a
spatial decay estimate by assuming that the exciting frequency is lower to a
certain critical frequency.

It is known that the theory of thermoelastic material behavior without
energy dissipation possesses the following properties: the heat flow, in contrast
to that in classical thermoelasticity characterized by the Fourier law, does not

Key Words: dipolar bodies; energy dissipation; harmonic vibration; thermoelasticity
2010 Mathematics Subject Classification: Primary ; Secondary .
Received:2.06.2015
Revised:30.07.2015
Accepted:2.10.2015

57



EVOLUTION OF SOLUTIONS FOR DIPOLAR BODIES 58

involve energy dissipation. In addition, a constitutive equation for an entropy
flux vector is determined by the same potential function which also determines
the stress, and it permits the transmission of heat as thermal waves at finite
speed.

The origin of the theories of dipolar bodies goes back to Mindlin which in
his famous paper [17] proved that the linear theory of a micropolar continuum
is a special case of the theory of dipolar media.

There were several motivations for the extension of the classical theory to
dipolar. For instance, the classical theory was not able to predict the size
effect experimentally observed in problems which had a geometric length scale
comparable to material’s microstructural length, such as the grain size in a
polycrystalline or granular aggregate. Also, the apparent strength of some
materials with stress concentrators such as holes and notches is higher for
smaller grain size; for a given volume fraction of dispersed hard particles,
the strengthening of metals is greater for smaller particles; the bending and
torsional strengths are higher for very thin beams and wires.

The theories of dipolar bodies are quit sufficient for a large number of
solid mechanics applications. Because the system of governing equations and
conditions for the thermoelasticity of dipolar bodies is more complicated, it is
neccesary a new approach for the boundary value problem in this context.

In specific literature, there are many studies for describing the heat con-
duction which are also called theories of second sound, where the flow of heat
is modelled with finite propagation speed, in contrast to the classical model
based on the Fourier’s law leading to infinite propagation speed of heat signals.
Several articles of this kind are analyzed in the paper [1] by Chandrasekhara-
iah.

It is believed that Green and Naghdi [7] have obtained the first results
in the thermoelastic theory without energy dissipation, where they introduce
the so-called thermal displacement related to the common temperature and
uses a general entropy balance as postulated in Green and Naghdi [8]. By the
procedure of Green and Naghdi, the reduced energy equation is regarded as
an identity for all thermodynamical processes and places some restrictions on
the functional forms of the dependent constitutive variables. The theory is
illustrated in detail in the context of flow of heat in a rigid solid, with partic-
ular reference to the propagation of s thermal waves at finite speed. Nappa
[18] used the theory of thermoelasticity without energy dissipation to obtain
spatial energy bounds and decay estimates for the transient solutions in con-
nection with the problem in which a thermoelastic body is deformed subject
to boundary and initial data and body supplies having a compact support,
provided positive definiteness assumptions are supposed upon the constitu-
tive coefficients. Chandrasekharaiah [2] proves the uniqueness of solutions in
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the linear theory of thermoelasticity without energy dissipation, Iesan [11]
establishes continuous dependence results, while Quintanilla [19] studies the
question of existence. Some considerations on the propagation of plane waves
in a microstretch thermoelastic diffusion solid of infinite extent can be find in
the paper [12]. The Newton interpolating series proposed in [9] can be used
successfully to approximate the solution of boundary value problems. The im-
pact of initial mechanical deformation on the propagation of plane waves in a
linear elastic isotropic solid crystals, is shwon in [10], while the algorithm pro-
posed in [5] may be useful in addressing the solutions of mixed initial boundary
value problem in the context of microstretch bodies. Other results regarding
thermoelasticity of dipolar bodies and of microstretch bodies are presented in
the papers [13]-[16].

We must emphasize that the spatial behavior of the harmonic in time vi-
brations has been studied by Chirita [3] in the classical linear thermoelasticity,
by using a technique developed by Flavin and Knops [6] in the low frequency
range. The author establishes some exponential estimates for spatial evolu-
tion of the amplitude of vibration, provided the positive definiteness of the
constitutive coefficients is assumed.

The theory without energy dissipation proposed in Ciarletta [4] allows
propagation of thermal waves at a finite speed.

In first part of our study we write down the mixed initial boundary value
problem within context of dipolar bodies in thermoelasticity without energy
dissipation. Second, we obtain some differential relations for certain cross-
sectional integrals. In main part we use previous relations to obtain some
estimates describing how the amplitude evolves with respect to the distance
to the excited base, provided the frequency of vibrations be greater than a
certain critical value.

2 Basic equations

Let us consider that the reference configuration of a homogeneous thermoe-
lastic dipolar body occupies a domain B of three-dimensional Euclidean space
and assume that B is a regular and finite region with boundary ∂B. We de-
note the closure of B by B̄. We use a fixed system of rectangular Cartesian
axes and adopt Cartesian tensor notation. We denote by xj the points of the
domain B and by t∈[0,∞) the temporal variable. Also, the spatial argument
and the time argument of a function will be omitted when there is no likeli-
hood of confusion. A superposed dot denotes the differentiation with respect
to time t, and a subscript preceded by a comma denotes the diferentiation
with respect to the corresponding spatial variable.

The basic system of equations of theory of anisotropic and homogeneous
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dipolar bodies in thermoelasticity without energy dissipation, consist of (see,
for instance, [4])

- the equations of motion

(τij + σij), j + %Fi = %üi,

µijk, i + σjk + %Gjk = Ikrϕ̈jr; (1)

- the equation of energy

%η̇ =
%

T0
r − qi,i (2)

- the constitutive equations

τij = Aijmnεmn +Gijmnγmn + Fmnrijχmnr −Dijθ,

σij = Gijmnεmn +Bijmnγmn +Dijmnrχmnr − Eijθ,
µijk = Fijkmnεmn +Dmnijkγmn + Cijkmnrχmnr − Fijkθ, (3)

%η =
c

T0
θ +Dijεij + Eijγij + Fijkχijk,

qi = − 1

T0
Kijβj

- the geometric equations:

2εij = uj, i + ui, j , γij = uj, i − ϕij , χijk = ϕij, k. (4)

To complete the basic equations system, we need to add the law of heat flow

β̇i = θ, i (5)

We must mention that all functions occurring in the above equations, depend
on the variables t and x. Also, all the above equations are defined for (x, t) ∈
B̄ × [0,∞).
It is important to outline that the constitutive equations (3) are derived under
the additional assumption that the reference solid has a center of symmetry
at each point, but is otherwise non-isotropic. In this situation, the free energy
Ψ has the following expression

%Ψ =
1

2
Aijmnεijεmn +Gijmnεijγmn + Fmnrijεijχmnr +

+
1

2
Bijmnγijγmn +Dijmnrγijχmnr +

1

2
Cijkmnrχijkχmnr − (6)

−Dijεijθ − Eijγijθ − Fijχijkθ −
c

2T0
θ2 +

c

2T0
Kijτ, iτ, j

Notations used in the above relationships have the following meanings:
%-the constant reference density, ui-the components of displacement, ϕjk-the
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components of dipolar displacement, τij , σij , µijk-the components of stress ten-
sors, εij , γij , χijk-the components of strain tensors, qi-the components of the
heat conduction vector, η-the specific entropy, T0-the constant reference tem-
perature, θ-the temperature variation measured from the reference tempera-
ture T0, Fi-the components of body force per unit mass, Gjk-the components
of dipolar body force per unit mass, r-the heat supply per unit mass and unit
time, Iij-the components of inertia.
The coefficients Aijmn, Bijmn, ..., c are the characteristic constants of the ma-
terial and they are subject to the symmetry conditions

Aijmn = Amnij = Aijnm, Bijmn = Bmnij , Gijmn = Gjimn,

Fijkmn = Fijknm, Cijkmnr = Cmnrijk, Eij = Eji, kij = kji. (7)

Also, in (6) we denoted by τ the thermal displacement related to the temper-
ature variation, depending on which it has the following expression

τ̇ = θ (8)

If we take into consideration the constitutive equations (3) and the geo-
metric equations (4), from the equations of motion (1) and equation of energy
(2) we obtain a system of equations in terms of displacements ui, dipolar
displacements ϕij and thermal variation τ , for any (x, t) ∈ B × (0,∞), as

%üi = [(Aijmn +Gijmn)un, m + (Gmnij +Bijmn)(un, m − ϕmn) +

+(Fmnrij +Dijmnr)ϕnr,m − (Eij +Dij)θ], j + %Fi,

Ikrϕ̈jr=[Fijkmnun, m+Dmnijk(un, m−ϕmn)+Cijkmnrϕnr, m−Fijkθ], i+ (9)

+Gjkmnum,n+Bjkmn(un, m−ϕmn)+Djkmnrϕnr, m−Djkθ+%Gjk,

cτ̈ = −T0 [Dijvj, i + Eij(vj, i − ψij) + Fijkψjk, i] + (Kijθ, j), i + %r,

3 Preliminary results

We consider that the dipolar thermoelastic body occupies a prismatic cylinder
and denote by D a cross-section in this cylinder. Also, the body is assumed be
homogeneous and anisotropic. Suppose that the boundary of this section is a
piecewise continuously differentiable curve, denoted by ∂D. Then the lateral
boundary of the cylinder is S = ∂D × [0, L], where L is the length of the
cylinder. The system of Cartesian rectangular axis has its origin in the center
of the cylinder base and the positive x3−axis is directed along the cylinder.

Assume that over the base of cylinder are given the displacements, dipolar
displacements and thermal displacement, all of which are assumed harmonic
in time. Also, the cylinder is assumed be free of load on the lateral boundary
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surface, that is zero body force, dipolar body force and heat supply and zero
displacement, dipolar displacements and thermal displacements.

We complete the boundary value problem for the cylinder considering the
following lateral boundary conditions

ui(x, t) = 0, ϕij(x, t) = 0, τ(x, t) = 0, (x, t) ∈ S× (0,∞) (10)

On the base of cylinder following boundary conditions are assumed

ui(x1, x2, 0, t) = ũi(x1, x2)eιωt, ϕij(x1, x2, 0, t) = ϕ̃ij(x1, x2)eιωt,

τ(x1, x2, 0, t) = τ̃(x1, x2)eιωt, (x1, x2) ∈ D(0), t > 0 (11)

The functions ũi(x1, x2), ϕ̃ij(x1, x2) and τ̃(x1, x2) are given and smooth func-
tions, ω is a given positive constant and ι is the complex unit.

We consider that the vibrations harmonic in time induced by loads defined
in (11) inside the cylinder, have the form

ui(x1, x2, x3, t) = Ui(x1, x2, x3)eιωt, ϕij(x1, x2, x3, t) = Φij(x1, x2, x3)eιωt,

τ(x1, x2, x3, t) = T(x1, x2, x3)eιωt, (x1, x2, x3, t) ∈ B × (0,∞). (12)

If we substitute (ui, ϕij , τ) from (12) in the system (9), we get that the ampli-
tude (Ui,Φij ,T) of the vibrations satisfies the following system of differential
equations

%ω2Ui + [(Aijmn +Gijmn)Un, m + (Gmnij +Bijmn) (Un, m − Φmn) +

+ (Fmnrij +Dijmnr) Φnr,m − ιω (Dij + Eij)T], j = 0

Ikrω
2Φjr+[FijkmnUn, m+Dmnijk (Un, m − Φmn)+CijkmnrΦnr, m−ιωFijkT ], i+

+GjkmnUn, m +Bjkmn (Un, m − Φmn) +DjkmnrΦnr, m − ιωFjkT = 0 (13)

c

T0
ω2T +

(
1

T0
KijT, j

)
, i

− ιω [DijUj, i + Eij (Uj, i − Φij) + FijkΦjk, i] = 0

With the help of (12) and (10), the lateral boundary conditions become:

Ui(x) = 0, Φij(x) = 0, T(x) = 0, x ∈ S (14)

and the base boundary conditions receive the form

Ui(x1, x2, 0) = Ũi(x1, x2), Φij(x1, x2, 0) = Φ̃ij(x1, x2),

T (x1, x2, 0) = T̃(x1, x2), (x1, x2) ∈ D(0) (15)

If the considered cylinder has a finite length L, then we are forced to
prescribe a boundary condition on the superior base of the cylinder, that we
denote by D(L).
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Chirita in [3] and Ciarletta in [4] studied the spatial behavior of the ampli-
tude for a forced oscillation, in the case of a rhombic thermoelastic materials,
provided the exciting frecquency is less than a certain critical frequency.

In the following we want to estimate the evolution the amplitude with re-
spect to the axial distance to the excited end. In this regard, we will prove first
some estimates on a solution of the system of equations (13), considering the
lateral boundary conditions (14) and taking into account the base boundary
conditons (15).

The following theorem provides four identities, like auxiliary results on
which will be based the main result.

Theorem 1. Let (Ui,Φij ,T) be a solution of the boundary value problem
consisting of Eqs. (13)-(15). Then the following equalities are satisfied

2

∫
D(x3)

{
AijmnUj, iŪn, m +Gijmn

[
Uj, i

(
Ūn, m − Φ̄nm

)
+ Ūj, i (Un, m − Φnm)

]
+

+Bijmn (Uj, i − Φij)
(
Ūn, m − Φ̄nm

)
+ Fijmnr

(
Uj, iΦ̄nr, m+Ūj, iΦnr, m

)
−

+Dijmnr

[(
Ūj, i − Φ̄ij

)
Φnr, m + Φ̄nr, m (Uj, i − Φij)

]
+ CijkmnrΦjk, iΦ̄nr, m +

−%ω2UiŪi−Ikrω2ΦjrΦ̄jk +
ι

2
ωDij

(
T̄Uj, i−T Ūj, i

)
+

+
ι

2
ωEij

[
T̄ (Uj, i − Φij)− T

(
Ūj, i − Φ̄ij

)]
+
ι

2
ωFijk

(
T̄Φjk, i− TΦ̄jk, i

)}
dA=

=
d

dx3

∫
D(x3)

{
(A3jmn +G3jmn)

(
Un, mŪj + Ūn, mUj

)
+ ιωD3j

(
T̄Uj − TŪj

)
+

+ (G3jmn +B3jmn)
[
(Un, m − Φnm) Ūj +

(
Ūn, m − Φ̄nm

)
Uj
]

+

+ (F3jmnr +D3jmnr)
(
Φnr, mŪj + Φ̄nr, mUj

)
+ ιωE3j

(
T̄Uj − TŪj

)
+

+F3jkmn

(
ΦmnŪj, k + Φ̄mnUj, k

)
+ C3jkmnr

(
ΦjkΦ̄nr, m + Φ̄jkΦnr, m

)
+

+D3jkmn

[
(Uk,j−Φjk) Φ̄mn+

(
Ūk,j−Φ̄jk

)
Φmn

]
+ιωF3jk

(
T̄Φjk−TΦ̄jk

)}
dA (16)∫

D(x3)

{
ιωDij

(
T̄Uj, i+TŪj, i

)
+ιωEij

[
T̄ (Uj, i − Φij)+T

(
Ūj, i − Φ̄ij

)]
+

+ιωFijk
(
T̄Φjk, i + TΦ̄jk, i

)}
dA =

=
d

dx3

∫
D(x3)

{
(A3jmn +G3jmn)

(
Ūn, mUj − Un, mŪj

)
+ ιωD3j

(
T̄Uj + TŪj

)
+

+ (G3jmn +B3jmn)
[(
Ūn, m − Φ̄nm

)
Uj − (Un, m − Φnm) Ūj

]
+

+ (F3jmnr +D3jmnr)
(
Φ̄nr, mUj − Φnr, mŪj

)
+ ιωE3j

(
T̄Uj + TŪj

)
+

+F3jkmn

(
Φ̄mnUj, k − ΦmnŪj, k

)
+ C3jkmnr

(
Φ̄jkΦnr, m − ΦjkΦ̄nr, m

)
+

+D3jkmn

[(
Ūk,j−Φ̄jk

)
Φmn−(Uk,j−Φjk) Φ̄mn

]
+ιωF3jk

(
T̄Φjk+TΦ̄jk

)}
dA(17)
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∫
D(x3)

[
2

θ0

(
KijT, iT̄, j − cω2TT̄

)
+ ιωDij

(
Uj, iT̄ − Ūj, iT

)]
dA+

+

∫
D(x3)

ιω
{
Eij

[
(Uj,i−Φij) T̄−

(
Ūj,i−Φ̄ij

)
T
]
+Fijk

(
Φjk,iT̄−Φ̄jk,iT

)}
dA =

=
d

dx3

∫
D(x3)

1

θ0
K33

(
T̄T, 3 + TT̄, 3

)
dA (18)

∫
D(x3)

ιω
{
Dij

(
Uj, iT̄ + Uj, iT

)
+ Eij

[
(Uj,i−Φij) T̄+

(
Ūj,i−Φ̄ij

)
T
]}
dA+

+

∫
D(x3)

ιωFijk
(
Φjk,iT̄+Φ̄jk,iT

)
dA=

d

dx3

∫
D(x3)

1

θ0
K3j

(
T̄T, j−TT̄, j

)
dA (19)

Here we denoted with z̄ the complex conjugate of the complex number z.

Proof. Using equations (13)1 and (13)2 is easy to deduce the following equal-
ity{
%ω2Ui + [(Aijmn +Gijmn)Un, m + (Gmnij +Bijmn) (Un, m − Φmn) +

+ (Fmnrij +Dijmnr) Φnr,m − ιω (Dij + Eij)T], j

}
Ūi +

+
{
%ω2Ūi +

[
(Aijmn +Gijmn) Ūn, m + (Gmnij +Bijmn)

(
Ūn, m − Φ̄mn

)
+

+ (Fmnrij +Dijmnr) Φ̄nr,m + ιω (Dij + Eij) T̄
]
, j

}
Ūi + (20)

+
{
Ikrω

2Φjr+[FijkmnUn,m+Dmnijk (Un,m−Φmn)+CijkmnrΦnr,m−ιωFijkT],i

}
Φ̄jk

+ {GjkmnUn, m +Bjkmn (Un, m − Φmn) +DjkmnrΦnr, m − ιωFjkT} Φ̄jk +

+
{
Ikrω

2Φ̄jr+
[
FijkmnUn,m+Dmnijk

(
Ūn,m−Φ̄mn

)
+CijkmnrΦ̄nr,m+ιωFijkT̄

]
,i

}
Φjk

+
{
GjkmnŪn, m +Bjkmn

(
Ūn, m − Φ̄mn

)
+DjkmnrΦ̄nr, m + ιωFjkT̄

}
Φjk = 0.

This equality, after some obvious calculations, receives the form

2
{
AijmnUj, iŪn, m +Gijmn

[
Uj, i

(
Ūn, m − Φ̄nm

)
+ Ūj, i (Un, m − Φnm)

]
+

+Bijmn (Uj, i − Φij)
(
Ūn, m − Φ̄nm

)
+ Fijmnr

(
Uj, iΦ̄nr, m+Ūj, iΦnr, m

)
−

+Dijmnr

[(
Ūj, i − Φ̄ij

)
Φnr, m + Φ̄nr, m (Uj, i − Φij)

]
+ CijkmnrΦjk, iΦ̄nr, m +

−%ω2UiŪi−Ikrω2ΦjrΦ̄jk
}

+ ιωDij

(
T̄Uj, i−T Ūj, i

)
+

+ιωEij
[
T̄ (Uj, i − Φij)− T

(
Ūj, i − Φ̄ij

)]
+ιωFijk

(
T̄Φjk, i− TΦ̄jk, i

)
= (21)[

(Aijmn +Gijmn)
(
Un, mŪj + Ūn, mUj

)
+ ιωDij

(
T̄Uj − TŪj

)}
,i

+

+
{

(Gijmn +Bijmn)
[
(Un, m − Φnm) Ūj +

(
Ūn, m − Φ̄nm

)
Uj
]}
,i

+

+
{

(Fijmnr +Dijmnr)
(
Φnr, mŪj + Φ̄nr, mUj

)
+ ιωEij

(
T̄Uj − TŪj

)}
,i

+
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+
{
Fijkmn

(
ΦmnŪj, k + Φ̄mnUj, k

)
+ Cijkmnr

(
ΦjkΦ̄nr, m + Φ̄jkΦnr, m

)}
,i

+

+
{
Dijkmn

[
(Uk,j−Φjk) Φ̄mn+

(
Ūk,j−Φ̄jk

)
Φmn

]
+ιωFijk

(
T̄Φjk−TΦ̄jk

)}
,i

Now it is easy to obtain equality (16) by integrating equality (21) over D(x3),
then applying the divergence theorem by taking into account the lateral con-
ditions (14).
The following equality is also obtained with the help of equations (13)1 and
(13)2{

%ω2Ui + [(Aijmn +Gijmn)Un, m + (Gmnij +Bijmn) (Un, m − Φmn) +

+ (Fmnrij +Dijmnr) Φnr,m − ιω (Dij + Eij)T], j

}
Ūi +

−
{
%ω2Ūi +

[
(Aijmn +Gijmn) Ūn, m + (Gmnij +Bijmn)

(
Ūn, m − Φ̄mn

)
+

− (Fmnrij +Dijmnr) Φ̄nr,m + ιω (Dij + Eij) T̄
]
, j

}
Ūi +

+
{
Ikrω

2Φjr+[FijkmnUn,m+Dmnijk (Un,m−Φmn)+CijkmnrΦnr,m−ιωFijkT],i

}
Φ̄jk (22)

+ {GjkmnUn, m +Bjkmn (Un, m − Φmn) +DjkmnrΦnr, m − ιωFjkT} Φ̄jk +

−
{
Ikrω

2Φ̄jr+
[
FijkmnUn,m+Dmnijk

(
Ūn,m−Φ̄mn

)
+CijkmnrΦ̄nr,m+ιωFijkT̄

]
,i

}
Φjk

−
{
GjkmnŪn, m +Bjkmn

(
Ūn, m − Φ̄mn

)
+DjkmnrΦ̄nr, m + ιωFjkT̄

}
Φjk = 0.

After some simple calculations, we can rewrite equality (22) in the form

ιωDij

(
T̄Uj, i+TŪj, i

)
+ιωEij

[
T̄ (Uj, i − Φij)+T

(
Ūj, i − Φ̄ij

)]
+

+ιωFijk
(
T̄Φjk, i + TΦ̄jk, i

)
=

=
[
(Aijmn +Gijmn)

(
Ūn, mUj − Un, mŪj

)
+ ιωDij

(
T̄Uj + TŪj

)]
, i

+

+
{

(Gijmn +Bijmn)
[(
Ūn, m − Φ̄nm

)
Uj − (Un, m − Φnm) Ūj

]}
, i

+ (23)

+
[
(Fijmnr +Dijmnr)

(
Φ̄nr, mUj − Φnr, mŪj

)
+ ιωEij

(
T̄Uj + TŪj

)]
, i

+

+
[
Fijkmn

(
Φ̄mnUj, k − ΦmnŪj, k

)
+ Cijkmnr

(
Φ̄jkΦnr, m − ΦjkΦ̄nr, m

)]
, i

+

+
[
Dijkmn

[(
Ūk,j−Φ̄jk

)
Φmn−(Uk,j−Φjk) Φ̄mn

]
+ιωFijk

(
T̄Φjk+TΦ̄jk

)]
, i

If we integrate equality (23) over D(x3), then apply the divergence theorem
and take into account the lateral conditions (14) we get the equality (17).
Now we use the equation (13)3, in order to deduce the equality

T̄

{
c

T0
ω2

T +

(
1

T0
KijT, j

)
, i

− ιω [DijUj, i + Eij (Uj, i − Φij) + FijkΦjk, i]

}
+

+T

{
c

T0
ω2

T̄ +

(
1

T0
Kij̄T , j

)
, i

− ιω
[
DijŪj, i + Eij

(
Ūj, i − Φ̄ij

)
+ FijkΦ̄jk, i

]}
(24)
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It is easy to see that equality (24) can be written in the form

2

T0

(
KijT, iT̄, j − cω2TT̄

)
+ ιωDij

(
Uj, iT̄ − Ūj, iT

)
+

+ιω
{
Eij

[
(Uj,i−Φij) T̄−

(
Ūj,i−Φ̄ij

)
T
]
+Fijk

(
Φjk,iT̄−Φ̄jk,iT

)}
= (25)

=
1

θ0

[
Kij

(
T̄T, j + TT̄, j

)]
, i

If we integrate equality (25) over D(x3), then apply the divergence theorem
and take into account the lateral conditions (14) we get the equality (18).
*** Finally, we use again equation (13)3 based on which we deduce equality

T̄

[(
1

θ0
KijT, j

)
, i

− ιωDijUj, i − ιωEij (Uj,i − Φij)− ιωFijkΦjk,i +
c

θ0
ω2T

]
−

−T

[(
1

θ0
Kij T̄,j

)
,i

+ιωDijŪj,i+ιωEij
(
Ūj,i−Φ̄ij

)
+ιωFijkΦ̄jk,i−

c

θ0
ω2T̄

]
=0(26)

Of course, this equality can be rewritten as follows

ιωDij

(
Uj, iT̄ + Ūj, iT

)
+ ιωEij

[(
Ūj, i − Φ̄ij

)
T + (Uj, i − Φij) T̄

]
+

+ιωFijk
(
Φ̄jk,iT + Φjk,iT̄

)
=

[
1

θ0
Kij

(
T̄T, j − TT̄, j

)]
, i

(27)

Integrate equality (27) over D(x3), apply the divergence theorem and if we
use the lateral conditions (14) we get the equality (19) the proof of Theorem
1 is completed. �

Now we demonstrate two other identities that are useful to prove the main
result of our study.

Theorem 2. If (Ui,Φij ,T) is a solution of the boundary value problem con-
sisting of Eqs. (13)-(15), then take place these identities∫
D(x3)

{
AijmnUj, iŪn, m +Gijmn

[
Uj, i

(
Ūn, m − Φ̄nm

)
+ Ūj, i (Un, m − Φnm)

]
+

+Bijmn (Uj, i − Φij)
(
Ūn, m − Φ̄nm

)
+ Fijmnr

(
Uj, iΦ̄nr, m+Ūj, iΦnr, m

)
−

+Dijmnr

[(
Ūj, i − Φ̄ij

)
Φnr, m + Φ̄nr, m (Uj, i − Φij)

]
+ CijkmnrΦjk, iΦ̄nr, m +

−3ω2
(
%UiŪi+IkrΦjrΦ̄jk

)
− ιωDij

(
T̄Uj, i−TŪj, i

)
−

−ιωEij
[
T̄ (Uj, i − Φij)− T

(
Ūj, i − Φ̄ij

)]
−ιωFijk

(
T̄Φjk, i− TΦ̄jk, i

)}
dA−

−ιω
∫
D(x3)

{
xpDij

(
T̄, pUj, i−T, pŪj, i

)
+ xpFijk

(
T̄, pΦjk, i− T, pΦ̄jk, i

)
+

+ xpEij
[
T̄, p (Uj, i − Φij)− T, p

(
Ūj, i − Φ̄ij

)]}
dA =
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=− d

dx3

∫
D(x3)

{
[A3jmnUn,m+G3jmn(Un,m−Φnm)+F3jmnrΦnr,m−ιωD3jT]xpŪj,p

−
[
A3jmnŪn,m+G3jmn

(
Ūn,m−Φ̄nm

)
+F3jmnrΦ̄nr,m+ιωD3j T̄

]
xpUj,p

}
dA (28)

− d

dx3

∫
D(x3)

{
[G3jmnUn,m+B3jmn (Un,m−Φnm)+D3jmnrΦnr,m−ιωE3jT]xpŪj,p

−
[
G3jmnŪn,m+B3jmn

(
Ūn,m−Φ̄nm

)
+D3jmnrΦ̄nr,m+ιωE3j T̄

]
xpUj,p

}
dA

− d

dx3

∫
D(x3)

{
[F3jkmnUn,m+D3jkmn(Un,m−Φnm)+C3jkmnrΦnr,m−ιωF3jkT]xpΦ̄jk,p

−
[
F3jkmnŪn,m+D3jkmn

(
Ūn,m−Φ̄nm

)
+C3jkmnrΦ̄nr,m+ιωF3jkT̄

]
xpΦjk,p

}
dA

+
d

dx3

∫
D(x3)

x3

{
AijmnUj,iŪn,m+Gijmn

[
Uj,i

(
Ūn,m−Φ̄nm

)
+Ūj,i (Un,m−Φnm)

]
+Bijmn (Uj, i − Φij)

(
Ūn, m − Φ̄nm

)
+ Fijmnr

(
Uj, iΦ̄nr, m+Ūj, iΦnr, m

)
−

+Dijmnr

[(
Ūj, i − Φ̄ij

)
Φnr, m + Φ̄nr, m (Uj, i − Φij)

]
+ CijkmnrΦjk, iΦ̄nr, m

}
dA+

− d

dx3

∫
D(x3)

x3

[
ω2
(
%UiŪi+IkrΦjrΦ̄jk

)
+ ιωDij

(
T̄Uj, i−TŪj, i

)]
dA−

−ιω d

dx3

∫
D(x3)

x3

{
Eij

[
T̄ (Uj,i−Φij)−T

(
Ūj,i−Φ̄ij

)]
+Fijk

(
T̄Φjk,i−TΦ̄jk,i

)}
dA

+

∫
∂D(x3)

xpnp

(
Aiαmβ

∂Ui
∂n

∂Ūm
∂n

+Fiαkmβ
∂Ui
∂n

∂Φ̄km
∂n

+Cijαkmβ
∂Φij
∂n

∂Φ̄km
∂n

)
nαnβds

∫
D(x3)

[
1

T0

(
KijT, iT̄, j − 3cω2

TT̄
)

+ ιωDijxp
(
Ūj, iT, p − Uj, iT̄, p

)]
dA

+

∫
D(x3)

ιωEijxp
{[(

Ūj,i−Φ̄ij
)
T,p−(Uj,i−Φij) T̄,p

]
+Dij

(
Ūj,iT,p−Uj,iT̄,p

)}
dA

+

∫
D(x3)

ιωxpFijk
(
Φ̄jk,iT,p−Φjk,iT̄,p

)
dA+

∫
∂D(x3)

1

T0
xpnpKαβnαnβ

∂T

∂n

∂T̄

∂n
ds (29)

=− d

dx3

∫
D(x3)

1

T0

[
xαK3β

(
T̄,αT,β+T,αT̄,β

)
+xαK33

(
T,3T̄,α+T̄3T,α

)]
dA

− d

dx3

∫
D(x3)

x3
T0

(
K33T, 3T̄3 −KαβT, αT̄, β + cω2

TT̄
)
dA

Proof. Multiplying equation (13)1 with xpŪi,p and equation (13)2 with
xpΦ̄jk,p, then we add the resulting relations. We then made a similar com-
bination regarding to the conjugates of equations (13)1 and (13)2. So, we
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obtain

{[(Aijmn +Gijmn)Un, m + (Gmnij +Bijmn) (Un, m − Φmn) +

+ (Fmnrij +Dijmnr) Φnr,m − ιω (Dij + Eij)T], j + %ω2Ui

}
xpŪi, p +

+
{

[FijkmnUn, m+Dmnijk (Un, m − Φmn)+CijkmnrΦnr, m−ιωFijkT], i+

+GjkmnUn,m+Bjkmn (Un,m−Φmn)+DjkmnrΦnr,m−ιωFjkT+Ikrω
2Φjr

}
xpΦ̄jk,p

+
{[

(Aijmn +Gijmn) Ūn, m + (Gmnij +Bijmn)
(
Ūn, m − Φ̄mn

)
+ (30)

+ (Fmnrij +Dijmnr) Φ̄nr,m + ιω (Dij + Eij) T̄
]
, j

+ %ω2Ūi

}
xpUi, p +

+
{[
FijkmnŪn, m+Dmnijk

(
Ūn, m − Φ̄mn

)
+CijkmnrΦ̄nr, m+ιωFijkT̄

]
, i

+

+GjkmnŪn,m+Bjkmn
(
Ūn,m−Φ̄mn

)
+DjkmnrΦ̄nr,m+ιωFjkT̄+Ikrω

2Φ̄jr
}
xpΦjk,p= 0

Using simple rule of derivation of the product, we can rewrite the last equality
in the following form

{[(Aijmn +Gijmn)Un, m + (Gmnij +Bijmn) (Un, m − Φmn) +

+ (Fmnrij +Dijmnr) Φnr,m − ιω (Dij + Eij)T]xpŪi,p
}
,j

+ %ω2xpUiŪi,p −
− [(Aijmn +Gijmn)Un, m + (Gmnij +Bijmn) (Un, m − Φmn) +

+ (Fmnrij +Dijmnr) Φnr,m − ιω (Dij + Eij)T]xpŪi,pj +

+
{

[FijkmnUn, m+Dmnijk (Un, m − Φmn)+CijkmnrΦnr, m−ιωFijkT]xpΦ̄jk,p
}
, i

+

+[GjkmnUn,m+Bjkmn (Un,m−Φmn)+DjkmnrΦnr,m−ιωFjkT]xpΦ̄jk,p+

+Ikrω
2xpΦjrΦ̄jk,p + Ikrω

2xpΦ̄jrΦjk,p −
− [FijkmnUn, m+Dmnijk (Un, m − Φmn)+CijkmnrΦnr, m−ιωFijkT]xpΦ̄jk,pi + (31)

+
{[

(Aijmn +Gijmn) Ūn, m + (Gmnij +Bijmn)
(
Ūn, m − Φ̄mn

)
+

+ (Fmnrij +Dijmnr) Φ̄nr,m − ιω (Dij + Eij) T̄
]
xpUi,p

}
,j

+ %ω2xpŪiUi,p −

−
[
(Aijmn +Gijmn) Ūn, m + (Gmnij +Bijmn)

(
Ūn, m − Φ̄mn

)
+

+ (Fmnrij +Dijmnr) Φ̄nr,m − ιω (Dij + Eij) T̄
]
xpUi,pj +

+
{[
FijkmnŪn, m+Dmnijk

(
Ūn, m − Φ̄mn

)
+CijkmnrΦ̄nr, m−ιωFijkT̄

]
xpΦjk,p

}
, i

+

+
[
GjkmnŪn,m+Bjkmn

(
Ūn,m−Φ̄mn

)
+DjkmnrΦ̄nr,m−ιωFjkT̄

]
xpΦjk,p+

−
[
FijkmnŪn, m+Dmnijk

(
Ūn, m − Φ̄mn

)
+CijkmnrΦ̄nr, m−ιωFijkT̄

]
xpΦjk,pi
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An equivalent form to (32), easily to obtain, is the following

AijmnUj, iŪn, m +Gijmn
[
Uj, i

(
Ūn, m − Φ̄nm

)
+ Ūj, i (Un, m − Φnm)

]
+

+Bijmn (Uj, i − Φij)
(
Ūn, m − Φ̄nm

)
+ Fijmnr

(
Uj, iΦ̄nr, m+Ūj, iΦnr, m

)
−

+Dijmnr

[(
Ūj, i − Φ̄ij

)
Φnr, m + Φ̄nr, m (Uj, i − Φij)

]
+ CijkmnrΦjk, iΦ̄nr, m +

−3ω2
(
%UiŪi+IkrΦjrΦ̄jk

)
− ιωDij

(
T̄Uj, i−TŪj, i

)
−

−ιωEij
[
T̄ (Uj, i − Φij)− T

(
Ūj, i − Φ̄ij

)]
−ιωFijk

(
T̄Φjk, i− TΦ̄jk, i

)
−

−ιω
{
xpDij

(
T̄, pUj, i−T, pŪj, i

)
+ xpFijk

(
T̄, pΦjk, i− T, pΦ̄jk, i

)
+

+ xpEij
[
T̄, p (Uj, i − Φij)− T, p

(
Ūj, i − Φ̄ij

)]}
=

=−
{
[AijmnUn,m+Gijmn(Un,m−Φnm)+FijmnrΦnr,m−ιωDijT]xpŪi,p

}
,j

−
{[
AijmnŪn,m+Gijmn

(
Ūn,m−Φ̄nm

)
+FijmnrΦ̄nr,m+ιωDij T̄

]
xpUi,p

}
,j

(32)

−
{
[GijmnUn,m+Bijmn (Un,m−Φnm)+DijmnrΦnr,m−ιωEijT]xpŪi,p

}
,j

−
{[
GijmnŪn,m+Bijmn

(
Ūn,m−Φ̄nm

)
+DijmnrΦ̄nr,m+ιωEij T̄

]
xpUi,p

}
,j

−
{
[FijkmnUn,m+Dijkmn(Un,m−Φnm)+CijkmnrΦnr,m−ιωF3jkT]xpΦ̄ik,p

}
,j

−
{[
FijkmnŪn,m+Dijkmn

(
Ūn,m−Φ̄nm

)
+CijkmnrΦ̄nr,m+ιωFijkT̄

]
xpΦik,p

}
,j

+
{
xpAijmnUj,iŪn,m+xpGijmn

[
Uj,i

(
Ūn,m−Φ̄nm

)
+Ūj,i (Un,m−Φnm)

]
+xpBijmn (Uj, i − Φij)

(
Ūn, m − Φ̄nm

)
+ xpFijmnr

(
Uj, iΦ̄nr, m+Ūj, iΦnr, m

)
−

+xpDijmnr

[(
Ūj,i−Φ̄ij

)
Φnr,m+Φ̄nr,m (Uj,i−Φij)

]
+xpCijkmnrΦjk,iΦ̄nr,m

}
,p

−
{
xp
[
ω2
(
%UiŪi+IkrΦjrΦ̄jk

)
+ ιωDij

(
T̄Uj, i−TŪj, i

)]}
,p
−

−ιω
{
xpEij

[
T̄ (Uj,i−Φij)−T

(
Ūj,i−Φ̄ij

)]
+xpFijk

(
T̄Φjk,i−TΦ̄jk,i

)}
,p

(33)

Equality (32) can be integrated on D(x3) and if we take into account the
lateral boundary condition (14) we will be lead to the equality∫
D(x3)

{
AijmnUj, iŪn, m +Gijmn

[
Uj, i

(
Ūn, m − Φ̄nm

)
+ Ūj, i (Un, m − Φnm)

]
+

+Bijmn (Uj, i − Φij)
(
Ūn, m − Φ̄nm

)
+ Fijmnr

(
Uj, iΦ̄nr, m+Ūj, iΦnr, m

)
−

+Dijmnr

[(
Ūj, i − Φ̄ij

)
Φnr, m + Φ̄nr, m (Uj, i − Φij)

]
+ CijkmnrΦjk, iΦ̄nr, m +

(34)
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−3ω2
(
%UiŪi+IkrΦjrΦ̄jk

)
− ιωDij

(
T̄Uj, i−TŪj, i

)
−

−ιωEij
[
T̄ (Uj, i − Φij)− T

(
Ūj, i − Φ̄ij

)]
−ιωFijk

(
T̄Φjk, i− TΦ̄jk, i

)}
dA−

−ιω
∫
D(x3)

{
xpDij

(
T̄, pUj, i−T, pŪj, i

)
+ xpFijk

(
T̄, pΦjk, i− T, pΦ̄jk, i

)
+

+ xpEij
[
T̄, p (Uj, i − Φij)− T, p

(
Ūj, i − Φ̄ij

)]}
dA =

=− d

dx3

∫
D(x3)

{
[A3jmnUn,m+G3jmn(Un,m−Φnm)+F3jmnrΦnr,m−ιωD3jT]xpŪj,p

−
[
A3jmnŪn,m+G3jmn

(
Ūn,m−Φ̄nm

)
+F3jmnrΦ̄nr,m+ιωD3j T̄

]
xpUj,p

}
dA (35)

− d

dx3

∫
D(x3)

{
[G3jmnUn,m+B3jmn (Un,m−Φnm)+D3jmnrΦnr,m−ιωE3jT]xpŪj,p

−
[
G3jmnŪn,m+B3jmn

(
Ūn,m−Φ̄nm

)
+D3jmnrΦ̄nr,m+ιωE3j T̄

]
xpUj,p

}
dA

− d

dx3

∫
D(x3)

{
[F3jkmnUn,m+D3jkmn(Un,m−Φnm)+C3jkmnrΦnr,m−ιωF3jkT]xpΦ̄jk,p

−
[
F3jkmnŪn,m+D3jkmn

(
Ūn,m−Φ̄nm

)
+C3jkmnrΦ̄nr,m+ιωF3jkT̄

]
xpΦjk,p

}
dA

+
d

dx3

∫
D(x3)

x3

{
AijmnUj,iŪn,m+Gijmn

[
Uj,i

(
Ūn,m−Φ̄nm

)
+Ūj,i (Un,m−Φnm)

]
+Bijmn (Uj, i − Φij)

(
Ūn, m − Φ̄nm

)
+ Fijmnr

(
Uj, iΦ̄nr, m+Ūj, iΦnr, m

)
−

+Dijmnr

[(
Ūj, i − Φ̄ij

)
Φnr, m + Φ̄nr, m (Uj, i − Φij)

]
+ CijkmnrΦjk, iΦ̄nr, m

}
dA+

− d

dx3

∫
D(x3)

x3

[
ω2
(
%UiŪi+IkrΦjrΦ̄jk

)
+ ιωDij

(
T̄Uj, i−TŪj, i

)]
dA−

−ιω d

dx3

∫
D(x3)

x3

{
Eij

[
T̄ (Uj,i−Φij)−T

(
Ūj,i−Φ̄ij

)]
+Fijk

(
T̄Φjk,i−TΦ̄jk,i

)}
dA+

+

∫
∂D(x3)

xpnp

{
AijmnUj, iŪn, m + CijkmnrΦjk, iΦ̄nr, m+

+Fijmnr
(
Uj, iΦ̄nr, m+Ūj, iΦnr, m

) }
ds

Let us denote, as usual, with τα are components of the unit vector tangent
to ∂D, with nα are components of the unit vector normal to ∂D, with ∂/∂τ
the derivative in the direction of tangent and with ∂/∂α the derivative in the
direction of normal. Then, on the curve ∂D we have

Ui, α = nα
∂Ui
∂n

+ τα
∂Ui
∂τ

Taking into account the lateral boundary condition (14) we deduce ∂Ui/∂τ = 0
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on the curve ∂D and hence we obtain

Ui, 3 = 0 on ∂D(x3).

Ui, α = nα
∂Ui
∂n

on ∂D(x3) (36)

The last integral in (33), with the help of relations (34), will receive the form∫
∂D(x3)

xpnp
(
AijmnUj,iŪn,m + FijmnrUj,iΦ̄nr,m + CijkmnrΦjk,iΦ̄nr,m

)
ds = (37)

=

∫
∂D(x3)

xpnp

(
Aiαmβ

∂Ui
∂n

∂Ūm
∂n

+2Fiαkmβ
∂Ui
∂n

∂Φ̄km
∂n

+Cijαkmβ
∂Φij
∂n

∂Φ̄km
∂n

)
nαnβds

If we substitute (35) in (33), we obtain relation (28).
We intend now to prove the relation (29). For this, we start from equation
(13)3 from where we deduce

xpT̄,p

[(
1

T0
KijT,j

)
,i

−ιωDijUj,i−ιωEij (Uj,i−Φij)−ιωFijkΦjk,i+
c

T0
ω2

T

]
+

+xpT,p

[(
1

T0
Kij T̄,j

)
,i

−ιωDijŪj,i−ιωEij
(
Ūj,i−Φ̄ij

)
−ιωFijkΦ̄jk,i+

c

T0
ω2

T̄

]
=0 (38)

It’s easy to rewrite equation (36) in the form

ιωDijxp
(
Ūj, iT, p − Uj, iT̄, p

)
+ ιωEijxp

[(
Ūj, i − Φ̄ij

)
T, p − (Uj, i − Φij) T̄, p

]
+

+ιωFijkxp
(
Φ̄jk, iT, p − Φjk, iT̄, p

)
= −xp

(
c

T0
ω2TT̄

)
, p

+
2

T0
KijT, iT̄, j − (39)

−
[

1

T0
xpKij

(
T̄, pT, j + T, pT̄, j

)]
, i

+ xp

(
1

T0
KijT, iT̄, j

)
, p

To facilitate the proof of relation (29), it is useful to write the equality (37)
as follows

1

θ0
KijT, iT̄, j −

3c

θ0
ω2

TT̄ + ιωDijxp
(
Uj, iT, p − Uj, iT̄, p

)
+

+ιωEijxp
[(
Ūj, i − Φ̄ij

)
T, p − (Uj, i − Φij) T̄, p

]
+ ιωFijk

(
Φ̄jk, iT, p − Φjk, iT̄, p

)
=(40)

= −
(
c

T0
ω2

TT̄

)
, p

−
[

1

T0
xpKij

(
T̄, pT, j + T, pT̄, j

)]
, i

+

(
xp
T0
KijT, iT̄, j

)
, p

You just need to integrate equality (38) on D(x3) and keep in mind the lateral
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boundary condition (14). So, we obtain∫
D(x3)

1

T0

(
KijT, iT̄, j − 3cω2

TT̄
)
dA+

∫
D(x3)

ιωDijxp
(
Uj, iT, p − Uj, iT̄, p

)
dA+

+

∫
D(x3)

ιω
{
Eijxp

[(
Ūj,i−Φ̄ij

)
T,p−(Uj,i−Φij) T̄,p

]
+Fijk

(
Φ̄jk,iT,p−Φjk,iT̄,p

)}
dA=

= − d

dx3

∫
D(x3)

[
1

T0
xpK3j

(
T̄, pT, j + T, pT̄, j

)
− x3
T0
KijT, iT̄, j +

x3
T0
cω2

TT̄

]
dA+ (41)

+

∫
∂D(x3)

1

T0

[
xpnpKijT, iT̄, j − xpKpj

(
T̄, pT, j + T, pT̄, j

)
np
]
ds

In equality (39) we will consider that on the curve ∂D(x3), we have T, 3 = 0
and

T, α = nα
∂T

∂n
, α = 1, 2.

These relations are obtained based on the lateral boundary condition (14) us-
ing a procedure analogous to that used in the proof of equality (28).
Now it is clear that the equality (39) implies the relation (29), which ends the
proof of Theorem 2. �
In the following theorem we will prove two conservation laws which will be
used to derive a priori estimates for a solution of our mixed problem.

Theorem 3. Let (Ui,Φij ,T) be a solution of the boundary value problem
consisting of Eqs. (13)-(15). Then, the following two conservation laws are
satisfied

d

dx3

∫
D(x3)

ω2

(
%UjŪj + IkrΦjrΦ̄jk +

c

T0
TT̄

)
dA+

+
d

dx3

∫
D(x3)

c

T0

(
K33T, 3T̄, 3 −KαβT, αT̄, β

)
dA+

+
d

dx3

∫
D(x3)

{
Ai3m3Uj,3Ūm,3+Gi3m3

[
Ui,3

(
Ūm,3−Φ̄m3

)
+Ūi,3 (Um,3−Φm3)

]
+

+Bi3m3 (Ui, 3 − Φi3)
(
Ūm, 3 − Φ̄m3

)
+ Fi3mn3

(
Ui, 3Φ̄mn, 3+Ūi, 3Φmn, 3

)
−

+Di3mn3
[(
Ūi,3−Φ̄i3

)
Φmn,3+Φ̄mn,3 (Ui,3−Φi3)

]
+Ci3kmn3Φik,3Φ̄mn,3

}
dA

+
d

dx3

∫
D(x3)

{
AiαmβUj,αŪm,β+Giαmβ

[
Ui,α

(
Ūm,β−Φ̄mβ

)
+Ūi,α (Um,β−Φmβ)

]
(42)

+Biαmβ (Ui, α − Φiα)
(
Ūm, β − Φ̄mβ

)
+ Fiαmnβ

(
Ui, αΦ̄mn, β+Ūi, αΦmn, β

)
−

+Diαmnβ
[(
Ūi,α−Φ̄iα

)
Φmn,β+Φ̄mn,β (Ui,α−Φiα)

]
+CiαkmnβΦik,αΦ̄mn,β

}
dA

+
d

dx3

∫
D(x3)

{
ιωDiα

(
T̄Ui, α−TŪi, α

)
+ ιωFijα

(
T̄Φij, α− TΦ̄ij, α

)
+

+ιωEiα
[
T̄ (Ui, α − Φiα)− T

(
Ūi, α − Φ̄iα

)]}
dA = 0
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d

dx3

∫
D(x3)

{[
A3jmnŪn,m+G3jmn

(
Ūn,m−Φ̄nm

)
+F3jmnrΦ̄nr,m+ιωD3j T̄

]
Uj−

− [A3jmnUn,m+G3jmn(Un,m−Φnm)+F3jmnrΦnr,m−ιωD3jT] Ūj
}
dA

+
d

dx3

∫
D(x3)

[
G3jmnŪn,m+B3jmn

(
Ūn,m−Φ̄nm

)
+D3jmnrΦ̄nr,m+ιωE3j T̄

]
Uj

−[G3jmnUn,m+B3jmn (Un,m−Φnm)+D3jmnrΦnr,m−ιωE3jT] ŪjdA (43)

+
d

dx3

∫
D(x3)

[
F3jkmnŪn,m+D3jkmn

(
Ūn,m−Φ̄nm

)
+C3jkmnrΦ̄nr,m+ιωF3jkT̄

]
Φjk

−[F3jkmnUn,m+D3jkmn(Un,m−Φnm)+C3jkmnrΦnr,m−ιωF3jkT]Φ̄jkdA =

=
d

dx3

∫
D(x3)

[
1

θ0
K3j

(
T̄ T, j − T T̄, j

)]
dA

Proof. Multiplying equation (13)1 with Ūi,3 and equation (13)2 with Φ̄jk,3,
then we add the resulting relations. We then made a similar combination
regarding to the conjugates of equations (13)1 and (13)2. So, we obtain

{[(Aijmn +Gijmn)Un, m + (Gmnij +Bijmn) (Un, m − Φmn) +

+ (Fmnrij +Dijmnr) Φnr,m − ιω (Dij + Eij)T], i + %ω2Ui
}
Ūj, 3 +

+
{

[FijkmnUn, m+Dmnijk (Un, m − Φmn)+CijkmnrΦnr, m−ιωFijkT], i+

+GjkmnUn,m+Bjkmn (Un,m−Φmn)+DjkmnrΦnr,m−ιωFjkT+Ikrω
2Φjr

}
Φ̄jk,3

+
{[

(Aijmn +Gijmn) Ūn, m + (Gmnij +Bijmn)
(
Ūn, m − Φ̄mn

)
+ (44)

+ (Fmnrij +Dijmnr) Φ̄nr,m + ιω (Dij + Eij) T̄
]
, i

+ %ω2Ūi
}
Uj, 3 +

+
{[
FijkmnŪn, m+Dmnijk

(
Ūn, m − Φ̄mn

)
+CijkmnrΦ̄nr, m+ιωFijkT̄

]
, i

+

+GjkmnŪn,m+Bjkmn
(
Ūn,m−Φ̄mn

)
+DjkmnrΦ̄nr,m+ιωFjkT̄+Ikrω

2Φ̄jr
}

Φjk,3 = 0

By direct calculations on equality (42) we obtain

d

dx3

{
Ai3m3Uj,3Ūm,3+Gi3m3

[
Ui,3

(
Ūm,3−Φ̄m3

)
+Ūi,3 (Um,3−Φm3)

]
+

+Bi3m3 (Ui, 3 − Φi3)
(
Ūm, 3 − Φ̄m3

)
+ Fi3mn3

(
Ui, 3Φ̄mn, 3+Ūi, 3Φmn, 3

)
+

+Di3mn3

[(
Ūi,3−Φ̄i3

)
Φmn,3+Φ̄mn,3 (Ui,3−Φi3)

]
+Ci3kmn3Φik,3Φ̄mn,3 −

−AiαmβUj,αŪm,β−Giαmβ
[
Ui,α

(
Ūm,β−Φ̄mβ

)
+Ūi,α (Um,β−Φmβ)

]
−Biαmβ (Ui, α − Φiα)

(
Ūm, β − Φ̄mβ

)
− Fiαmnβ

(
Ui, αΦ̄mn, β+Ūi, αΦmn, β

)
−

−Diαmnβ

[(
Ūi,α−Φ̄iα

)
Φmn,β+Φ̄mn,β (Ui,α−Φiα)

]
−CiαkmnβΦik,αΦ̄mn,β +

+ιωDiα

(
T̄Ui, α−TŪi, α

)
+ ιωFijα

(
T̄Φij, α− TΦ̄ij, α

)
+ (45)
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+ιωEiα
[
T̄ (Ui, α − Φiα)− T

(
Ūi, α − Φ̄iα

)]
+ %ω2UjŪj + Ikrω

2ΦjrΦ̄jk

}
+

+
{
Aiαm3Um,3Ūi,3+Giαm3

[
Um,3

(
Ūi,3−Φ̄i3

)
+Ūm,3 (Ui,3−Φi3)

]
+

+Biαm3 (Ui,3 − Φi3)
(
Ūm,3 − Φ̄m3

)
+ Fiαmn3

(
Ui,3Φ̄mn,3+Ūi,3Φmn,3

)
−

+Diαmn3

[(
Ūi,3−Φ̄i3

)
Φmn,3+Φ̄mn,3 (Ui,3−Φi3)

]
+Ciαkmn3Φik,3Φ̄mn,3 +

+ιωDiα

(
T̄Ui,3−TŪi,3

)
+ ιωFijα

(
T̄Φij,3− TΦ̄ij,3

)
+

+ιωEiα
[
T̄ (Ui, 3 − Φi3)− T

(
Ūi, 3 − Φ̄i3

)] }
, α

+ ιωDij

(
T̄, 3Ui,j−T, 3Ūi,j

)
+

+ιωEij
[
T̄, 3 (Ui,j − Φij)− T, 3

(
Ūi, j − Φ̄ij

)]
+ ιωFijk

(
T̄, 3Φij,k− T, 3Φ̄ij,k

)
= 0.

After an integration in equality (43) over D(x3) and using the lateral boundary
condition (14) we obtain

d

dx3

∫
D(x3)

{
%ω2UjŪj+Ai3m3Uj,3Ūm,3+Gi3m3

[
Ui,3

(
Ūm,3−Φ̄m3

)
+Ūi,3(Um,3−Φm3)

]
+

+Bi3m3 (Ui, 3 − Φi3)
(
Ūm, 3 − Φ̄m3

)
+ Fi3mn3

(
Ui, 3Φ̄mn, 3+Ūi, 3Φmn, 3

)
+

+Di3mn3
[(
Ūi,3−Φ̄i3

)
Φmn,3+Φ̄mn,3 (Ui,3−Φi3)

]
+Ci3kmn3Φik,3Φ̄mn,3 −

−AiαmβUj,αŪm,β−Giαmβ
[
Ui,α

(
Ūm,β−Φ̄mβ

)
+Ūi,α (Um,β−Φmβ)

]
−Biαmβ (Ui, α − Φiα)

(
Ūm, β − Φ̄mβ

)
− Fiαmnβ

(
Ui, αΦ̄mn, β+Ūi, αΦmn, β

)
−

−Diαmnβ
[(
Ūi,α−Φ̄iα

)
Φmn,β+Φ̄mn,β (Ui,α−Φiα)

]
−CiαkmnβΦik,αΦ̄mn,β + (46)

+ιωDiα
(
T̄Ui, α−TŪi, α

)
+ ιωFijα

(
T̄Φij, α− TΦ̄ij, α

)
+

+ιωEiα
[
T̄ (Ui, α − Φiα)− T

(
Ūi, α − Φ̄iα

)]
+ Ikrω

2ΦjrΦ̄jk
}
dA+

+

∫
D(x3)

[
ιωDij

(
T̄, 3Ui,j−T, 3Ūi,j

)
+ ιωFijk

(
T̄, 3Φij,k− T, 3Φ̄ij,k

)]
dA+

+

∫
D(x3)

ιωEij
[
T̄, 3 (Ui,j − Φij)− T, 3

(
Ūi, j − Φ̄ij

)]
dA = 0

With the help of equation (13)3 we can write

T̄, 3

[
1

θ0
KijT, ij − ιωDijUi, j − ιωEij (Ui, j − Φi, j)− ιωFijkΦjk, i +

c

T0
ω2T

]
+

+T, 3

[
1

θ0
Kij T̄, ij+ιωDijŪi, j+ιωEij

(
Ūi, j−Φ̄i, j

)
+ιωFijkΦ̄jk, i+

c

T0
ω2

T̄

]
=0 (47)

and this relation can be rewritten in the form

d

dx3

(
c

T0
ω2

TT̄+
1

T0
K33T,3T̄,3−

1

T0
KαβT,αT̄,β

)
+

(
2

T0
Kα3T,3T̄,3

)
,α

+

+ιωDij
(
T, 3Ūi, j − T̄, 3Ui, j

)
+ ιωFijk

(
T, 3Φ̄jk, i − T̄, 3Φjk, i

)
+ (48)

+ιωEij
[
T, 3

(
Ūi, j − Φ̄ij

)
− T̄, 3 (Ui, j − Φij)

]
= 0
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Now we integrate (46) over D(x3) and use the lateral boundary condition
(14), and thus we get

d

dx3

∫
D(x3)

(
c

T0
ω2

TT̄ +
1

T0
K33T, 3T̄, 3 −

1

T0
KαβT, αT̄, β

)
dA+

+

∫
D(x3)

[
ιωDij

(
T, 3Ūi, j − T̄, 3Ui, j

)
+ ιωFijk

(
T, 3Φ̄jk, i − T̄, 3Φjk, i

)]
dA+ (49)

+

∫
D(x3)

ιωEij
[
T, 3

(
Ūi, j − Φ̄ij

)
− T̄, 3 (Ui, j − Φij)

]
dA = 0

Conservation Law (40) is obtained now by combining relations (44) and (47).
Finally, by combining the relations (17) and (19) we obtain the conservation
law (41) and this concludes the proof of Theorem 3. �
In what follows we combine the relations (16) - (19) with relations (28) -
(29) and relation (40) - (41) in order to obtain certain measures associated
to solution (Ui,Φij ,T) of the problem (13)-(15). These measures are used to
obtain suitable estimates which describe the spatial evolution of the amplitude
(Ui,Φij ,T).
The first of these estimates will be proved in the following theorem.

Theorem 4. Let (Ui,Φi, T ) be a solution of the boundary value problem
consisting of Eqs. (13)-(15). Then the following equality holds∫

D(x3)

{
AijmnUj,iŪn,m+Gijmn

[
Ui,j

(
Ūn,m−Φ̄mn

)
+Ūi,j (Un,m−Φmn)

]
+

+Bijmn (Ui, j − Φij)
(
Ūn, m − Φ̄mn

)
+ Fijmnr

(
Ui, jΦ̄mn, r+Ūi, jΦmn, 3

)
−

+Dijmnr
[(
Ūi,j−Φ̄ij

)
Φmn,r+Φ̄mn,r (Ui,j−Φij)

]
+CijkmnrΦjk,iΦ̄nr,m

}
dA−

−
∫
D(x3)

[
ω2

(
%UiŪi + IkrΦjrΦ̄jk +

c

T0
TT̄

)
− c

T0
KijT, iT̄, j

]
dA+

+

∫
D(x3)

[
ιωDij

(
TŪi, j − T̄Ui, j

)
+ ιωFijk

(
TΦ̄jk, i − T̄Φjk, i

)]
dA+

+

∫
D(x3)

ιωEij
[
T
(
Ūi, j − Φ̄ij

)
− T̄ (Ui, j − Φij)

]
dA =

=
d

dx3

∫
D(x3)

{
[A3jmnUn,m+G3jmn(Un,m−Φnm)+F3jmnrΦnr,m−ιωD3jT] Ūj,p+ (50)

+
[
A3jmnŪn,m+G3jmn

(
Ūn,m−Φ̄nm

)
+F3jmnrΦ̄nr,m+ιωD3j T̄

]
Uj,p

}
dA+

+
d

dx3

∫
D(x3)

{
[G3jmnUn,m+B3jmn (Un,m−Φnm)+D3jmnrΦnr,m−ιωE3jT] Ūj,p+

+
[
G3jmnŪn,m+B3jmn

(
Ūn,m−Φ̄nm

)
+D3jmnrΦ̄nr,m+ιωE3j T̄

]
Uj,p

}
dA+
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+
d

dx3

∫
D(x3)

{
[F3jkmnUn,m+D3jkmn(Un,m−Φnm)+C3jkmnrΦnr,m−ιωF3jkT]Φ̄jk,p+

+
[
F3jkmnŪn,m+D3jkmn

(
Ūn,m−Φ̄nm

)
+C3jkmnrΦ̄nr,m+ιωF3jkT̄

]
Φjk,p

}
dA+

+
d

dx3

∫
D(x3)

1

θ0
K33

(
T T̄, 3 + T̄ T, 3

)
dA

Proof. This identity is immediately obtained by combining relations (16)
and (18). �
In the next theorem we will prove another a priori estimates.

Theorem 5. If (Ui,Φij ,T) is a solution of the boundary value problem con-
sisting of Eqs. (13)-(15), then we have∫

D(x3)

{
AijmnUj,iŪn,m+Gijmn

[
Ui,j

(
Ūn,m−Φ̄mn

)
+Ūi,j (Un,m−Φmn)

]
+

+Bijmn (Ui, j − Φij)
(
Ūn, m − Φ̄mn

)
+ Fijmnr

(
Ui, jΦ̄mn, r+Ūi, jΦmn, 3

)
−

+Dijmnr

[(
Ūi,j−Φ̄ij

)
Φmn,r+Φ̄mn,r (Ui,j−Φij)

]
+CijkmnrΦjk,iΦ̄nr,m

}
dA−

−
∫
D(x3)

[
ω2

(
%UiŪi + IkrΦjrΦ̄jk +

c

T0
TT̄

)
− c

T0
KijT, iT̄, j

]
dA−

−
∫
∂D(x3)

xpnp

(
Aiαmβ

∂Ui
∂n

∂Ūm
∂n

+2Fiαkmβ
∂Ui
∂n

∂Φ̄km
∂n

+Cijαkmβ
∂Φij
∂n

∂Φ̄km
∂n

)
nαnβds

−
∫
∂D(x3)

1

T0
xpnpKαβnαnβ

∂T

∂n

∂T̄

∂n
ds =

=
d

dx3

∫
D(x3)

{
[A3jmnUn,m+G3jmn(Un,m−Φnm)+F3jmnrΦnr,m−ιωD3jT]

(
Ūj+xpŪj,p

)
+
[
A3jmnŪn,m+G3jmn

(
Ūn,m−Φ̄nm

)
+F3jmnrΦ̄nr,m+ιωD3j T̄

]
(Uj+xpUj, p)

}
dA

+[G3jmnUn,m+B3jmn (Un,m−Φnm)+D3jmnrΦnr,m−ιωE3jT]
(
Ūj + xpŪj, p

)
+

+
[
G3jmnŪn,m+B3jmn

(
Ūn,m−Φ̄nm

)
+D3jmnrΦ̄nr,m+ιωE3j T̄

]
(Uj+xpUj,p)

}
dA

+[F3jkmnUn,m+D3jkmn(Un,m−Φnm)+C3jkmnrΦnr,m−ιωF3jkT]
(
Φ̄jk+xpΦ̄jk,p

)
+
[
F3jkmnŪn,m+D3jkmn

(
Ūn,m−Φ̄nm

)
+C3jkmnrΦ̄nr,m+ιωF3jkT̄

]
(Φjk+xpΦjk,p)

}
dA

+
d

dx3

∫
D(x3)

1

T0
K33

(
TT̄, 3 + T̄T, 3

)
dA+ (51)

+
d

dx3

∫
D(x3)

xα
T0

[
K3α

(
T̄, αT, β + T, αT̄, β

)
+K33

(
T̄, αT, 3 + T, αT̄, 3

)]
dA+

+
d

dx3

∫
D(x3)

x3

{
Ai3m3Uj,3Ūm,3+Gi3m3

[
Ui,3

(
Ūm,3−Φ̄m3

)
+Ūi,3 (Um,3−Φm3)

]
+

+Bi3m3 (Ui, 3 − Φi3)
(
Ūm, 3 − Φ̄m3

)
+ Fi3mn3

(
Ui, 3Φ̄mn, 3+Ūi, 3Φmn, 3

)
+
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+Di3mn3

[(
Ūi,3−Φ̄i3

)
Φmn,3+Φ̄mn,3 (Ui,3−Φi3)

]
+Ci3kmn3Φik,3Φ̄mn,3 +

+AiαmβUj,αŪm,β+Giαmβ
[
Ui,α

(
Ūm,β−Φ̄mβ

)
+Ūi,α (Um,β−Φmβ)

]
+Biαmβ (Ui, α − Φiα)

(
Ūm, β − Φ̄mβ

)
+ Fiαmnβ

(
Ui, αΦ̄mn, β+Ūi, αΦmn, β

)
+

+Diαmnβ

[(
Ūi,α−Φ̄iα

)
Φmn,β+Φ̄mn,β (Ui,α−Φiα)

]
+CiαkmnβΦik,αΦ̄mn,β −

−ιωDiα

(
T̄Ui, α−TŪi, α

)
− ιωFijα

(
T̄Φij, α− TΦ̄ij, α

)
−

−ιωEiα
[
T̄ (Ui, α − Φiα)− T

(
Ūi, α − Φ̄iα

)]}
dA+

+
d

dx3

∫
D(x3)

[
x3

T0

(
K33T,3T̄,3−KαβT,αT̄,β

)
+x3ω

2

(
UjŪj+IkrΦjrΦ̄jk+

c

T0
TT̄

)]
dA

Proof. The equality (49) can be obtained if we combine the results from
equalities (28) and (29) of Theorem 2 with relation (48) of Theorem 4. �

Spatial evolution of the solution of mixed problem will be studied using equal-
ity (49). To this aim we specify assumptions, which are really common in
continuum mechanics. First, we assume that tensors of dipolar thermoelastic-
ity satisfy the strong ellipticity condition

Aijmnxixmyjyn > 0, Bijmnxixmyjyn > 0,

∀ non-zero vectors (x1, x2, x3) , (y1, y2, y3) (52)

Cijkmnrxixmyjynzkzr > 0,

∀ non-zero vectors (x1, x2, x3) , (y1, y2, y3) , (z1, z2, z3)

Also, we suppose that the conductivity tensor Kij and the specific heat c
are positive, that is, satisfy the conditions

c > 0, Kijxixj > 0, for all non-zero vectors (x1, x2, x3) (53)

As a particular case, from (50) we can deduce

Ai3m3xixm > 0, Bi3m3xixm > 0, ∀ non-zero vectors (x1, x2, x3)

Ci3kmn3xixmykyn > 0, ∀ non-zero vectors (x1, x2, x3) , (y1, y2, y3) (54)

The curve ∂D is regular enough that we can deduce that there is h0 > 0 such
that xpnp ≥ h0 > 0. So, by using the notations

C = (AiαmβAiαmβ + 2BiαmβBiαmβ + CiαmβCiαmβ)
1/2

(55)

M = sup
(x1,x2)∈∂D

√
(x2

1 + x2
2) (56)



EVOLUTION OF SOLUTIONS FOR DIPOLAR BODIES 78

we can deduce the inequalities

0 ≤
∫
∂D(x3)

xpnp

(
Aiαmβ

∂Ui
∂n

∂Ūm
∂n

+2Fiαkmβ
∂Ui
∂n

∂Φ̄km
∂n

+Cijαkmβ
∂Φij
∂n

∂Φ̄km
∂n

)
nαnβds

≤MC

∫
∂D(x3)

(
∂Ui
∂n

∂Ūi
∂n

+
∂Φij
∂n

∂Φ̄ij
∂n

)
ds (57)

Regarding the conductivity tensor Kij , we introduce the notation

K = (KαβKαβ)
1/2

(58)

such that we have

0 ≤
∫
∂D(x3)

1

T0
xpnpKαβnαnβ

∂T

∂n

∂T̄

∂n
ds ≤ MK

T0

∫
∂D(x3)

∂T

∂n

∂T̄

∂n
ds (59)

where M is defined in (54).
In order to obtain an explicit critical value for the frequency of vibration, we
will need the quantities m0, m1, ω∗0 and ω∗1 defined by

m0 = max
x3∈[0,L]

∫
∂D(x3)

(
∂Ui

∂n
∂Ūm

∂n +
∂Φij

∂n
∂Φ̄ij

∂n

)
ds∫

D(x3)

(
UiŪi + ΦijΦ̄ij

)
ds

, ω∗0 =
1

%
MCm0 (60)

m1 = max
x3∈[0,L]

∫
∂D(x3)

∂T
∂n

∂T̄
∂nds∫

D(x3)
TT̄ds

, ω∗1 =
1

c
MKm1 (61)

We always can suppose that

ω > ω∗ = max {ω∗0 , ω∗1} (62)

m0 ≤ m∗0, m1 ≤ m∗1 (63)

where

m∗0 = max

∫
∂D(x3)

(
∂Ui

∂n
∂Ūi

∂n +
∂Φij

∂n
∂Φ̄ij

∂n

)
ds∫

D(x3)

(
UiŪi + ΦijΦ̄ij

)
ds

(64)

the maximum being calculated for Ui ∈ H1
0 (D), Φij ∈ H1

0 (D), i, j = 1, 2, 3.

m∗1 = max
T∈H1

0 (D)

∫
∂D(x3)

∂T
∂n

∂T̄
∂nds∫

D(x3)
TT̄ds

(65)
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Here H1
0 (D) is the usual Sobolev space. So we got an explicit critical value

for the frequency of vibration, namely

ω∗ = max

{
1

%
MCm∗0,

1

c
MKm∗1

}
With the help of relations (49), (55) and (57) we obtain the following result
regarding the spatial evolution of the amplitude (Ui,Φij ,T)

d

dx3

∫
D(x3)

{
[A3jmnUn,m+G3jmn(Un,m−Φnm)+F3jmnrΦnr,m−ιωD3jT]

(
Ūj+xpŪj,p

)
+
[
A3jmnŪn,m+G3jmn

(
Ūn,m−Φ̄nm

)
+F3jmnrΦ̄nr,m+ιωD3j T̄

]
(Uj+xpUj, p)

}
dA

+[G3jmnUn,m+B3jmn (Un,m−Φnm)+D3jmnrΦnr,m−ιωE3jT]
(
Ūj + xpŪj, p

)
+

+
[
G3jmnŪn,m+B3jmn

(
Ūn,m−Φ̄nm

)
+D3jmnrΦ̄nr,m+ιωE3j T̄

]
(Uj+xpUj,p)

}
dA

+[F3jkmnUn,m+D3jkmn(Un,m−Φnm)+C3jkmnrΦnr,m−ιωF3jkT]
(
Φ̄jk+xpΦ̄jk,p

)
+
[
F3jkmnŪn,m+D3jkmn

(
Ūn,m−Φ̄nm

)
+C3jkmnrΦ̄nr,m+ιωF3jkT̄

]
(Φjk+xpΦjk,p)

}
dA

+
d

dx3

∫
D(x3)

[
1

T0
K33

(
TT̄, 3 + T̄T, 3

)
+ x3ω

2

(
UjŪj+IkrΦjrΦ̄jk+

c

T0
TT̄

)]
dA+

+
d

dx3

∫
D(x3)

xα
T0

[
K3α

(
T̄, αT, β + T, αT̄, β

)
+K33

(
T̄, αT, 3 + T, αT̄, 3

)]
dA+

+
d

dx3

∫
D(x3)

x3

{
Ai3m3Uj,3Ūm,3+Gi3m3

[
Ui,3

(
Ūm,3−Φ̄m3

)
+Ūi,3 (Um,3−Φm3)

]
+

+Bi3m3 (Ui, 3 − Φi3)
(
Ūm, 3 − Φ̄m3

)
+ Fi3mn3

(
Ui, 3Φ̄mn, 3+Ūi, 3Φmn, 3

)
+

+Di3mn3

[(
Ūi,3−Φ̄i3

)
Φmn,3+Φ̄mn,3 (Ui,3−Φi3)

]
+Ci3kmn3Φik,3Φ̄mn,3 −

−AiαmβUj,αŪm,β−Giαmβ
[
Ui,α

(
Ūm,β−Φ̄mβ

)
+Ūi,α (Um,β−Φmβ)

]
− (66)

−Biαmβ (Ui, α − Φiα)
(
Ūm, β − Φ̄mβ

)
− Fiαmnβ

(
Ui, αΦ̄mn, β+Ūi, αΦmn, β

)
−

−Diαmnβ

[(
Ūi,α−Φ̄iα

)
Φmn,β+Φ̄mn,β (Ui,α−Φiα)

]
−CiαkmnβΦik,αΦ̄mn,β −

−ιωDiα

(
T̄Ui, α−TŪi, α

)
− ιωFijα

(
T̄Φij, α− TΦ̄ij, α

)
−

−ιωEiα
[
T̄ (Ui, α − Φiα)− T

(
Ūi, α − Φ̄iα

)]}
dA+

+
d

dx3

∫
D(x3)

[
x3

T0

(
K33T,3T̄,3−KαβT,αT̄,β

)
+x3ω

2

(
UjŪj+IkrΦjrΦ̄jk+

c

T0
TT̄

)]
dA
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≥
∫
D(x3)

{
AijmnUj,iŪn,m+Gijmn

[
Ui,j

(
Ūn,m−Φ̄mn

)
+Ūi,j (Un,m−Φmn)

]
+

+Bijmn (Ui, j − Φij)
(
Ūn, m − Φ̄mn

)
+ Fijmnr

(
Ui, jΦ̄mn, r+Ūi, jΦmn, 3

)
−

+Dijmnr

[(
Ūi,j−Φ̄ij

)
Φmn,r+Φ̄mn,r (Ui,j−Φij)

]
+CijkmnrΦjk,iΦ̄nr,m

}
dA+

+

∫
D(x3)

1

T0
KijT, iT̄, jdA

Conclusion. It is easy to ascertain that the differential inequality (64) is
different from those used for deduction of estimates of Saint-Venant type.
Also, it is appropriate to note that to deduct these estimates we used only the
strong ellipticity assumptions for the thermoelastic coefficients.
For this reason, we belive the these results can be apply for a large scale of
materials.
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