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Abstract

This paper aims to apply fuzzy sets and soft sets in combination
to investigate algebraic properties of regular AG-groupoids. We initi-
ate (∈γ ,∈γ ∨qδ)-fuzzy soft left ideals (right ideals, bi-ideals and quasi-
ideals) over AG-groupoids and explore some related properties. More-
over, we give a number of characterizations for regular AG-groupoids by
virtue of various types of fuzzy soft ideals over them.

1 Introduction

Uncertainty plays an essential role in the real world. In various fields such
as data analysis, pattern recognition, expert systems and intelligent decision
making, it has been found that mathematical models based on classical sets
might not be suitable for dealing with problems containing vagueness and
uncertainty. Also it is worth noting that uncertainties emerging from mis-
cellaneous domains are very distinct and cannot be captured within a unique
framework. In response to this, a number of useful mathematical theories such
as probability theory, fuzzy sets [1], rough sets [2] and interval mathematics
[3] have been developed.

Molodtsov’s soft set theory [4] is a relatively new mathematical model
for coping with uncertainty from a parametrization point of view. In math-
ematical modelling, sometimes it is impossible to find an exact solution of
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the model of extremely high complexity. Alternatively, we are interested in
finding numerical or approximate solutions. But this process can be done
in a reverse way, that is, we can model and manipulate many real-life prob-
lems in an approximate way. By means of parameterization, a soft set can
produce a series of approximate descriptions for a complicated entity be-
ing perceived from different aspects. This is in accordance with the way
that humans use to treat uncertain concepts in their daily life. In recent
years, soft set theory has been applied to various kinds of algebraic structures
[5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 17, 15, 16, 18, 19, 20, 21]. But so far as we
know, the algebras which have been investigated in virtue of soft sets are all
associative, and very little attention has been paid to non-associative algebraic
structures in the literature.

An Abel-Grassmann’s groupoid (or briefly, AG-groupoid) is a non-
associative algebraic structure lies in between a groupoid and a commuta-
tive semigroup. If an AG-groupoid contains left identity then this left identity
is unique. An AG-groupoid with right identity becomes a commutative semi-
group with identity. Moreover, every commutative AG-groupoid becomes a
commutative semigroup. In most cases, an AG-groupoid behaves like a com-
mutative semigroup. For instance, a2b2 = b2a2 holds in a commutative semi-
group, while this equation also holds for an AG-groupoid with left identity.

The aim of this study is to investigate ideal theory of regular AG-groupoids
in virtue of fuzzy soft sets. In particular, we will introduce various types
of (∈γ ,∈γ ∨qδ)-fuzzy soft ideals over AG-groupoids and try to obtain some
characterizations for regular AG-groupoids based on algebraic ideal theory of
them.

2 AG-Groupoids

Let (S, .) be a groupoid and a, b, c, d ∈ S. It is said that S is an AG-groupoid, if
it satisfies the left invertive law (ab)c = (cb)a. It can be verified that the medial
law (ab)(cd) = (ac)(bd) holds in every AG-groupoid. If S is an AG-groupoid
with left identity e, then S = S2 and the paramedial law (ab)(cd) = (db)(ca)
holds. Also we have

a(bc) = b(ac). (1)

Moreover, it is easy to see that every one sided ideal of S is a quasi-ideal
of S. In [22], it shown that L[a] = a ∪ Sa is a principal left ideal of S
generated by a. Note also that B[a] = a ∪ a2 ∪ (aS)a is a principal bi-ideal
and Q [a] = a ∪ (Sa ∩ aS) is a principle quasi-ideal of S generated by a. A
subset B of S is called generalized bi-ideal of S if (BS)B ⊆ B.
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Lemma 1. Let S be an AG-groupoid. If a = a(ax) for some x ∈ S, then
there exists y ∈ S such that a = a2y.

Proof. Assume that a = a(ax) for some x in S. By the medial law, we get

a = a(ax) = [a(ax)](ax) = (aa)((ax)x) = a2y, where y = (ax)x.

Lemma 2. Let S be an AG-groupoid with left identity. If a = a2x for some
x ∈ S, then a = (ay)a for some y ∈ S.

Proof. Suppose that a = a2x for some x ∈ S. Note first that

a = a2x = (aa)x = ((a2x)(a2x))x.

Then by the left invertive law, and the medial law, it follows that

((a2x)(a2x))x = ((a2a2)(xx))x = (xx2)(a2a2).

According to Eq. (1), we get

(xx2)(a2a2) = a2((xx2)a2) = (aa)((xx2)a2),

and hence
(aa)((xx2)a2) = (((xx2)a2)a)a = ((aa2)(xx2))a,

by the left invertive law. But we also have

(aa2)(xx2) = (x2a2)(xa) = (x2x)(a2a),

by both the paramedial law and the medial law. This implies that

((aa2)(xx2))a = ((x2x)(a2a))a.

Using Eq. (1), the paramedial law and the medial law, we further deduce
that

((x2x)(a2a))a = (a2((x2x)a))a = ((aa)((x2x)a))a

= ((a(x2x))(aa))a = (a((a(x2x))a))a = (ay)a,

where y = (a(x2x))a ∈ S.
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Lemma 3. Let S be an AG-groupoid with left identity. Then we have

(1) (aS) a2 = (aS) a.
(2) (aS) ((aS) a) = (aS) a.
(3) S ((aS) a) = (aS) a.
(4) (Sa) (aS) = a (aS) .
(5) (aS) (Sa) = (aS) a.
(6) (a(aS))S = (aS)a.
(7) ((Sa)S)(Sa) = (aS)(Sa).
(8) (Sa)S = (aS).
(9) S(Sa) = Sa.
(10) Sa2 = a2S.

Proof. The proof is straightforward and thus omitted.

3 Fuzzy sets and fuzzy soft sets

The theory of fuzzy sets [1] provides an efficient framework for mathematical
description of uncertain concepts. Recall that a fuzzy subset f of a given
set S is defined by (and usually identified with) its membership function f :
S → [0, 1]. For x ∈ S, the membership value f(x) essentially specifies the
degree to which x ∈ S belongs to the fuzzy subset f . By f ⊆ g, we mean
that f(x) ≤ g(x) for all x ∈ S. Clearly f = g if f ⊆ g and g ⊆ f . That is,
f(x) = g(x) for all x ∈ S.

Let f and g be any fuzzy subsets of an AG-groupoid S. Then, the product
f ◦ g is defined by

(f ◦ g) (a) =

{ ∨
a=bc

{f(b) ∧ g(c)} , if there exist b, c ∈ S with a = bc,

0, otherwise.

A fuzzy subset f of S defined as

f(y) =

{
t, if y = x,
0, otherwise.

is said to be a fuzzy point with support x and value t and is denoted by xt,
where t ∈ (0, 1].

Let γ, δ ∈ [0, 1] with γ < δ, X be a nonempty set and Y ⊆ X. In the

sequel, χ
(γ,δ)
Y will be used to represent any fuzzy subset of X such that

χ
(γ,δ)
Y (x) =

{
s, if x ∈ Y ,
t, otherwise,
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where s, t are chosen (but fixed) from [0, 1] with s ≥ δ and t ≤ γ. It is obvious

that χ
(0,1)
Y coincides with the characteristic function χY of Y . In what follows,

F (X) denotes the set of all fuzzy subsets of X.
Let γ, δ ∈ [0, 1] with γ < δ, xr be a fuzzy point and f ∈ F (X). Then
(1) xr ∈γ f if f(x) ≥ r > γ.
(2) xr qδf if f(x) + r > 2δ.
(3) xr ∈γ ∨qδ f if xr ∈γ f or xrqδf.
For f, g ∈ F (X), we write f ⊆ ∨q(γ,δ)g if xr ∈γ f implies xr ∈γ ∨qδg

for all x ∈ X and r ∈ (γ, 1]. In addition, f and g are said to be (γ, δ)-equal,
denoted by f =(γ,δ) g, if f ⊆ ∨q(γ,δ)g and g ⊆ ∨q(γ,δ)f . It is shown in [23]
that the “(γ, δ)-equal relation” is an equivalence relation on F (X).

Lemma 4. (see [23]) Let f and g be fuzzy subsets of X. Then f ⊆ ∨q(γ,δ)g if
and only if max{g(x), γ} ≥ min{f(x), δ} for all x ∈ X.

Lemma 5. (see [23]) Let f, g, h ∈ F (X). If f ⊆ ∨q(γ,δ)g and g ⊆ ∨q(γ,δ)h,
then we have f ⊆ ∨q(γ,δ)h.

Note that f =(γ,δ) g if and only if

max{min{f(x), δ}, γ} = max{min{g(x), δ}, γ}

for all x ∈ X.

Lemma 6. Let γ, δ ∈ [0, 1] with γ < δ, A and B be nonempty subsets of an
AG-groupoid S with left identity. Then we have

(1) A ⊆ B if and only if χ
(γ,δ)
A ⊆ ∨q(γ,δ)χ

(γ,δ)
B .

(2) χ
(γ,δ)
A ∩ χ(γ,δ)

B =(γ,δ) χ
(γ,δ)
(A∩B).

(3) χ
(γ,δ)
A ◦ χ(γ,δ)

B =(γ,δ) χ
(γ,δ)
(AB).

Proof. The proof is straightforward and thus omitted.

Soft set theory was proposed by Molodtsov [4] in 1999, which provides a
general mechanism for uncertainty modelling in a wide variety of applications.
Let U be an initial universe of objects and EU (or simply E) be the set of all
parameters associated with objects in U , called a parameter space. In most
cases parameters are considered to be attributes, characteristics or properties
of objects in U . A pair S = (F,A) is called a soft set over U , where A ⊆ E
and F : A → P(U) is a set-valued mapping, called the approximate function
of the soft set S. By means of parametrization, a soft set produces a series of
approximate descriptions of a complicated object being perceived from various
points of view. It is apparent that a soft set S = (F,A) over a universe U can
be viewed as a parameterized family of subsets of U .

By combining fuzzy sets with soft set, Maji et al. [24] initiated the following
hybrid model called fuzzy soft set.
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Definition 1. (see [24]) A pair S = 〈F,A〉 is called a fuzzy soft set over U ,
where A ⊆ E and F is a mapping given by F : A→ F (U).

The mapping F : A → F (U) is called the approximate function of the
fuzzy soft set 〈F,A〉. Given two fuzzy soft sets 〈F,A〉 and 〈G,B〉 over U , we
say that 〈F,A〉 is a fuzzy soft subset of 〈G,B〉, denoted 〈F,A〉 ⊂ 〈G,B〉, if
A ⊆ B and F (a) is a fuzzy subset of G(a) for all a ∈ A. By 〈F,A〉 ⊃ 〈G,B〉,
we mean that 〈G,B〉 ⊂ 〈F,A〉. Moreover, 〈F,A〉 and 〈G,B〉 are said to be
equal, denoted 〈F,A〉 = 〈G,B〉, if 〈F,A〉 ⊂ 〈G,B〉 and 〈G,B〉 ⊂ 〈F,A〉.

A fuzzy soft set 〈F,A〉 is an (γ, δ)-fuzzy soft subset of 〈G,B〉, denoted by
〈F,A〉 ⊂(γ,δ) 〈G,B〉, if A ⊆ B and for any a ∈ A, F (a) ⊆ ∨q(γ,δ)G(a).

The following notions were initially introduced by Ali et al. [25] for
Molodtsov’s soft sets.

Definition 2. (see [23]) Let 〈F,A〉 and 〈G,B〉 be two fuzzy soft sets over U .

(1) The extended intersection of 〈F,A〉 and 〈G,B〉 is defined as the the fuzzy
soft set 〈H,C〉 = 〈F,A〉 ∩E 〈G,B〉 where C = A ∪B and for all c ∈ C,

H (c) =

 F (c) , if c ∈ A\B,
G (c) , if c ∈ B\A,
F (c) ∩G (c) , if c ∈ A ∩B.

(2) The restricted intersection of 〈F,A〉 and 〈G,B〉 is defined as the fuzzy
soft set 〈H,C〉 = 〈F,A〉 ∩R 〈G,B〉, where C = A ∩ B 6= ∅ and H (c) =
F (c) ∩ 〈G,B〉 for all c ∈ C.

Let V be a subset of U and A ⊆ E. A fuzzy soft set 〈F,A〉 over V is called
a relative whole (γ, δ)-fuzzy soft set (with respect to V and A), denoted by

Σ(V,A), if F (a) = χ
(γ,δ)
V for all a ∈ A.

4 Fuzzy soft ideals over AG-groupoids

From now on, unless stated otherwise, let S denote an AG-groupoid.

Definition 3. Let 〈F,A〉 and 〈G,B〉 be fuzzy soft sets over S.

(1) The extended product of 〈F,A〉 and 〈G,B〉 is defined as the the fuzzy
soft set 〈H,C〉 = 〈F,A〉 � 〈G,B〉, where C = A ∪B and for all c ∈ C,

H (c) =

 F (c) , if c ∈ A\B,
G (c) , if c ∈ B\A,
F (c) ◦G (c) , if c ∈ A ∩B.
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(2) The restricted product of 〈F,A〉 and 〈G,B〉 is defined as the fuzzy soft set
〈H,C〉 = 〈F,A〉�〈G,B〉, where C = A∩B 6= ∅ and H (c) = F (c)◦〈G,B〉
for all c ∈ C.

Proposition 1. Let 〈F,A〉 and 〈G,A〉 be fuzzy soft sets over S. Then

〈F,A〉 � 〈G,A〉 = 〈F,A〉� 〈G,A〉.

Proof. The proof is straightforward and thus omitted.

The above assertion says that the extended product operation � coincides
with the restricted product � operation, if the concerned fuzzy soft sets have
the same parameter set. Thus for this particular case, we shall use only nota-
tion � to represent for both operations in what follows.

Definition 4. A fuzzy soft set 〈F,A〉 over an AG-groupoid S is called

• a fuzzy soft left (resp. right) ideal over S if Σ 〈S,A〉 � 〈F,A〉 ⊂ 〈F,A〉
(resp. 〈F,A〉 � Σ 〈S,A〉 ⊂ 〈F,A〉);

• a fuzzy soft bi-ideal over S if 〈F,A〉 � 〈F,A〉 ⊂ 〈F,A〉 and [〈F,A〉 �
Σ 〈S,A〉]� 〈F,A〉 ⊂ 〈F,A〉;

• a fuzzy soft generalized bi-ideal over S if [〈F,A〉 � Σ 〈S,A〉] � 〈F,A〉 ⊂
〈F,A〉;

• a fuzzy soft quasi-ideal over S if

[〈F,A� Σ(S,A)] ∩E [Σ(S,A)� 〈F,A〉] ⊂ 〈F,A〉.

Definition 5. A fuzzy soft set 〈F,A〉 over an AG-groupoid S is called

• an (∈γ ,∈γ ∨qδ)-fuzzy soft left ideal over S if Σ(S,A) � 〈F,A〉 ⊂(γ,δ)

〈F,A〉;

• an (∈γ ,∈γ ∨qδ)-fuzzy soft generalized bi-ideal over S if [〈F,A〉�Σ(S,A)]�
〈F,A〉 ⊂(γ,δ) 〈F,A〉;

• an (∈γ ,∈γ ∨qδ)-fuzzy soft bi-ideal over S if 〈F,A〉�〈F,A〉 ⊂(γ,δ) 〈F,A〉,
and [〈F,A〉 � Σ(S,A)]� 〈F,A〉 ⊂(γ,δ) 〈F,A〉;

• an (∈γ ,∈γ ∨qδ)-fuzzy soft quasi-ideal over S if

[〈F,A� Σ(S,A)] ∩E [Σ(S,A)� 〈F,A〉] ⊂(γ,δ) 〈F,A〉.
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Example 1. Let S = {1, 2, 3} and define a binary operation “·” on S as
follows:

· 1 2 3
1 2 2 3
2 3 3 3
3 3 3 3

Then it can be shown that (S, ·) is an AG-groupoid.
Let A = {0.35, 0.4} and 〈F,A〉 be a fuzzy soft set over S such that

F (a)(x) =

{
2a, if x ∈ {1, 2},
0.4, otherwise,

where a ∈ A and x ∈ S. Then by definition, 〈F,A〉 is an (∈0.3,∈0.3 ∨q0.4)-
fuzzy soft left ideal over S.

Next, let B = {0.7, 0.8} and define a fuzzy soft set 〈G,B〉 over S as follows:

G(b)(x) =

{
b, if x ∈ {1, 2},

0.4, otherwise,

where b ∈ B and x ∈ S. Then it is easy to verify that 〈G,B〉 is an (∈0.2,∈0.2
∨q0.4)-fuzzy soft bi-ideal over S.

Theorem 1. For an AG-groupoid S with left identity, the following are equiv-
alent:

(i) S is regular.
(ii) B [a] ∩ I [a] ∩ L [a] ⊆ (B [a] I [a])L [a] , for some a in S.
(iii) For any bi-ideal B, ideal I and left ideal L of S, B ∩ I ∩L ⊆ (BI)L.
(iv) For any (∈γ ,∈γ ∨qδ)-fuzzy soft bi-ideal 〈F,A〉, (∈γ ,∈γ ∨qδ)-fuzzy soft

ideal 〈G,A〉 and (∈γ ,∈γ ∨qδ)-fuzzy soft left ideal 〈H,B〉 over S, we have

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

(v) For any (∈γ ,∈γ ∨qδ)-fuzzy soft generalized bi-ideal 〈F,A〉, (∈γ ,∈γ
∨qδ)-fuzzy soft ideal 〈G,A〉 and (∈γ ,∈γ ∨qδ)-fuzzy soft left ideal 〈H,B〉 over
S, we have

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

(vi) For any (∈γ ,∈γ ∨qδ)-fuzzy soft generalized bi-ideal 〈F,A〉, (∈γ ,∈γ
∨qδ)-fuzzy soft right ideal 〈G,A〉 and (∈γ ,∈γ ∨qδ)-fuzzy soft left ideal 〈H,B〉
of S, we have

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.
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Proof. (i) ⇒ (vi) Assume that (i) holds. Let 〈F,A〉, 〈G,A〉 and 〈H,B〉 be
any (∈γ ,∈γ ∨qδ)-fuzzy soft bi-ideal, (∈γ ,∈γ ∨qδ)-fuzzy soft right ideal and
(∈γ ,∈γ ∨qδ)-fuzzy soft left ideal over S, respectively. Let a be any element of
S, 〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 = 〈K1, A∪B〉 and (〈F,A〉� 〈G,A〉)�〈H,B〉 =
〈K2, A ∪B〉.For any ε ∈ A ∪B. We consider the following cases,

Case 1: ε ∈ A−B. Then K1(ε) = F (ε) ∩G(ε) and K2(ε) = (F ◦G)(ε) So,
we have K1(ε) ⊆ ∨q(γ,δ)K2(ε)

Case 2: ε ∈ B −A.Then K1(ε) = H(ε) and K1(ε) = H(ε) = K2(ε)
Case 3: ε ∈ A ∩B.Then K1(ε) = F (ε) ∩G(ε) ∩H(ε) and K2(ε) = (F (ε) ◦

G(ε))◦H(ε). Now we show that F (ε)∩G(ε)∩H(ε) ⊆ ∨q(γ,δ)(F (ε)◦G(ε))◦H(ε).
Now since S is regular AG-groupoid, so for a ∈ S there exist x ∈ S such that
using left invertive law and also using law a(bc) = b(ac), we have,

a = (ax) a = [{(ax) a}x]a = (ax){(ax) a} = [{(ax)a}x]{(ax)a}
= {(xa)(ax)}{(ax)a} = [{(ax)a}(ax)](xa)

Thus we have,

max {((F (ε) ◦G(ε)) ◦H(ε))(a), γ}

= max

{ ∨
a=pq

(F (ε) ◦G(ε))(p) ∧H(ε)(q), γ

}
≥ max{(F (ε) ◦G(ε))[{(ax)a}(ax)] ∧H(ε))(xa), γ}
= max{

∨
[{(ax)a}(ax)]=uv

(F (ε)(u) ∧G(ε)(v)) ∧H(ε)(xa)}, γ}

≥ max {F (ε){(ax)a} ∧G(ε)(ax) ∧H(ε)(xa), γ}
= min {max{F (ε){(ax)a}, γ} ,max{G(ε)(ax), γ},max{H(ε)(xa), γ}}
≥ min {min{(F (ε)(a), δ},min{G(ε))(a), δ} ,min{H(ε)(a), δ}}
= min {(F (ε) ∧G(ε) ∧H(ε))(a), δ}
= min {(F (ε) ∩G(ε) ∩H(ε))(a), δ}

Thus min {(F (ε) ∩G(ε) ∩H(ε))(a), δ} ≤ max {((F (ε) ◦G(ε)) ◦H(ε))(a), γ}.
This implies that F (ε) ∩G(ε) ∩H(ε) ⊆ ∨q(γ,δ)(F (ε) ◦G(ε)) ◦H(ε).

Therefore in any case, we have K1(ε) ⊆ ∨q(γ,δ)K2(ε). Hence

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

(vi)⇒ (v) is obvious.
(v)⇒ (iv) is obvious.
(iv)⇒ (iii)
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Assume that B, I and L are bi-ideal, ideal and left ideal of S, respectively,
then Σ(B,E), Σ(I, E) and Σ(L,E) are (∈γ ,∈γ ∨qδ)-fuzzy soft bi-ideal, (∈γ ,∈γ
∨qδ)-fuzzy soft ideal and (∈γ ,∈γ ∨qδ)-fuzzy soft left ideal over S, respectively.
Now we have assume that (iv) holds, then we have

Σ(B,E) ∩E Σ(I, E) ∩E Σ(L,E) ⊂(γ,δ) (Σ(B,E)� Σ(I, E))� Σ(L,E).

So,

χ
(γ,δ)
(B∩I∩L) =(γ,δ) χ

(γ,δ)
B ∩ χ(γ,δ)

I ∩ χ(γ,δ)
I

⊆ ∨q(γ,δ) (χ
(γ,δ)
B ◦ χ(γ,δ)

I ) ◦ χ(γ,δ)
γL

=(γ,δ) χ
(γ,δ)
BI ◦ χ

(γ,δ)
γL

=(γ,δ) χ
(γ,δ)
(BI)L.

Thus B ∩ I ∩ L ⊆ (BI)L.
(iii)⇒ (ii) is obvious.
(ii)⇒ (i)
Suppose that B [a] = a∪a2 ∪ (aS) a, I [a] = a∪Sa∪aS and L [a] = a∪Sa

are principle bi-ideal, principle ideal and principle left ideal of S generated by
a respectively. Thus by (ii), Lemma 3, left invertive law, paramedial law and
using law a(bc) = b(ac), we have,(

a ∪ a2 ∪ (aS) a
)
∩ (a ∪ Sa ∪ aS) ∩ (a ∪ Sa)

⊆
((
a ∪ a2 ∪ (aS) a

)
(a ∪ Sa ∪ aS)

)
(a ∪ Sa)

⊆ {S (a ∪ Sa ∪ aS)} (a ∪ Sa)

⊆ {Sa ∪ S (Sa) ∪ S (aS)} (a ∪ Sa)

= (Sa ∪ aS) (a ∪ Sa)

= (Sa) a ∪ (Sa) (Sa) ∪ (aS) a ∪ (aS) (Sa)

= a2S ∪ a2S ∪ (aS) a ∪ (aS) a

= a2S ∪ (aS) a.

Hence S is regular.

Theorem 2. For an AG-groupoid S with left identity, the following are equiv-
alent:

(i) S is regular.
(ii) L [a] ∩ I [a] ∩Q [a] ⊆ (L [a] I [a])Q [a] , for some a in S.
(iii) For any left ideal L, ideal I and quasi-ideal Q of S, L∩I∩Q ⊆ (LI)Q
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(iv) For any (∈γ ,∈γ ∨qδ)-fuzzy soft left ideal 〈F,A〉, (∈γ ,∈γ ∨qδ)-fuzzy
soft ideal 〈G,A〉 and (∈γ ,∈γ ∨qδ)-fuzzy soft quasi-ideal 〈H,B〉 over S, we
have

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

(v) For any (∈γ ,∈γ ∨qδ)-fuzzy soft left ideal 〈F,A〉, (∈γ ,∈γ ∨qδ)-fuzzy
soft right ideal 〈G,A〉 and (∈γ ,∈γ ∨qδ)-fuzzy soft quasi-ideal 〈H,B〉 over S,
we have

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

Proof. (i)⇒ (v) Assume that〈F,A〉, 〈G,A〉 and 〈H,B〉 are (∈γ ,∈γ ∨qδ)-fuzzy
soft left ideal, (∈γ ,∈γ ∨qδ)-fuzzy soft right ideal and (∈γ ,∈γ ∨qδ)-fuzzy soft
quasi-ideal of a regular AG-groupoid S, respectively. Let a be any element of
S, 〈F,A〉 ∩E 〈G,A〉∩̃〈H,B〉 = 〈K1, A ∪ B〉 and (〈F,A〉 � 〈G,A〉) � 〈H,B〉 =
〈K2, A ∪B〉.For any ε ∈ A ∪B. We consider the following cases,

Case 1: ε ∈ A−B. Then K1(ε) = F (ε) ∩G(ε) and K2(ε) = (F ◦G)(ε) So,
we have K1(ε) ⊆ ∨q(γ,δ)K2(ε)

Case 2: ε ∈ B −A.Then K1(ε) = H(ε) and K1(ε) = H(ε) = K2(ε)
Case 3: ε ∈ A ∩B.Then K1(ε) = F (ε) ∩G(ε) ∩H(ε) and K2(ε) = (F (ε) ◦

G(ε))◦H(ε). Now we show that F (ε)∩G(ε)∩H(ε) ⊆ ∨q(γ,δ)(F (ε)◦G(ε))◦H(ε)
Now since S is regular, so for a ∈ S there exist x ∈ S such that using left
invertive law and also using law a(bc) = b(ac), we have,

a = (ax) a = [{(ax) a}x]a = {(xa)(ax)}a.

Thus

max {((F (ε) ◦G(ε)) ◦H(ε))(a), γ}

= max

{ ∨
a=pq

(F (ε) ◦G(ε))(p) ∧H(ε)(q), γ

}
≥ max{(F (ε) ◦G(ε))[(xa)(ax)] ∧H(ε))(a), γ}
= max{

∨
(xa)(ax)=uv

(F (ε)(u) ∧G(ε)(v)) ∧H(ε)(a)}, γ}

≥ max {F (ε)(xa) ∧G(ε)(ax) ∧H(ε)(a), γ}
= min {max{F (ε)(xa), γ} ,max{G(ε)(ax), γ},max{H(ε)(a), γ}}
≥ min {min{(F (ε)(a), δ},min{G(ε))(a), δ} ,min{H(ε)(a), δ}}
= min {(F (ε) ∧G(ε) ∧H(ε))(a), δ}
= min {(F (ε) ∩G(ε) ∩H(ε))(a), δ}



FUZZY SOFT SET APPROACH TO IDEAL THEORY OF REGULAR AG-GROUPOIDS 274

Thus we deduce

min {(F (ε) ∩G(ε) ∩H(ε))(a), δ} ≤ max {((F (ε) ◦G(ε)) ◦H(ε))(a), γ} ,

which implies that F (ε) ∩G(ε) ∩H(ε) ⊆ ∨q(γ,δ)(F (ε) ◦G(ε)) ◦H(ε).
Therefore in any case, we have K1(ε) ⊆ ∨q(γ,δ)K2(ε). Hence

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

(v)⇒ (iv) is obvious.
(iv)⇒ (iii)
Assume that L, I and Q are left ideal, ideal and quasi-ideal of S respec-

tively, then Σ(L,E), Σ(I, E) and Σ(Q,E) are (∈γ ,∈γ ∨qδ)-fuzzy soft left ideal,
(∈γ ,∈γ ∨qδ)-fuzzy soft ideal and (∈γ ,∈γ ∨qδ)-fuzzy soft quasi-ideal over S,
respectively. Now we have assume that (iv) holds, then we have

Σ(L,E) ∩E Σ(I, E) ∩E Σ(Q,E) ⊂(γ,δ) (Σ(L,E)� Σ(I, E))� Σ(Q,E).

So, we get

χ
(γ,δ)
(L∩I∩Q) =(γ,δ) χ

(γ,δ)
L ∩ χ(γ,δ)

I ∩ χ(γ,δ)
Q ⊆ ∨q(γ,δ)(χδL ◦ χ

(γ,δ)
I ) ◦ χ(γ,δ)

Q

=(γ,δ) (χ
(γ,δ)
LI ) ◦ χ(γ,δ)

Q =(γ,δ) χ
(γ,δ)
(LI)Q.

Therefore L ∩ I ∩Q ⊆ (LI)Q.
(iii)⇒ (ii) is obvious.
(ii)⇒ i
L [a] = a∪ Sa, I [a] = a∪ Sa∪ aS and Q [a] = a∪ (Sa ∩ aS) are left ideal,

ideal and quasi-ideal of S generated a respectively. Thus by (ii), Lemma 3
and medial law we have,

(a ∪ Sa) ∩ (a ∪ Sa ∪ aS) ∩ (a ∪ (Sa ∩ aS))

⊆ ((a ∪ Sa) (a ∪ Sa ∪ aS))

(a ∪ (Sa ∩ aS))

⊆ {(a ∪ Sa)S} (a ∪ aS)

= {aS ∪ (Sa)S} (a ∪ aS)

= (aS) (a ∪ aS)

= (aS) a ∪ (aS) (aS)

= (aS) a ∪ a2S.

Hence S is regular.
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Theorem 3. For an AG-groupoid S with left identity, the following are equiv-
alent:

(i) S is regular.
(ii) B [a] ∩ I [a] ∩Q [a] ⊆ (B [a] I [a])Q [a] , for some a in S.
(iii) For any bi-ideal B, ideal I and quasi-ideal Q of S, B∩I∩Q ⊆ (BI)Q.
(iv) For any (∈γ ,∈γ ∨qδ)-fuzzy soft bi-ideal 〈F,A〉, (∈γ ,∈γ ∨qδ)-fuzzy soft

ideal 〈G,A〉 and (∈γ ,∈γ ∨qδ)-fuzzy soft quasi-ideal 〈H,B〉 over S, we have

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

(v) For any (∈γ ,∈γ ∨qδ)-fuzzy soft generalized bi-ideal 〈F,A〉, (∈γ ,∈γ
∨qδ)-fuzzy soft ideal 〈G,A〉 and (∈γ ,∈γ ∨qδ)-fuzzy soft quasi-ideal 〈H,B〉 over
S, we have

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

Proof. (i)⇒ (v) Assume that〈F,A〉, 〈G,A〉 and 〈H,B〉 are (∈γ ,∈γ ∨qδ)-fuzzy
soft bi- ideal, (∈γ ,∈γ ∨qδ)-fuzzy soft ideal and (∈γ ,∈γ ∨qδ)-fuzzy soft quasi-
ideal of a regular AG-groupoid S, respectively. Let a be any element of S,
〈F,A〉 ∩E 〈G,A〉∩̃〈H,B〉 = 〈K1, A ∪ B〉 and (〈F,A〉 � 〈G,A〉) � 〈H,B〉 =
〈K2, A ∪B〉. For any ε ∈ A ∪B. We consider the following cases,

Case 1: ε ∈ A−B. Then K1(ε) = F (ε) ∩G(ε) and K2(ε) = (F ◦G)(ε) So,
we have K1(ε) ⊆ ∨q(γ,δ)K2(ε)

Case 2: ε ∈ B −A.Then K1(ε) = H(ε) and K1(ε) = H(ε) = K2(ε)
Case 3: ε ∈ A ∩B.Then K1(ε) = F (ε) ∩G(ε) ∩H(ε) and K2(ε) = (F (ε) ◦

G(ε))◦H(ε). First we show that F (ε)∩G(ε)∩H(ε) ⊆ ∨q(γ,δ)(F (ε)◦G(ε))◦H(ε).
Now since S is regular, so for a ∈ S there exist x ∈ S such that by using left
invertive law and also using law a(bc) = b(ac), we have,

a = (ax) a = (((ax) a)x) a = ((xa) (ax)) a = [a{(xa)x}]a.
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Thus

max {((F (ε) ◦G(ε)) ◦H(ε))(a), γ}

= max

{ ∨
a=xy

(F (ε) ◦G(ε))(x) ∧H(ε)(y), γ

}
≥ max{(F (ε) ◦G(ε))[a{(xa)x}] ∧H(ε))(a), γ}
= max{

∨
[a{(xa)x}]=pq

(F (ε)(p) ∧G(ε)(q)) ∧H(ε)(a)}, γ}

≥ max {F (ε)(a) ∧G(ε){(xa)x} ∧H(ε)(a), γ}
= min {max{F (ε)(a), γ} ,max{G(ε){(xa)x}, γ},max{H(ε)(a), γ}}
≥ min {min{(F (ε)(a), δ},min{G(ε))(a), δ} ,min{H(ε)(a), δ}}
= min {(F (ε) ∧G(ε) ∧H(ε))(a), δ}
= min {(F (ε) ∩G(ε) ∩H(ε))(a), δ}

Thus we have

min {(F (ε) ∩G(ε) ∩H(ε))(a), δ} ≤ max {((F (ε) ◦G(ε)) ◦H(ε))(a), γ} ,

which implies that F (ε) ∩G(ε) ∩H(ε) ⊆ ∨q(γ,δ)(F (ε) ◦G(ε)) ◦H(ε).
Therefore in any case, we have K1(ε) ⊆ ∨q(γ,δ)K2(ε). Hence

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

(v)⇒ (iv) is obvious.
(iv)⇒ (iii)
Assume that B, I and Q are bi-ideal, ideal and quasi-ideal of regular AG-

groupioud of S respectively, then Σ(B,E), Σ(I, E) and Σ(Q,E) are (∈γ ,∈γ
∨qδ)-fuzzy soft bi-ideal, (∈γ ,∈γ ∨qδ)-fuzzy soft ideal and (∈γ ,∈γ ∨qδ)-fuzzy
soft quasi-ideal over S,respectively. Now we have assume that (iv) holds, then
we have

Σ(B,E) ∩E Σ(I, E) ∩E Σ(Q,E) ⊂(γ,δ) (Σ(B,E)� Σ(I, E))� Σ(Q,E).

Thus it follows that

χ
(γ,δ)
(B∩I∩Q) = (γ,δ)χ

(γ,δ)
L ∩ χ(γ,δ)

I ∩ χ(γ,δ)
Q ⊆ ∨q(γ,δ)(χδB ◦ χ

(γ,δ)
I ) ◦ χ(γ,δ)

Q

= (γ,δ)(χ
(γ,δ)
BI ) ◦ χ(γ,δ)

Q =(γ,δ) χ
(γ,δ)
(BI)Q.

Therefore B ∩ I ∩Q ⊆ (BI)Q.
(iii)⇒ (ii) is obvious.
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(ii)⇒ (i)
Since B [a] = a∪ a2 ∪ (aS) a, I [a] = a∪Sa∪ aS and Q [a] = a∪ (Sa ∩ aS)

are principle bi-ideal, principle ideal and principle quasi-ideal of S generated
by a respectively. Thus by (ii) and Lemma 3, using law a(bc) = b(ac), medial
law and left invertive law, we have,(

a ∪ a2 ∪ (aS) a
)
∩ (a ∪ Sa ∪ aS) ∩ (a ∪ (Sa ∩ aS))

⊆ (
(
a ∪ a2 ∪ (aS) a

)
(a ∪ Sa

∪aS)) (a ∪ (Sa ∩ aS))

⊆ (S(a ∪ Sa ∪ aS)) (a ∪ aS)

= (Sa ∪ S (Sa) ∪ S (aS)) (a ∪ aS)

= (Sa ∪ S (Sa) ∪ S (aS)) (a ∪ aS)

= (aS ∪ Sa) (a ∪ aS)

= (aS) a ∪ (aS) (aS) ∪ (Sa) a ∪ (Sa) (aS)

= (aS) a ∪ a2S ∪ a (aS) .

Hence S is regular.

Theorem 4. For an AG-groupoid S with left identity, the following are equiv-
alent:

(i) S is regular.
(ii) I [a] ∩ I [a] ∩ I [a] ⊆ (I [a] I [a]) I [a], for some a in S.
(iii) For any ideals I1, I2 and I3 of S, I1 ∩ I2 ∩ I3 ⊆ (I1I2) I3.
(iv) If 〈F,A〉, 〈G,A〉 and 〈H,B〉 are (∈γ ,∈γ ∨qδ)-fuzzy soft ideals over S,

then

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

Proof. (i)⇒ (iv)
Assume that 〈F,A〉, 〈G,A〉 and 〈H,B〉 are any (∈γ ,∈γ ∨qδ)-fuzzy soft

ideals over a regular AG-groupoid S, respectively. Let a be any element of
S, 〈F,A〉 ∩E 〈G,A〉∩̃〈H,B〉 = 〈K1, A ∪ B〉 and (〈F,A〉 � 〈G,A〉) � 〈H,B〉 =
〈K2, A ∪B〉. For any ε ∈ A ∪B. We consider the following cases,

Case 1: ε ∈ A−B. Then K1(ε) = F (ε)∩G(ε) and K2(ε) = (F ◦G)(ε). So
we have K1(ε) ⊆ ∨q(γ,δ)K2(ε).

Case 2: ε ∈ B −A. Then K1(ε) = H(ε) and K1(ε) = H(ε) = K2(ε).
Case 3: ε ∈ A ∩B. Then K1(ε) = F (ε) ∩G(ε) ∩H(ε) and K2(ε) = (F (ε) ◦

G(ε))◦H(ε). First we show that F (ε)∩G(ε)∩H(ε) ⊆ ∨q(γ,δ)(F (ε)◦G(ε))◦H(ε).
Now since S is regular, so for a ∈ S there exist x ∈ S such that by using left
invertive law and also using law a(bc) = b(ac), we have,

a = (ax) a = [{(ax) a}x]a = ((xa) (ax)) a.
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Thus

max {((F (ε) ◦G(ε)) ◦H(ε))(a), γ}

= max

{ ∨
a=uv

(F (ε) ◦G(ε))(u) ∧H(ε)(v), γ

}
≥ max{(F (ε) ◦G(ε))[(xa)(ax)] ∧H(ε))(a), γ}
= max{

∨
(xa)(ax)=bc

(F (ε)(b) ∧G(ε)(c)) ∧H(ε)(a)}, γ}

≥ max {F (ε)(xa) ∧G(ε)(ax) ∧H(ε)(a), γ}
= min {max{F (ε)(xa), γ} ,max{G(ε)(ax), γ},max{H(ε)(a), γ}}
≥ min {min{(F (ε)(a), δ},min{G(ε))(a), δ} ,min{H(ε)(a), δ}}
= min {(F (ε) ∧G(ε) ∧H(ε))(a), δ}
= min {(F (ε) ∩G(ε) ∩H(ε))(a), δ}

Thus min {(F (ε) ∩G(ε) ∩H(ε))(a), δ} ≤ max {((F (ε) ◦G(ε)) ◦H(ε))(a), γ}.
This implies that F (ε) ∩G(ε) ∩H(ε) ⊆ ∨q(γ,δ)(F (ε) ◦G(ε)) ◦H(ε).

Therefore in any case, we have K1(ε) ⊆ ∨q(γ,δ)K2(ε). Hence

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

(iv)⇒ (iii) is obvious.
Assume that I1, I2 and I3 are any ideals of regular AG-groupioud of S

respectively, then Σ(I1, E), Σ(I2, E) and Σ(I3, E) are (∈γ ,∈γ ∨qδ)-fuzzy soft
ideals over S,respectively. Now we have assume that (iv) holds, then we have

Σ(I1, E) ∩E Σ(I2, E) ∩E Σ(I3, E) ⊂(γ,δ) (Σ(I1, E)� Σ(I2, E))� Σ(I3, E).

So, we get

χ
(γ,δ)
(I1∩I2∩I3) = (γ,δ)χ

(γ,δ)
I1
∩ χ(γ,δ)

I2
∩ χ(γ,δ)

I3
⊆ ∨q(γ,δ)(χ

(γ,δ)
I1
◦ χ(γ,δ)

I2
) ◦ χ(γ,δ)

I3

= (γ,δ)(χ
(γ,δ)
I1I2

) ◦ χ(γ,δ)
I3

=(γ,δ) χ
(γ,δ)
(I1I2)I3

.

Therefore I1 ∩ I2 ∩ I3 ⊆ (I1I2) I3.
(iii)⇒ (ii) is obvious.
(ii)⇒ (i)
Since I [a] = a ∪ Sa ∪ aS is a principle ideal of S generated by a. Thus by
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(ii), Lemma 3, left invertive law, medial law and paramedial law, we have

(a ∪ Sa ∪ aS) ∩ (a ∪ Sa ∪ aS) ∩ (a ∪ Sa ∪ aS)

⊆ ((a ∪ Sa ∪ aS) (a ∪ Sa ∪ aS)) (a ∪ Sa ∪ aS)

⊆ {(a ∪ Sa ∪ aS)S} (a ∪ Sa ∪ aS)

= {aS ∪ (Sa)S ∪ (aS)S} (a ∪ Sa ∪ aS)

= {aS ∪ Sa} (a ∪ Sa ∪ aS)

= (aS) a ∪ (aS) (Sa) ∪ (aS) (aS) ∪ (Sa) a

∪ (Sa) (Sa) ∪ (Sa) (aS)

= (aS) a ∪ a2S.

Hence S is regular.

Theorem 5. For an AG-groupoid S with left identity, the following are equiv-
alent:

(i) S is regular.
(ii)Q [a] ∩ I [a] ∩Q [a] ⊆ (Q [a] I [a])Q [a], for some a in S.
(iii) For any quasi-ideals Q1, Q2 and ideal I of S, Q1∩ I ∩Q2 ⊆ (Q1I)Q2.
(iv) If 〈F,A〉 and 〈H,B〉 are (∈γ ,∈γ ∨qδ)-fuzzy soft quasi-ideals over S,

and 〈G,A〉 is a (∈γ ,∈γ ∨qδ)-fuzzy soft ideal over S, then we have

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

Proof. (i) ⇒ (iv) Assume that 〈F,A〉 and 〈H,B〉 are any (∈γ ,∈γ ∨qδ)-fuzzy
soft quasi-ideals and 〈G,A〉 is any (∈γ ,∈γ ∨qδ)-fuzzy soft ideal of a regular AG-
groupoid S, respectively. Let a be any element of S, 〈F,A〉∩E〈G,A〉∩̃〈H,B〉 =
〈K1, A∪B〉 and (〈F,A〉� 〈G,A〉)�〈H,B〉 = 〈K2, A∪B〉. For any ε ∈ A∪B.
We consider the following cases,

Case 1: ε ∈ A − B. Then K1(ε) = F (ε) ∩ G(ε) and K2(ε) = (F ◦ G)(ε).
Hence we have K1(ε) ⊆ ∨q(γ,δ)K2(ε).

Case 2: ε ∈ B −A. Then K1(ε) = H(ε) and K1(ε) = H(ε) = K2(ε).
Case 3: ε ∈ A ∩B. Then K1(ε) = F (ε) ∩G(ε) ∩H(ε) and K2(ε) = (F (ε) ◦

G(ε))◦H(ε). First we show that F (ε)∩G(ε)∩H(ε) ⊆ ∨q(γ,δ)(F (ε)◦G(ε))◦H(ε).
Now since S is regular, so for a ∈ S there exist x ∈ S such that by using left
invertive law and also using law a(bc) = b(ac), we have

a = (ax) a = [{(ax) a}x]a = {(xa) (ax)}a = [a{(xa)x}]a.
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Thus

max {((F (ε) ◦G(ε)) ◦H(ε))(a), γ}

= max

{ ∨
a=pq

(F (ε) ◦G(ε))(p) ∧H(ε)(q), γ

}
≥ max{(F (ε) ◦G(ε))[a{(xa)x}] ∧H(ε))(a), γ}
= max{

∨
[a{(xa)x}]=bc

(F (ε)(b) ∧G(ε)(c)) ∧H(ε)(a)}, γ}

≥ max {F (ε)(a) ∧G(ε){(xa)x} ∧H(ε)(a), γ}
= min {max{F (ε)(a), γ} ,max{G(ε){(xa)x}, γ},max{H(ε)(a), γ}}
≥ min {min{(F (ε)(a), δ},min{G(ε))(a), δ} ,min{H(ε)(a), δ}}
= min {(F (ε) ∧G(ε) ∧H(ε))(a), δ}
= min {(F (ε) ∩G(ε) ∩H(ε))(a), δ}

Thus min {(F (ε) ∩G(ε) ∩H(ε))(a), δ} ≤ max {((F (ε) ◦G(ε)) ◦H(ε))(a), γ}.
This implies that F (ε) ∩G(ε) ∩H(ε) ⊆ ∨q(γ,δ)(F (ε) ◦G(ε)) ◦H(ε).

Therefore in any case, we have K1(ε) ⊆ ∨q(γ,δ)K2(ε). Hence

〈F,A〉 ∩E 〈G,A〉 ∩E 〈H,B〉 ⊂(γ,δ) (〈F,A〉 � 〈G,A〉)� 〈H,B〉.

(iv)⇒ (iii) Assume that Q1 and Q2 are quasi-ideals and I is an ideal of a
regular AG-groupoid S., then Σ(Q1, E) and Σ(Q2, E) are (∈γ ,∈γ ∨qδ)-fuzzy
soft quasi-ideals and, Σ(I, E) is a (∈γ ,∈γ ∨qδ)-fuzzy soft ideal over S, Now
we have assume that (iv) holds, then we have

Σ(Q1, E) ∩E Σ(I, E) ∩E Σ(Q3, E) ⊂(γ,δ) (Σ(Q1, E)� Σ(I, E))� Σ(Q2, E).

So, we get

χ
(γ,δ)
(Q1∩I∩Q2)

=(γ,δ) χ
(γ,δ)
Q1
∩ χ(γ,δ)

I ∩ χ(γ,δ)
Q2

⊆ ∨q(γ,δ)(χ
(γ,δ)
Q1
◦ χ(γ,δ)

I ) ◦ χ(γ,δ)
Q2

=(γ,δ) (χ
(γ,δ)
Q1I

) ◦ χ(γ,δ)
Q2

=(γ,δ) χ
(γ,δ)
(Q1I)Q2

.

Thus Q1 ∩ I ∩Q2 ⊆ (Q1I)Q2.
(iii)⇒ (ii) is obvious.
(ii)⇒ (i) Since Q [a] = a∪ (Sa ∩ aS) and I [a] = a∪Sa∪ aS are principle

quasi-ideal and principle ideal of S generated by a respectively. Thus by (ii),
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left invertive law, medial law and Lemma 3 , we have,

(a ∪ (Sa ∩ aS)) ∩ (a ∪ Sa ∪ aS) ∩ (a ∪ (Sa ∩ aS))

⊆ ((a ∪ (Sa ∩ aS)) (a ∪ Sa ∪ aS)) (a ∪ (Sa ∩ aS))

⊆ {(a ∪ aS)S} (a ∩ aS)

= {aS ∪ (aS)S} (a ∩ aS)

= (aS ∪ Sa) (a ∩ aS)

= {(aS) a ∪ (aS) (aS) ∪ (Sa) a ∪ (Sa) aSa

= (aS) a ∪ a2S ∪ a (aS) .

Hence S is regular.

Theorem 6. For an AG-groupoid S with left identity, the following are equiv-
alent:

(i) S is regular.
(ii) For any principle bi-ideal B[a], B[a] = (B[a]S)B[a].
(iii) For any bi-ideal B, B = (BS)B.
(iv) For any generalized bi-ideal B, B = (BS)B.
(v) For any (∈γ ,∈γ ∨qδ)-fuzzy soft bi-ideal 〈F,B〉 over S, we have

〈F,B〉 =(γ,δ) (〈F,B〉 � Σ(S,E))� 〈F,B〉.

(vi) For any (∈γ ,∈γ ∨qδ)-fuzzy soft generalized bi-ideal 〈F,B〉 over S,
we have

〈F,B〉 =(γ,δ) (〈F,B〉 � Σ(S,E))� 〈F,B〉.

Proof. (i)⇒ (vi) Assume that 〈F,B〉 is (∈γ ,∈γ ∨qδ)-fuzzy soft generalized bi-
ideal over a regular AG-groupoid S. Since S is regular so for b ∈ S there exist
x ∈ S such that b = (bx) b. First we have to show that F (ε) ⊆ ∨q(γ,δ)((F (ε) ◦
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χδS) ◦ F (ε). Then we have

max
{

(F (ε) ◦ χ(γ,δ)
S ) ◦ F (ε)(b), γ

}
= max

 ∨
b=pq

{
(F (ε) ◦ χ(γ,δ)

S )(p) ∧ F (ε)(q)
}
, γ


≥ max{(F (ε) ◦ χ(γ,δ)

S )(bx) ∧ F (ε)(b), γ}

= max

{ ∨
bx=cd

(F (ε)(c) ∧ χ(γ,δ)
S (d)) ∧ F (ε)(b), γ

}
≥ max{F (ε)(b) ∧ χ(γ,δ)

S (x) ∧ F (ε)(b), γ}
= min{max{F (ε)(b), γ}, 1,max{F (ε)(b), γ}}.
≥ min{min{F (ε)(b), δ},min{F (ε)(b), δ}}
= min{F (ε)(b) ∧ F (ε)(b), δ}
= min{F (ε)(b), δ}

Thus min{F (ε)(b), δ} ≤ max
{

(F (ε) ◦ χ(γ,δ)
S ) ◦ F (ε)(b), γ

}
. This implies

that F (ε) ⊆ ∨q(γ,δ)(F (ε)◦χ(γ,δ)
S )◦F (ε). That is H(ε) ⊆ ∨q(γ,δ)(F (ε)◦χ(γ,δ)

S )◦
F (ε). Thus in any case, we have

H(ε) ⊆ ∨q(γ,δ)(F (ε) ◦ χ(γ,δ)
S ) ◦ F (ε).

Therefore,
〈F,B〉 ⊂(γ,δ) (〈F,B〉 � Σ(S,E))� F,B〉.

Since 〈F,B〉 is any (∈γ ,∈γ ∨qδ)-fuzzy soft generalized bi- ideal over S, we
have

(〈F,B〉 � Σ(S,E))� F,B〉 ⊂(γ,δ) 〈F,B〉.
Thus

〈F,B〉 =(γ,δ) (〈F,B〉 � Σ(S,E))� F,B〉.
(vi)⇒ (v) is obvious.
(v) ⇒ (iv) Assume that B is a bi-ideal of S. Assume that the given

condition(v) holds, then Σ(B,E) be an (∈γ ,∈γ ∨qδ)-fuzzy soft bi-ideal over
S. Now by the assumption, we have

Σ(B,E) =(γ,δ) (Σ(B,E)� Σ(S,E))� Σ(B,E).

Hence we have

χ
(γ,δ)
B =(γ,δ) (χ

(γ,δ)
B ◦ χ(γ,δ)

S ) ◦ χ(γ,δ)
B

=(γ,δ) (χ
(γ,δ)
BS ) ◦ χ(γ,δ)

B =(γ,δ) χ
(γ,δ)
(BS)B .
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Therefore B = (BS)B.
(iv)⇒ (iii) is obvious.
(iii)⇒ (ii) is obvious.
(ii)⇒ (i)
Since B [a] = a ∪ a2 ∪ (aS) a is a principle bi-ideal of S generated by a

respectively. Thus by (ii) and Lemma 3, we have,

a ∪ a2 ∪ (aS) a = [{a ∪ a2 ∪ (aS) a}S]
(
a ∪ a2 ∪ (aS) a

)
= [aS ∪ a2S ∪ {(aS) a}S]

(
a ∪ a2 ∪ (aS) a

)
=

(
aS ∪ a2S ∪ a (aS)

) (
a ∪ a2 ∪ (aS) a

)
= (aS) a ∪ (aS) a2 ∪ (aS) ((aS) a)

∪
(
a2S

)
a ∪

(
a2S

)
a2 ∪

(
a2S

)
((aS) a)

∪ (a (aS)) a ∪ (a (aS)) a2 ∪ (a (aS)) ((aS) a)

= (aS) a ∪ a2S ∪ (aS) a ∪ a2S ∪ a2S ∪ a2S
∪ (aS) a ∪ (aS) a ∪ (aS) a

= a2S ∪ (aS) a.

Hence S is regular

Theorem 7. For an AG-groupoid S with left identity, the following are equiv-
alent:

(i) S is regular.
(ii) B[a] ∩Q [a] ⊆ (B [a]S)Q [a], for some a in S.
(iii) For any bi-ideal B and quasi-ideal Q of S, B ∩Q ⊆ (BS)Q.
(iv) For any (∈γ ,∈γ ∨qδ)-fuzzy soft bi-ideal 〈F,B〉 and (∈γ ,∈γ ∨qδ)-fuzzy

soft quasi-ideal 〈G,Q〉 over S, we have

〈F,B〉 ∩E 〈G,Q〉 ⊂(γ,δ) (〈F,B〉 � Σ(S,E))� 〈G,Q〉.

(v) For any (∈γ ,∈γ ∨qδ)-fuzzy soft generalized bi-ideal 〈F,B〉 and (∈γ ,∈γ
∨qδ)-fuzzy soft quasi-ideal 〈G,Q〉 over S, we have

〈F,B〉 ∩E 〈G,Q〉 ⊂(γ,δ) (〈F,B〉 � Σ(S,E))� 〈G,Q〉.

Proof. (i) ⇒ (v) Assume that〈F,B〉 and 〈G,Q〉 are (∈γ ,∈γ ∨qδ)-fuzzy soft
generalized bi-ideal and (∈γ ,∈γ ∨qδ)-fuzzy soft quasi-ideal over a regular AG-
groupoid S, respectively. Let a be any element of S, 〈F,B〉 ∩E 〈G,Q〉 =
〈K1, B ∪Q〉. For any ε ∈ B ∪Q. We consider the following cases,

Case 1: ε ∈ B −Q. Then H(ε) = F (ε) = (F ◦G)(ε).
Case 2: ε ∈ Q−B. Then H(ε) = G(ε) = (F ◦G)(ε).
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Case 3: ε ∈ B ∩Q. Then H(ε) = F (ε)∩G(ε) and (F ◦G)(ε) = F (ε) ◦G(ε).

First we show that F (ε) ∩G(ε) ⊆ ∨q(γ,δ)(F (ε) ◦ χ(γ,δ)
S ) ◦G(ε). Now since S is

regular, for a ∈ S there exist x ∈ S such that a = (ax) a = [{(ax) a}x]a by
left invertive law and the law a(bc) = b(ac).

Thus we deduce that

max
{

(F (ε) ◦ χ(γ,δ)
S ) ◦G(ε)(a), γ

}
= max

{ ∨
a=pq

{
(F (ε) ◦ χ(γ,δ)

S )(p) ∧G(ε)(q)
}
, γ

}
≥ max{(F (ε) ◦ χ(γ,δ)

S )[{(ax) a}x] ∧G(ε)(a), γ}

= max

 ∨
[{(ax)a}x]=cd

(F (ε)(c) ∧ χ(γ,δ)
S (d)) ∧G(ε)(a), γ


≥ max{F (ε){(ax) a} ∧ χ(γ,δ)

S (x) ∧G(ε)(a), γ}
= min{max{F (ε){(ax) a}, γ}, 1,max{G(ε)(a), γ}}.
≥ min{min{F (ε)(a), δ},min{G(ε)(a), δ}}
= min{F (ε)(a) ∧G(ε)(a), δ}
= min{(F (ε) ∩G(ε))(a), δ}

Hence F (ε) ∩G(ε) ⊆ ∨q(γ,δ)(F (ε) ◦ χ(γ,δ)
S ) ◦G(ε). That is,

H(ε) ⊆ ∨q(γ,δ)(F (ε) ◦ χ(γ,δ)
S ) ◦G(ε).

Thus in any case, we have

H(ε) ⊆ ∨q(γ,δ)(F (ε) ◦ χ(γ,δ)
S ) ◦G(ε).

Therefore,

〈F,B〉 ∩E 〈G,Q〉 ⊂(γ,δ) (〈F,B〉 � Σ(S,E))� 〈G,Q〉.

(v)⇒ (iv) is obvious.
(iv)⇒ (iii)
Assume that B and Q are bi-ideal and quasi-ideal of regular AG-groupioud

of S respectively,then Σ(B,E) and Σ(Q,E) be an (∈γ ,∈γ ∨qδ)-fuzzy soft bi-
ideal and (∈γ ,∈γ ∨qδ)-fuzzy soft quasi- ideal 〈G,Q〉 over S. Now by the
assumption, we have

Σ(B,E) ∩E Σ(Q,E) =(γ,δ) (Σ(B,E)� Σ(S,E))� Σ(Q,E).
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So we have,

χ
(γ,δ)
(B∩Q) =(γ,δ) χ

(γ,δ)
B ∩ χ(γ,δ)

S ∩ χ(γ,δ)
Q ⊆ ∨q(γ,δ)(χ

(γ,δ)
B ◦ χ(γ,δ)

S ) ◦ χ(γ,δ)
Q

=(γ,δ) (χ
(γ,δ)
BS ) ◦ χ(γ,δ)

Q =(γ,δ) χ
(γ,δ)
(BS)Q.

Therefore B ∩Q ⊆ (BS)Q.
(iii)⇒ (ii) is obvious.
(ii)⇒ (i)
Since B [a] = a∪a2∪(aS) a and Q [a] = a∪(Sa ∩ aS) are principle bi-ideal

and principle quasi-ideal of S generated by a respectively. Thus by (ii), Eq.
(1), Lemma 3, medial law and left invertive law, we have

{a ∪ a2 ∪ (aS) a} ∩ {a ∪ (Sa ∩ aS)}
⊆ {

(
a ∪ a2 ∪ (aS) a

)
S} (a ∪ (Sa ∩ aS))

⊆ {aS ∪ a2S ∪ ((aS) a)S} (a ∪ Sa)

= {aS ∪ a2S ∪ (Sa)(aS)} (a ∪ Sa)

= {(aS)a ∪ (a2S)a ∪ {(Sa)(aS)}a ∪ (aS)(Sa)

∪(a2S)(Sa) ∪ (Sa)(aS)(Sa)}
⊆ (aS)a ∪ Sa2 ∪ (aS)a ∪ (aS)a ∪ Sa2 ∪ (aS)a

= (aS) a ∪ a2S

Hence S is regular as required.

5 Conclusions

We have applied the theory of fuzzy soft sets to algebraic ideal theory of regular
AG-groupoids. We introduced (∈γ ,∈γ ∨qδ)-fuzzy soft left ideals (right ideals,
bi-ideals and quasi-ideals) over AG-groupoids. Moreover, we presented some
characterizations for regular AG-groupoids based on these newly introduced
fuzzy soft ideals over them. The natural extension of this research work is to
study intra-regular AG-groupoids using fuzzy soft ideals.
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700506 Iaşi, Romania.
Email: leoreanu2002@yahoo.com

Saima ANIS,
Department of Mathematics,
COMSATS Institute of Information Technology,
Abbottabad 22060, Pakistan.
Email: saimaanispk@gmail.com

Nadeem AJAIB,
Department of Mathematics,
COMSATS Institute of Information Technology,
Abbottabad 22060, Pakistan.
Email: nadeem.ajaib@yahoo.com


