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Drift perturbation’s influence on traveling wave
speed in KPP-Fisher system
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Abstract

This paper dressed the drift perturbation effects on the traveling
wave speed in a reaction-diffusion system. We prove the existence of
a traveling front solution of a KPP-Fisher equation and we show an
asymptotic expansion of her speed. Finally, we discuss according all
parameters of our system regions of the plane in which the traveling
wave speed increases or decreases as a function of a small parameter ¢.

1 Introduction

Front propagation is a phenomenon that has many scientific applications ; such
as : the sprawl of epidemics and diseases, biological invasions and collective
behavior, ecology, population dynamics, reaction kinetics, the flow in porous
materials, etc.
This phenomenon is generally modeled by a reaction-diffusion equation of the
following form

U, =V.(AVU) + f(U)
U(0,z) = Up(x)

where the diffusivity A is a positive definite matrix and the reaction term f is
a C? nonlinear function.
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Understanding the mechanism of the settings of perturbation on the diffusion
and (or) reaction influences the traveling fronts like configuring their location,
profile, and their speed is one of the most fundamental issues. In fact, varia-
tional principles for the speed of front propagation for KPP-type nonlinearities,
respectively Fisher’s population genetic model as well as various other implica-
tions of the qualitative behavior of propagating waves, were given by Hadeler
and Rothe in [7] and Gértner and Freidlin in [6]. Paper [2] is used to han-
dle the speed of traveling fronts of reactions-diffusion equations of bistable or
combustion type with rapidly oscillating diffusion and drift coefficients. In the
monostable case (KPP-Fisher type), the variation of the traveling wave speed
was treated in [3] for nonlocally perturbed reaction-diffusion equations. Com-
pare the survey papers ([14],[16],[15]) in order to have an excellent reference
on propagation phenomenas mathematical results especially on the existence
and stability of traveling waves, and other references that has not already been
cited here.

In this paper we consider a particular kind of reaction-diffusion system with
drift perturbation. The type of system we are dealing with is the following

u = alAu+yu(l —u—0v)

(1)
ve = BAv+ Vo +nu(l —u—v)

with:

x=(1,22,.....xy) ED=RXxQCR" t>0,

b=0b(xs...x,), B=0() — a,n=n(ec) — yand § = () — 0 as e — 0.
The cross section of the cylinder @ € R"~! is bounded with C** boundary.
For simplicity, we will consider here traveling waves in direction e; = (1,0, ..., 0).
A very important question is how to study the variation of the traveling
wave speed in discussing the influence of drift perturbation and all param-
eters a7, 8, d,n of system (1).

Existence of unique monotone and stable traveling waves were shown in [5],
[9], [10] and [13] for monotonic systems. A variational characterization given
in [12] allows to prove an asymptotic expansion for the traveling wave speed
solution of system (1).

The paper is organized as follows. In section 2, we rescale system (1) to obtain
a monotone system and we show the existence of unique monotone and stable
traveling wave up to translation and we give a variational characterization of
the wave speed. In section 3, we prove that the traveling wave has an asymp-
totic expansion. Finally in section 4, we determine regions of the plane in
which the traveling wave speed solution of system (1) increases or decreases
as a function of €.
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2 The variational characterization

We rescale the system (1). So, with no loss of generality, we can suppose that
a =y =1 and our system becomes

u = Au+u(l—u—v)
(2)
vy = [BAv+5bVu+nu(l —u—v)
with b = b(zg...zy,), 8 = B(e) — 1, n =n(e) — 1 and 6 = d(¢) — 0 as
e — 0.
We pose w = 1 — u. Thereby system (2) becomes

wy = Aw—(1—w)(w—"v)

(3)
vy = PAv+ 6V + nu(w — v).

We can easily see that system (3) is monotone. Therefore there exists a unique
monotone traveling wave (c., w.,ve) in direction e; solution of (3) connecting
two zeros of its nonlinearities; this wave is stable with respect to some subset
I of initial data. For more detail, see for example [5], [9], [10] and [13].
The traveling wave solution (cg, we, ve) of system (3) will satisfy the following
boundary conditions

((we,ve ) (—o0)=(1,0) and ((we,ve ) (+00)=( 3.3 ).
Let (co,wo,v0) be the traveling wave solution of the system (3) when e = 0
(i.e. B=1,7=1and § =0).

Let Wy =1+ vg — wg = ug + v, then Wy is a traveling front solution of the
following KPP-Fisher equation

COW6 = Wél + Wo(]. - Wo) ( )
4
Wo(—OO) = 0, W0(+OO) =1

with Wy(t, ) = Wo(z + coter) and W] represent the derivative of W, with
respect to the first component z; of x.
Let

We =14v. — we = ve + U, (5)

then W, is a traveling wave solution of the following equation
cW, =AW, +W.(1-W.)+ (8 —1)Av: + 5bVve + (n — 1)v (1 — W)

We(=00) =0, W.(+00) = 1.
(6)
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Let

o { y € CH(R,C¥(D))|awy(t,2) > 0,0 < y(t,x) < 1,y(0,.) € L, }
y(~o¢) = 0,y(+o0) = 1

be the sets of admissible comparison functions. For y € X define

Ay +y(l—y)+ (B —1)Av. + 6bVo. + (n — 1)v(1 —y)
= o )

Y(y)

In [5] a variational characterization of the wave speed was given for more
general situations. Here we will state a specific version of the result as a
lemma.

LEMMA 2.1. [5] Suppose that there exists a unique stable traveling wave for
problem (6) then the traveling wave speed c. is given by

su inf t,x)) = c. = inf su t,x)). 7
wp mf v =e =il e et 0

The proof of this minimax characterization of the wave speed c. is based
on the maximum principle and relates technically to results given by Vol’pert
et al in [12] for monotone systems of ODE’s.

3 Asymptotic expansion

THEOREM 3.1. The traveling wave (ce,we,v:) solution of the system (3)
has the following expansion:

. =co+ecr+o(e)
ve = wg+evy +o(e) (8)
we = wp + ew; + o(g).
d d do
Proof. We note 3 = db ,n = bl and § = — then equation
de |e=0 de |e=0 de |e=0

(6) becomes
Wep = AW + W (1 — W.) + ¢ [/ Ave + 80V ve + n've (1 — We)] + o(e).

Since W, and v, are regular and bounded functions, then the comparison
principle implies that
W, = Wy + eWy + o(e).
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Furthermore, we have
Uer = Aug+u(l —ue —v.)
ugr = Aug+ ug(l —ug — vp)
We substract these two equations to get
(ue —ug)r — A(ue — ug) — (ue — ug)(1 —ug — vo) = u(Wy — We).
Using the comparison principle, we obtain
e = ug + eug + o(e).
Therefore, we deduce from (5) that
we = wo + ewy + o(e)

and
Ve = Vo + ev1 + 0(€)

which justify our expansion for v, and w;.
To show the asymptotic expansion of c., we consider the test function:

y(z) = Wo + eyi(x),

where y; will be determined below.
An easy computation gives that

Ay +y(1—y)+ (8 —1)Av. + 0bVv. + (n — v (1 — y)

Ply) = o
LWy e[ + (1= W)y + ool = Wh) £ B+ g
- W+ ey}
= o+ 7= [} — oy + (1= 2Wo)ys +1'vo(L = Wo) + B'vf + &'bug]
0
+o(e).

We choose y; such that the coefficient of € in ¢ (y) is constant. Thus y; solves
the following equation

yl —coyt + (L =2Wo)yn = —aaWy—n've(l — Wo) — vy — 6'bwy,

y1(£o0) = 0.
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Near +o0o all derivatives of W, have the same exponential decay rate as W{.
Therefore with our choice of y we have d;y > 0 for small e. Thus y is an
admissible function for the minimax characterization (7) and we have

ce =co+ecy+o(e).

This ends the proof of Theorem 3.1.

4 Sign of ¢

In this section, we discuss according to derivative perturbations parameters
how ¢; may change sign.

PROPOSITION 4.1. Let (ce,we,ve) be the traveling wave solution of sys-
tem (3), then the variation of cc is as follows.

JZ 4
.zf%a+yfbg0am #—Hs—%+:f’<%ﬂ+&f0

then c. decreases as a function of €.

JZ 4
.[fmﬁ+8%b20am d—ﬁz—%+:f’<%ﬁ+y%0

then c. increases as a function of .

Proof. We note w’ and v’ the derivatives of w and v with respect to the
first variable then we have

cowl = Aw. — (1 —we)(w: — ve)
ccvl = BAv. + 5bvl 4+ nue(we — v.)

this can be writen as

(cot+ec1)(wog+ew) = A(wy+ewr) — (1 —wy — ewy)(wo + ewy — vy
—evy) + o(e)
(cot+ec1)(vo+ev1) = BA(vg+evy) + db(vg +evy)

+n(vo + ev1)(wo + ewr — vy — evy) + o(e).
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Since (cg, wo,vp) is a solution of the system (3) when € = 0 then we have

awy+cw] = Aw; — (1 —wo)(wy —v1) + wy(wo — vp)

avhy+ vy = B'Avg + Avy + n'vg(we — vg) + §'bvf) + vo(wy — v1)
+v1(wo — vo)

which implies that

Awy — cow) — (1 —wp) (w1 — v1) + w1 (we — vo) = crwy]

Avy — covy +vo(wr —v1) +v1(wg —wvg) =  c1vy — B Avg — n'vo(we — vo)
—0&'buy.

We substract these two equations to obtain
A(vy —wiy) — co(vy —wy) — (v1 —w1)(1+ 2(vg — wp))
= c1(vg —wg) — B'Avg — n'vo(we — vo) — §'buy,.
We pose ¢ = v1 — wy then this equation is equivalent to
Ad —cod) — d(1 —2Wy) = ey W — B/ Avg — n'vo(wo — vo) — 8'bvg.  (9)

Using that W, is a solution of (4) and the Fredholm alternative, the solvability
condition of the equation (9) can be writen as

“ fRXQ WéQ@_COE = p foQ AvgWie 8dx + n/ foQ vo(1 — Wo)Whe ¢
0 fryq broWoe 8.

Since v satisfies Avg = covfy — v9(1 — Wy) and using the fuct that vy and Wy
are independent on (z3..x,) € € then the solvability condition is equivalent to

(&) fR W626760§ = 006, f]R ’U(I)W(l)eic()g + (7]/ - 5/) fR Uo(l - V[/v())V[/v(l)eico5
+0" §b [ veWhe™ 8.
After an integration by part we obtain that

o /}R WiZeeo€ _ /R <(005’+5’ f bYWo + (f — 5')W5> vo(1 — Wo)e—cot.

We know that vo(1 — Wy) > 0, so that if (CO,B' + 6’]{()) Wo + (0 — W]

does not change sign then we can deduce the sign of ¢;. Here we have three
cases.
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First case: (coﬁ' + 5’7{b> and (n’ — ') have the same sign then it is the

sign of ¢;.

Second case: one of (COB’ +¢ ?{ b) and (n' — f') is zero then the sign of ¢;

is the sign of the non zero term.

Third case: (coﬁ’ +9 ?{ b) and (' — ) have an opposite sign. In this case

we need a good estimate on Wy.

Equation (4) is equivalent to
W§ — (co — a)W, = aW} — Wo(1 — W) Va € R.

Since 0 < Wy < 1 then we have

1
W — (co — a)W§ > a(W§ — aWO) Va # 0. (10)

1
We choose a such that co — a = ~ which is possible since we have c3 > 4,
a

(see [1] and [11]).
We note

a4 =

Coﬂ:\/cgf4>0
— 5 .

After multiplication by e~ +¢ and integrating the inequality (10) on
(&, 00) for any £ € R we obtain that
Wé < aWy

co — 03—4
2

with a = a_ =
We discuss two subcases

1.0/ — " >0and g8 + 5'%1) < 0. We have that
(con 40" fo) Wt (f = 905 < (o 48 foas = ) Wi

-]
< (?(n’w’)wi{b—” 7 cg_4>wo.




DRIFT PERTURBATION’S INFLUENCE ON TRAVELING WAVE SPEED IN
KPP-FISHER SYSTEM 197

So that if %0(17’ + 8 +6'%b < 0 then ¢; < 0.
If not, we have
D)8 foso

therefore an easy computation gives that

-7,
U 25 2 —4<0,

o /4 ’ 1
D)+ fo-

if and only if

and

PR CGALED YY)

Hence, in this subcase we have ¢; < 0 and then ¢, decreases as a
function of €, for € small enough.

2.7 — B <0and ¢ + 5'%1) > 0. We have that

(«:0/3' o f b) Wot(f —8)Wy > (w’ 8 fora i - B’)) Wo

-]
> (?(n’+ﬁ’)+6’7{b—" 2ﬂ cg—4>WO.

So that if 650(7]’+B’)+5'j§b> 0 then ¢; > 0.
If not, we have
D)+ fo<o

therefore an easy computation gives that

-7,
n2ﬁ 6(2)_4207

D)+ fo-
if and only if

)
— 200 : <Coﬂ/+5’%b> <n-p
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and

— /c2 —
n’—6’<‘co+72 ot <006’+6’]{b>.

Hence, in this subcase we have ¢; > 0 and then c. increases as a
function of €, for € small enough.

This ends the proof of proposition 4.1.

Return now to the full system (1). A simple scaling argument allow to con-
clude the result in a general way. We note ¢} the traveling wave speed solution
of (1). Then we have the following

THEOREM 4.2. Let (cX,ul,vl) be the traveling wave solution of system (1)

) e

for e small enough. Then c; = % and has the following variations.
!

Vet —4
. If 0—05'+5’]{b <0 and an'—B < —w (Coﬁ’ +5’j§b>
o o
then c; decreases as a function of .
Vit —4
If @5/+5/7{b >0 and an'—y8 > —w (Coﬂl —|—5'7§b>
o o
then ¢t increases as a function of €.

Where c. is the traveling wave speed solution of (3).

Figure 1 presents the different regions of the plane
~ Co / _ / /
(X—B +EPb Y —an —7ﬁ>
«

in which ¢} increases or decreases as a function of €.

REMARK 4.3. In the regions

2 _ 4 2 _ 4
(07 (s V)

of Figure 1, the determination of the sign of c¢1 rest an open problem.
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Figure 1: ¢} variation.
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