7
VERSITA
Vol. 24(1),2016, 121-152

DOI: 10.1515/auom-2016-0007
An. St. Univ. Ovidius Constanta

Iterative calculus on tangent floors
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Abstract

Tangent fibrations generate a ”multi-floored tower”, while raising
from one of its floors to the next one, one practically reiterates the
previously performed actions. In this way, the "tower” admits a ladder-
shaped structure. Raising to the first floors suffices for iteratively per-
forming the subsequent steps. The paper mainly studies the tangent
functor. We describe the structure of multiple vector bundle which
naturally appears on the floors, tangent maps, sector-forms, the lift of
vector fields to upper floors. Further, we show how tangent groups of
Lie groups lead to gauge theory, and explain in this context the meaning
of covariant differentiation. Finally, we will point out within the floors
special subbundles — the osculating bundles, which play an essential role
in classical theories.

1 The tangent functor

The tangent functor T is a correspondence which attaches to a smooth man-
ifold M, its tangent bundle TM (its first floor) and to a smooth mapping ¢,
its tangent map T¢. By applying k times the functor T to the manifold M,
one obtains its k-th tangent space T*M (k-th floor of the manifold M) and
by applying it to the mapping f — the k-th tangent map 7% f - understood as
a morphism between the k-th floors,

M T T™ T* T+ M
{ ro 7 { Tf { Thf.
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1.1 Floors and projections

The natural projections from all the floors onto the previous floors 71, ma, 73, ...
and their tangent maps define on the k-th floor 7% M the structure of a k-fold
vector bundle with the projections py, pa, ..., px on the floor TF~1M,

pi =T im . TFM — TF'M, i=1,2,... k.

We notice that the sequences p1, pa, ... are different for different floors. From
the first floor TM to the manifold M, we have one projection p; = 71, while
from the second floor to the first one, two projections p; = Ty, p2 = 72,
from the third one to the second one — three projections

p1 = T27T1, pa = T'ma, p3 = w3, and so on.

T271'1

M & T i TR T ||y

TM <& T2M &2 T30 || ps

T°M & T°M || p3

k=1: pp=m,
k=2: py=Tnr, po=m2,

k=3: p1=T%m1,po=Tna, p3=ms.

For k = 2 and k = 3, we have indicated the projections on the corresponding
commutative diagrams. For k = 2, the diagram has the shape of a rhombus:

T2M
p1=Tm \/ \J p2=T2
TM TM
m N o
M

where there holds the equality:

T1P1 = T1P2 -

For k = 3, the diagram has the shape of a 3-dimensional cube:

IWe shall further omit the sign ” o ” generally used for the composition of mappings;
€.g., Tp; = O p;.
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T3M

I
P e
Y

T*M T*M T*M

Tme N~ Tm
7 N
lTs\ /é lm
~ AN

T™ T™ TM™
\ \L ™1
1
M

where the following equalities hold :

T1T2P1 = T1T2P2 = T1T2p03,

Tripr = T'mip2, Twip3z = map1, T2p3 = Map2,

etc. This can be generalized, and in the general case TFM, the diagram
becomes a k-dimensional cube.

1.2 Tangent maps and differentials

The tangent map of a mapping f is defined as a pair

| Tf = (fom f)],

where f is the mapping under discussion,
f:My — My:u—v=f(u),

and
f=df : Tu,My — T,Ms : du — dv=df odu,

is its differential, understood as a linear mapping between the tangent spaces?.

The mappings f, f1, together with the projection 7 : TMy; — M; are indicated
in the following diagram by arrows:

T,M, % T,M,
. 1 Tf=(fom, f1).
M, s M

2In local coordinates, the differential df is defined by the Jacobian matrix. The dif-
ferentials du and dv, as column matrices, will be further respectively identified with the
components of the vectors u; and vj.
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One can also discuss about higher order tangent maps, e.g., for a function or
a system of functions ¢ : TF~1M — RP, we deal with the tangent maps T
and T?¢

THIM 2R 2R

Thil | A ngo = (Tga O Th41, S0k+1),
T*M 5 TRP
7rk$ \L T(pZ(QDOWk»SDk)

T 25 RP

We further introduce a convenient indezing system. A usual scalar function
f: M — R admits, on distinct floors, distinct differentials:

fi=df, fo=d(fom), fs=d(fomm),...

For higher order differentials, we shall use the following multi-index notation:

frz=df, fis=d(df oms), fos=d*(fom), fis=d’f,...
With these notations, for a given function f, we define the tangent maps
Tf, T?>f and T3f:
kzl : Tf ( Oplafl) (f7f1)a
k=2: T2f (fOTFhfl 07T2,(f0771,f1))
= (fommy, fioma, fa 0Ty, f12) =
= (fomm = fompi, f10p2, faop, fr2) =|(f, f1, f2, f12) |,
k=3 : = ((f o mima, f1 02, fo 0 T'my, fi12) o 7,
(fO7T17T2,f1 oy, f2 0 T'my, f12)3)=
= (fommepr = fommeps = f ommaps,
fiomaps = f1omapa, fooTmips = fo0map1, fi2 © pa,
fsoTmipa = faoTmip1, fi3 0 p2, f23 © p1, f123) =

i’(f>f17f27f12;f37f137f23,f123) ‘

We shall use the following rule: for denoting the tangent mapping T*f, we
write the symbols which define T*~1f, and add the index k — as a result, we
obtain 2-2F~1 = 2% symbols in the writing of the mapping T* f. Thus, symbols
with the index i (i = 1,2,,..., k) will be related to the fiber of the bundle p;
and the other symbols, to the base of this bundle.

Remarks. The writing f o p1 = f means that the function f is raised from the

manifold M to the floor TM. The writing f o mimap1 = f o mimaps = f o mim2p3 means
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that the symbol f is related to the common base of the bundles p1, p2 and p3. The notation
fa oTmip3 = fa2 omwap1 tells us that the symbol fa corresponds to the bases of the bundles
p1 and p3 and to the fiber of the bundle pa.

1.3 Coordinates and sector-forms

The coordinates on neighborhoods
U&TU & 120, & TRU . where mp(THU) = TFU, k=1,2,...,

are automatically defined once the coordinate functions (u’) are defined on the
neighborhood U. Namely, if a mapping w : U — R"™ defines the coordinate
functions on a neighborhood U, then on the neighborhood T*U, coordinates
are defined by the k-th tangent map T%w,

w:U ~ (Ul)a
Tw:TU ~ (Uiyuivuéaui2)7

2 .2 TE R R S S S S
T w:T°U ~ (u aulau27u12au3au137u237u123)7

There holds the following rule: in order to define the coordinate functions
on the neighborhood T*U, one appends their differentials to the coordinate
functions on the neighborhood T*~1U, i.e., the same coordinate functions as
on the neighborhood T*~1U, but with the extra index k. As a result, one gets
2Fn coordinate functions® on the neighborhood T*U. Here, the coordinates
with the index i are fiber coordinates for the fibration p; (i = 1,2,,...,k),
and the other ones are base ones.

In the following diagram, it is represented a cube with symbols attached
to each vertex. Alltogether, these represent an element of the floor T3M. If
we adjoin to all the indices the upper index i, then we get the coordinates
defined above. The endpoints of each of the three sides which are adjacent
to the symbol u define a point of the floor T2M, and the endpoints of the
opposite sides define a tangent vector to T2M at this point.

3Practically, to a point of the floor T*~1M, one attaches a tangent vector to TF~1M,
at that point.
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U123

P1 ‘ P2
| P3
\

u23 U12 u13

|

U2 us U1

AN

u

A scalar function on the neighborhood T*U, is called a (White, [17]) sector-
form on T*U, if it is linear and homogeneous on the fibers of all the bundles
P15 P25 Pk-

Differentials of a function f from the manifold M are sector-forms on the
corresponding neighborhoods, with partial derivatives as coefficients,

I
fl = flulla
frz = fijuiug + frufy

fras = figpududul + fij(uiuds + ujuls + ufuly) + frulss

We notice that the differential fi5, defined on the neighborhood T?U, is a
linear function both in the fiber coordinates (u},u},) of the bundle p;, and
in the fiber coordinates (ub,ul,) of the bundle py. This statement also holds
true for its differentials of higher order fis3 ....

The differentials may be considered for any sector-form. For instance, for
the 1-form ® = ;u¢, which is a scalar function on the neighborhood TU, the
differentials start by the index 2:

9¢i

50

Actually, if in the expression of ®5, one performs the symmetrization and the
skew-symmetrization of the coefficients d;p0; = 904 + O}y, then @ will

D = pul, By = djpuiul + pruty, 950 =

include the exterior differential* d® = 8¢, uj A uj.
When lifting a function f from the neighborhood U to the floor TU, its
differentials also start by the index 2:
f=Fom, fo= fiuy, fas = fijuul+ fruss ...

4@Generally, the theory of sector-forms includes Cartan’s theory of exterior forms.
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Generally, a sector-form on the neighborhood T2U is written in the following
manner (where v;;,1, are arbitrary functions):

U = vy uiud + Pruby. (1)

1.4 Lifts of a vector field

For every vector field X on the manifold M there exists a corresponding flow ay,
which may be understood as a 1-parameter group of (local) diffeomorphisms
of the manifold M. The diffeomorphisms a; are prolonged to the k-th floor

(k)
Tk M, where the flow T*a; induces a vector field X, called the k-th order lift
of the vector field X,

)
ar = exptX ~ TFa, =exptX .

On the neighborhood TU, one may associate to the coordinates (uf,u}) the
natural frame and its dual coframe:

o 9
oy = —
090 = (G 5t

)7 d(uzauzl) = (ugauiZ)'

Similarly, one may attach to the coordinates (uf,u®,u%,u%y) on the neighbor-
hood T?U, the natural frame and its dual coframe

(0,0,02,01%) = (e e 52 52 )

1YY ) 79 79 7
Ou'’ Qul’ dul’ dul,

TR R R STV S SRS Y |
d(u',ui, uy, ujs) = (u3, ujz, usz, ujsg), etc.

@ (2
The vector fields X, X and X are represented in the local frames in the form?:

X = &-xi,

0 L

X = 0iz' + 0; a7, (2)
@) i ol i 2 i 12

X = 0;x* + 0; 2] + 07z + 0;°x5.

Main property: the operation of lifting vector fields is compatible with the Lie
bracket:

(k) (k) (k)

[X,Y] =[X,Y], k=1,2,.. (3)

5When writing vector fields, we shall obey the following rule: summation excludes dif-
ferentiation. Thus, the writing 9;2° means the linear combination of the operators d; with
the coefficients z*, while the writing 8jzi indicates partial differentiation of the function z*
with respect to the operator 0;.
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2 Tangent groups
2.1 The Leibniz rule
Consider a smooth mapping
A My x My — M : (u,v) — w=1u-wv,

which attaches to any pair of points u € M7 and v € Ms, a point w € M. The
tangent map

TA:TM; x TMy — TM : ((u,uy), (v,v1)) — (w,w1)

attaches to a pair of vectors u; and vy at the points u and v, a vector w; at
the point w. We write this as: w = u-v and w; = (u-v);. The following
relation can be called the generalized Leibniz rule:

’(u-v)lzul-v—ku-vl.‘ (4)

Let us recall the case of the differential of a function of two variables :

19) 9]
z=z(z,y) ~ dz:a—zdqua—idv.

In our case, we have to study the so-called right and left translations (in the
first case, the element v € Ms is fixed, while in the second case, the fixed
element is u € M;), and their tangent maps:

M My — M:u—w, Aj:My—M:v—w,

Thy i (uyur) = (wyug -v), TAy:(v,v1) = (w,u-v1).

The map T\, brings the vector u; from the point u, to the vector u; - v at the
point w, and T'\,, brings the vector v; from the point v, to the vector u - v, at
the same point w. At w, the two vectors add according to the rule (4).

This rule can be extended to higher order differentials®, for instance,

’(U'U)lg:ulg'v-‘r’U,Q'Ul-‘rul'02+U'U12.‘ (5)

The tangent map 72\, on the floor T2M generates the element

(w, wy, Wy, wig) = (u v, (u-v), (u-v)g, (u- ’U)lg),

SThese are generalizations of the following formulas of classical calculus:
() = u'v +uv',

(uw)” = u"v + 2u'v 4+ wv”.
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where wy and wyo are defined by relations (4), (5) and we = ug - v + u - va.

In the following, it will be more convenient to represent TA and T2\ in
matrix form:

pe(5 )= (2 (5 )

w 0 0 0 u 0 0 0 v 0 0 0

2y . w1 w 0 0 _ ul u 0 0 V1 v 0 0
T°A: wa 0 w 0 - Uo 0 u 0 Vo 0 v 0 - (7

wie ws Wi W w2 Uz Ul U via v2 vl v

Then, the transition to higher order tangent maps T*\ is made iteratively.
The transition from an element u € M, first, to a 2x2-matrix, and then, to a
4x4-matrix is then made automatically:

uw(slg)w u“ ) ) (8)

Remarks. The Leibniz rule is applicable in various situations. For instance, with its
help, we can deduce the expressions of Lie derivatives.

By denoting the Lie derivatives with respect to some vector field X simply, by a prime
mark, as: Lx = (...)’, we have for the Lie derivative of a vector field Y:

Y =Y'f+Yf ~ Y =XY-YX=I[XY].
For the Lie derivative of a 1-form &, we have:
(@(1)) = #'(V) + 2(¥"),
and therefore, using the defining relations for the exterior derivative:

dB(X,Y) = X (2(V)) = Y (®(X)) + ([XV]),

IS

=

f o o
V]

VS

<

=

it follows”:
O =de(X, )+ d(P(X)),
for ® = df, from the latter equality, we get that (df)’ = df’, i.e., the Lie derivative commutes

with differentiation, etc.

2.2 Floors of a Lie group

Tangent groups of a Lie group are the floors of the group-manifold, with the
induced group actions.

First of all, a Lie group G is a smooth manifold with a group composition
law®

v: G — G :(a,b) — c = ab,

1)
TWe notice that X ® = Lx®.
8We have denoted above the product of two elements by a dot: u -v. For the product of
group elements, we will omit this dot ”-” i.e., we will write: ab.
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with the unity element e and inverse operation a ~+ a~!.

The first floor TG of the manifold G becomes the first tangent group of the
group G, with the composition law

r () =(a ) (e s, ©

having the zero vector at the point e € G as its unity element, and the inverse
elements
a 0 a 0
= _ , 10
<a1 a) <a11 a‘l) ()

a;t = —ataja ™t (11)

where

The second tangent group of a group G is the second floor T?G of the
manifold G, with the composition law

c 0 0 O a 0 0 0 b 0 0 O

2y . c1 c 0O 0 - al a 0 0 b1 b 0 O
T°x: co 0 c 0 - as 0 a O bo 0 b 0 (12)

cl2 ¢ c¢1 ¢ a2 az a1 a bia b by b

Its unity element is the zero vector at the unity element of the group TG,
and the inverses of its elements are:

-1 _
a 0 0 0 ab 0 0 0
ai a 0 0 | et a0 0 (13)
aa 0 a 0 a;’ 0 a7t 0 ’
e L |
a2 a2 a; a (2D ag aq a
where, according? to (11), a;' = —a"'a1a™!, a3’ = —a"taga~"', and
al_gl = a 'aa taa —atapa T +a taga fasa T | (14)

Raising to the following floors, we conclude that the k-th tangent group of a
group G is the k-th floor T*G.

Remark 2.2. If the group G is the general linear group GL(n,R), then the diagonal
blocks in the matrices (6), and further on, are regular matrices, i.e., elements of the group
GL(n,R), while the other blocks (with subscripts) are elements of the Lie algebra gi(n,R).

9Formulas (11) and (14) generalize the formulas

(1)/7 u/ (1)”72(u’)2—u"u

w/ w2’ w/ us ’
u u'v —uv’

Other classical formulas can also be generalized, for instance, (f)/ = ——— is general-
v

2
ized as: (ab™ 1)1 = a(a"ta; — b~ 1b1)b~ 1 etc.
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2.3 Representations of tangent groups

A smooth mapping
A: MxG — M : (u,a) = v=u-a
defines a right action of the Lie group G on the space M, if all the maps
i  M—->M:u—u-a, VaeG,

are transformations (diffeomorphisms) of M and the mapping a — A, is a
morphism between the group G and the group of transformations of the space
M. The mapping

A : G—>M :a—u-a

defines, in the space M, the orbit \,(G) of the point wu.

The tangent map
TA : TM xTG — TM : ((u,u1),(a,a1)) — (v,v1)
where
v =u-a,
vi =ui-atu-ay=u-a+v-(atay),

defines a representation of the tangent group T'G on the floor TM.
Let us notice two particular cases. For a; = 0, it is defined the action of
the group G on the floor TM :

ar=0 = wu; — vy=u-a.

If w3 = 0, then we have a linear mapping from the Lie algebra T.G to the
tangent space T, M , Vv € M :

uy=0 = e =alta; — vi=u-a1=v-a ta;=v-e.

Formula v; = v-a~'a; is known in the theory as the fundamental equation
of the representation of the Lie group G.

Remarks. 2.3. At every point v € M it is defined the vector vi = v -ey1. This
means that, in the space M, it is defined a vector field — group operator!®, tangent to
orbits. Depending on the choice of the vector e; € T.G, in M there appear infinitely many
operators of the group G.

1080phus Lie called these operators infinitesimal transformations of the space M. It also
makes sense to speak about fundamental vector fields of the group etc.
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2.4. The fundamental equation v1 = v - a~la; defines on the group G a system of
equations!! 9 = £f‘wi, where w? is a left invariant cobasis on the Lie group G. At the
same time, in a coordinate neighborhood of the point v € M we have a system of operators
X;: o

X =¢& o
The forms ¥ and the operators X; are not necessarily linearly independent, but the number
of forms 9% is equal to the dimension of the space M, while the number of operators X; is
equal to the dimension of the group G. The Pfaff system {f‘wi = 0 defines for a fixed point
v € M its stabilizer H, C G.

2.5. The group G acts on itself by:

e left translations [, :a+—ba,
e right translations 7, :a +— ab,
e inner automorphisms A, =l o rb_l :a > bab~! (conjugate representation).

A vector e; € TeG is mapped by left translations [; into a left invariant vector field bey,
by right translations r, into a right invariant vector field e1b and by inner automorphisms
Ayp into the operator be; — e1b.

2.6. The vector field X = be; (accordingly, X = e1b) induces in the group G the
flow of right (left) translations. The operator X — X = e1b — be; induces the flow of inner
automorphisms. If e; € T.G is the tangent vector to a 1l-parameter subgroup a; of the
group G, then

ra, = exptX, lo, =exptX, Aq =expt(X —X).

The left invariance of the operator X and the right invariance of the operator X are a
consequence of the fact that left and right translations commute®? :

Iy Tatlb_l =Tay, Tb lat"'b_l =lay, YDEG.
For an arbitrary function f on G, we have the derivatives
Xf= (forat);:() ) Xf =(fo lat)2:07 (X -X)f= (fOAat);:(J'

2.7. By considering the inverse k : a — a~1, the vector fields X and X will be related
by the equality X = —T'kX, since lq, = m”;tln

2.8. The fundamental equations of left and right translations, as well as those of inner
automorphisms on the floor T'G, look as follows:

c1 = (a1a e, 1 =c(a tay), c1 = (ara ) e—c(ara™t).

1 The matrix € = (£2) plays in the local theory an exceptional role. For instance, in the
formulation of Lie’s theorems.

12Generally, with respect to a transformation b of the manifold M, the flow a; is trans-
formed according to the following scheme :

b4 1w ag ~ dt:batbfl.
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2.4 Gauge theory

2.4.1 Jacobian matrix

Consider a smooth mapping from an n-dimensional manifold N to an m-
dimensional manifold M,

o: N — M.

The tangent map Ty is understood as a morphism of floors:

T™N s TM
™ l« \l/ ™2
N M
For any pair of points v € N and v = p(u) € M, it is defined a linear
transformation between the respective tangent spaces:

Twe : TLN — TyM.

In the coordinates u* and v® on the neighborhoods U C N and V C M, the
mapping ¢ is defined by m functions ¢® on the neighborhood U, which are
p-related to the coordinate functions v on the neighborhood V/,

v o = .

The tangent map T is defined by the differentials dp® = ¢®du’, which are
Tp-related with the cobasis dv® on the neighborhood V,

dv® o T = dp®.
0
ou?
neighborhood U. At a fixed point w € U, this is a numerical (m X n)-matrix,
which thus defines a linear transformation 7.

The tangent maps T and T?¢ are defined by the system to the left (see
below) and by the Jacobian matrix (to the right) respectively :

{vaoso = ¢, ( e 0 >

vioTy =of, (i) o )’

where ¢ = p2u® and (%) = gpf‘ju]l At the point uy = (u,u1) € TU, the
Jacobian matrix defines a linear mapping'? :

The Jacobian matrix (¢§) consists of the partial derivatives ¢ = on the

T? @©: T2 N —T2 M

u(1) u(1) vy?

13More precisely : Teu,u)(Te) + Tiuuy)(TN) — T(y ) (TM).
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Remarks.

2.9. Since the Jacobian matrix is defined on the whole neighborhood T'U, it is also
defined on any subset of this neighborhood, in particular, on the vector field X, regarded
as a section of the bundle TU — U, with the local components (z?), namely:

[} 0 . . ;
(m 0 ) where ® = (42), X& = (pi,a").

2.10. Taking iterations of the tangent functor Tp ~» T2y ~» T3p ~» ... the staircase
structure of the Jacobian matrix is preserved :

d 0 0 o
q)w(fb o)w X ) 0 0 .
X® & Y® 0 ® 0

YX® Y® X P

2.4.2 Gauge group

We shall give in the following an invariant (coordinate-free) definition of the
gauge group'4.

Definition'®. Let M be a smooth manifold of dimension n. The gauge
group at a point uy,) of the k-th floor T* M is the group Gy, of linear transforma-

tions of the tangent space T@SM , induced on this space by diffeomorphisms
of the manifold M.

Proposition 2.1. The gauge group Gy, is isomorphic to the k-th tangent
group of the linear group GL(n,R),

Gr ~ TH(GL(n,R)), k=0,1,2, ...

Proof. Transformations of the tangent space are defined independently from local
coordinates, but, in the natural bases, they are defined by Jacobian matrices. At the first
steps, we have:

k=0 = G ~ GL(n,R) — the linear group is generated by the Jacobian matrices
a= (a;'.) of diffeomorphisms a at the point u € M,
k=1 = G ~ T(GL(n,IR)) — the first tangent group is generated by the Jacobian
. ( a 0
matrices
ap a

block a1 = (a;.ku’f),

) of diffeomorphisms T'a at the point (u,u1) € TM, by means of the

14Gee also [1].
15In the case k = 0, we set :

uey=u, TOM =M, Go =G, T(OUSM =TuM, etc., u(yy = (u,u1), ...
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k=2 = Gy ~ T? (GL(n7 ]R)) — the second tangent group is defined by the Jaco-

a 0 0 0
. . ap a 0 0 . . 2 .
bian matrices 0 a 0 of diffeomorphisms T?a at the point (u, u1,u2,u12) €
ajz as aj a

T2M, by means of the blocks

ar = (a;ku’f)7 az = (a;kuls)v a1z = (aéklu’fué + a;ku’fg).

Further, we proceed iteratively. O

Remarks.
2.11. The actions in the group G2 (and in the following groups Gy), i.e., multiplication
and inverse operation, are defined by :

a O b 0 ab 0
(a1 a>'(b1 b)_((ah)l ab)’ (ab)1 = a1b + aby,

1 _
a 0 al 0 1 11
= 1 1 ), at=—-a"taja"h

a; o« a a

2.12. To a vector field X on the neighborhood T'U it corresponds a linear pseudo-group,
with the multiplication and inversion of matrices :

a 0\ (b 0Y_( ab 0
Xa a X6 b )\ X(ab) ab )’
a 0\ 7' B a”t 0
Xa «a “\ —aXaal ol J°

There appears a natural question: what is the relation between the above
invariant definition of the gauge group and the jet bundle approach?

Let us consider the group &, of k-jets of diffeomorphisms of the manifold
M at a point u € M.

Proposition 2.2. There exists a homomorphism from the jet group &y
onto the k-th gauge group & — Gy . The kernel of this homomorphism is
the stabilizer Hy_y1 of the point u_1y € TE=IM. The gauge group Gy is
isomorphic to the quotient group &y /Hjy_1.

- Proof. Thecasek =1is trivial. In the case k = 2, the group & is generated by 2-jets
(a;- 7a;.k) at the point w € M. In the group &2 the actions (multiplication and inversion of
its elements) are defined by :

(a;- 7a§'k) : (b; 7b§‘k) = (afbé- ,aélbﬁ + afbfj)a

(aj,af) ™" = (aj, —ajag;aj), where (af) = (af)"".

The mapping
i i “;' 0
B2 — G2t (aj,ajy) ~ ik B
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is homomorphic. The stabilizer Hy of the element (u,u1) € TM generates a 2-jet which is
transformed into the identity matrix :

H, = {(a;,a;k) \ aé = 6;-, aé-kulf =0}
According to the theorem of homomorphisms, the isomorphism Go ~ &2/H; holds.

In the case k > 2, the reasoning is similar. ]

3 Elements of the theory of connections

3.1 The structure A\, & A,

A connection in a bundle 7 : M; — M with the n-dimensional base M and
r-dimensional fibers is defined as a structure Ay, ® A, where A, = ker T'r is
the vertical distribution and /\j is the horizontal one, supplementary to the
distribution A,.

On a domain of local chart U C M; with coordinates (u’,u®), where u’ are
base coordinates and u® are fiber ones (i =1,2,...,n;a=n+1,...,n+7r),
a basis (frame + coframe) can be adapted to the structure A, ® A,

(Xi,Xa):(ajva/B)'<FZ3 55 >’ (wﬂ ):< —IZ‘? (55 >‘(dua ) (15)

The horizontal vector fields X; = 0; + I'0, generate a basis of the distribu-
tion Ay, and the forms w® = du® — T'¢du’ vanish on X;. The forms w’ vanish
on the vertical vector fields X, = 0, generating a basis for A,.

Remark.
3.1. It is a known fact that an n-dimensional subspace on an (n +r)-dimensional vector
space is defined up to nr parameters; for the adapted basis, these parameters are the nr

quantities I'¥. Generally, they depend both on the base and on the fiber coordinates (ui7 u®).

3.2. A Pfaff system w® = 0 is equivalent to a system of ordinary differential equations
(ODE’s)
WY = du® —TOdui =0 e 0% _pe (16)
B ¢ - out Y
It is thus established a link between the structure Aj @& A, and the given differential equa-
tions. If the DE’s cannot be brought into the form (16), then for the quantity I'{*, the

relations overlap and in the definition of the distribution Aj there might exist some arbi-

trariness. Using this arbitrariness, the distribution Aj can be changed in such a way as to
find the solutions of the DE’s.

3.3. In a vector bundle, one can define a linear connection. In this case, the quantities
I'$" are linear and homogeneous on the fibers: I'{' = F‘Z?‘Buﬁ. The coefficients F?g depend on

the base coordinates. The system (16) consists of linear DE’s. The transport of fibers along
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a path is done by means of linear transformations.

3.4. A classical affine connection on the manifold M is equivalent to a linear connection
on the floor T'M. Then, the quantities I'$* define on the neighborhood U C M a 1-form with
values in the Lie algebra gl(n,R): I'$ ~ —F;kduk. On the neighborhood TU C TM it is

defined the adapted basis!®:
& 0 Ul &0 ul
Xi,X}:a,al. . i ) , 2 — % ) ( 2 )
( ) = (9 ]) < —ngu’f 513_ > < U{g > < szzullc 511_ ) ujqy
17)

3.5. With respect to coordinate transformations on the neighborhood U, the natural
basis is transformed as: {

- a0 diit at 0 du?
aa=o00 (% %) (am)-(% &) (i) o

C=aiw),

IS

i -k __ gt a=Y _ s«
aga; —6j, awaﬁ—éﬁ, a

and the adapted basis (15) is transformed as follows:

(Xi Xa) = (X; Xp) - (‘703 a%) ) (g;’) - <aoZ a%) ' (:JJ;) )

We obtain a transformation of the quantities I'$* ~~ ff‘
I%oa= (ag I‘f + a?)a{ . (20)
In the case of linear connections, when
re = F?ﬁuﬁ, re = f‘f‘ﬁﬂﬁ, u® =a% = ag‘uﬁ7 aj = a?BuB,
formula (20) defines a transformation I'f; ~ f‘f‘ﬁ

[%o0a=(ayTF, +af)ala). (21)

3.2 Covariant differentiation

A tensor field of type (p, q) is split in the presence of the structure A, & A,
into 2P%4 invariant blocks. In the adapted basis (15), taking into account
relations (19), these blocks have a tensorial character. When on some floor, one
performs the usual differentiation, in the formulas corresponding to the natural
bases, there appear partial derivatives, while in the formulas corresponding to
the adapted bases, instead of partial derivatives, there appear covariant ones.

16The sign ”—” is put in order to make our formulas correspond to the ones in tensor
analysis.
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3.2.1 Decomposition of a vector field

A vector field, as a tensor field of type (1,0), is decomposed with respect to the
structure A, ® A, into 2 invariant blocks. Let us consider the vector field (2)
on the floor TM and decompose this field, in matrix writing, in the natural
and in the adapted frames, see (17):

(1) i i
X(ai,abo( " )(Xi,Xn( - )
xhuy xtu

The partial derivatives from the natural frame «; = 9;z" are replaced, in the
adapted basis, by covariant derivatives:

xzj = @xi + F};jxk. (22)

3.2.2 Decomposition of sector-forms

A sector form, as a tensor field of type (0,1), is also decomposed in the structure
Ap @ A, into 2 invariant blocks. We consider the sector-form (1) on the floor
TM and decompose it (in matrix writing), in the natural and in the adapted
coframes, see (17):

i ug T Ug
U = (1hiuy ;) - o = (Yijul ,¥y) - Ui )
12 i2
There appears a transformation
big o~ Py =1y — BT

If O = &y = d;p,u}ul + pjul, is the differential of a 1-form ® = @;u’ on the
manifold M, partial derivatives 0;¢; are replaced by covariant ones:

@i ;= 0jpi — prTF; . (23)

3.2.3 Decomposition of affinor fields

A tensor field of type (1,1), i.e., an affinor field, is decomposed in the structure
Ay @ A\, into 4 invariant blocks.
Let us return to the gauge group. When saying that the Jacobian matrix

a 0 a; 0
a a ) \ duy d
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defines on the neighborhood T'U a transformation of the tangent spaces T(2u1)M ,

we understand that this happens in the natural basis (9; , 9} ;ug , u{é) and it
can be represented as a vector-valued form

i 0 ul
A=(0;,0} ( iag z)( 2)
( ) ajuy  a G

In the adapted basis (17), the vector-valued form A is written as
i J
dj. U1 4 Ui,

a; = a;‘k - ail—\é‘k +Tjj.al (24)

where

is the covariant derivative of the Jacobian matrix (a?) We can convince
ourselves of this if we multiply the matrices below. It is the way the matrix
of a linear map is transformed when passing from a basis to another one:

s 0N [ a0 ot 0
Fik“’f oL afku’f ag _F;'kulf 5;- )

In the adapted basis, all the blocks of the vector-valued form A are tensors.

As a conclusion, considering that the gauge group Gs is generated by the
group of matrices ( aa 2 > then, depending on the basis in which the trans-
1

formations T2a are represented (natural or adapted ones), the block a; has
the form a; = (a;ku’f), ora; = (a;7ku’f).

3.3 Basic formulas of the theory of connections
3.3.1 Morphism of bundles with connections

The following commutative diagram defines a morphism between the bundles
w1 and mo:
./\/ll *F—> M2
m 4 mo (25)
My Lo
Consider on each of the bundles 71 and 7 connections, i.e., structures A, ©A,
and A, @ A, on the manifolds M7 and My respectively.
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On the neighborhoods U € M; and F(U) C My with coordinates (u?, u®)
and (v?,v), we have the natural and the adapted bases (to the right we have

indicated the quantities F? and Ap),
U: (8,00;du,du’),  (Xi, Xose,0P), (D)),
F(U): (04,0x;d0® dv"),  (Xa,X230%0%), (AD).
The mapping F is locally defined by the functions (f¢, f),
,Ua o F — fa,
v o F = N

The functions f¢ are m-related to the functions f*, which define the mapping
f on the neighborhood m(U), thus, f* = f% o m . The tangent map TF is
defined in the natural bases by the Jacobian matrix (to the left) and in the
adapted bases, by the same matrix, in which we modify the ”south-western”

block:
fii 0 fi 0
o) T \R )
here g = 00 2 O8O
WHERe i = g I T ui e T gy ™
F =2+ [3T) = (Ao P) Y. (26)

In the case of vector bundles equipped with linear connections, the quantities
(26) are linear functions on the fibers:

A AL
Fi _Fiau ’

with the coefficients

Fpy = 0if) — [AT5, + (M), o f)f2f4. (27)

Remarks.

3.6. The block (26) appears in the process of transformation of the (Jacobian) matrix
of the linear map T'F with respect to the change of bases, i.e., when passing from the natural
bases to the adapted ones:

foo w(&g 0>.f§’0.5g'0
o N\ IE) I\ ed)

The block F* is a mixed tensor by virtue of relations (19). It is different from the block f?

of the Jacobian matrix.
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3.7. The coefficients (27) appear in the formula (26), if we take into account the lin-
earity of the functions f>» = f‘;‘ u®. The quantities FZ)& generate a mixed tensor.

3.8. A smooth mapping
f :A{l——+ ﬂﬁ

gives rise to a morphism of the tangent bundles (of the first floors)

™, T T

m 1 m2
A41 ';iﬁ A4Q
The coordinates (u?) and (v), given on the neighborhoods U C M; and U C My, induce
on the neighborhoods TU C TM7 and TU C T M, the coordinates (u?,u?) and (v®,v§).
The tangent map T'f is defined by the system

. o
T oAut
Consider on the manifolds M7 and Ms the affine connections with coefficients Ff] and Agv

on the neighborhoods U and (7, and assume that on the neighborhoods TU and TU we
have both natural bases and adapted ones. The second tangent map T2 f is defined in the
natural and in the adapted bases by matrices with different lower-left blocks:

oo - fpoo
A gy )

The block (qu)l = f;"ku’f of the Jacobian matrix is replaced by the block

’Ua = fa7
of = f1 = Sy, fi

a _ pa, g
F = Fjuy, where

o3 (e} {e% [e3 o - afa
F =15 - KT+ g, o NS | 12 =5

ana
dutoud

» fig = (28)

Formulas (26), (27) and (28) represent fundamental formulas of the theory
of connections. These objects appear quite frequently in a way or another in
differential-geometric constructions. The question is where to consider these
connections. Riemannian geometry and its dual (co-Riemannian geometry)
give a univocal answer to this question. In the Cartan method the connec-
tions appear by the use of nonholonomic bases.

Remarks.

3.9. Riemannian geometry. In the case when f is an immersion into the Euclidean
space M, the relation (28) becomes Gauss’ formula from the theory of surfaces.

Assume that f is an immersion from an n-dimensional smooth manifold M into the
(n+r)-dimensional Euclidean space M. The image f(M) C M represents an n-dimensional
surface, locally given by the parametric equations

wl = fI), i=1,m, [=1,ntr.



ITERATIVE CALCULUS ON TANGENT FLOORS 142

off
The linearly independent columns of the Jacobian matrix fZI = a—j; generate in the tangent
plane to the surface f(M) a vector basis. The Gram matrix consisting of the scalar products

of these vectors is regular and thus, invertible:
9i = I f] ~ (9i5)7" = (g).

On the surface f(M), it is defined the metric and the first fundamental form. The quantities
Ffj and A{]K are fixed as follows. First of all, we set A{]K = 0 — this property, in the

Euclidean space M, is an invariant one. Second, we impose the condition f,gFZI] = 0.
Therefore, we get the expressions of the Christoffel symbols:
f;fFij =0 ~ f{ fj —gklré]‘ =0 ~ F?j = flIfingkl~ (29)

The vectors Fz-g (with fixed indices ¢ and j) belong to the normal plane to the surface f(M)
and they can be expressed in the vector basis as (nl), a=1,... ,r:
I I
Fi; =mng f‘J .
The coefficients h$; define the second fundamental form of the surface f(M) with values in
the normal plane. We obtain the famous Gauss’ formula in the theory of surfaces:

I _ pIpk 1o
ij = JiLi; T nahdy.

On the surface f(M) it is thus defined a Riemannian geometry.

3.10. Co-Riemannian geometry. Let ¢ : M — M be a submersion from the (n+r):
dimensional Euclidean space M to an r-dimensional smooth manifold M. The space M
is fibered into an r-parameter family of n-dimensional fibers. Locally, ¢ is defined by the
system

v =%w!), a=1,.,m I=1,..,n+r

«
Sl are linearly independent gradient vectors,
U
transversal to the fibers. The Gram matrix consisting of their scalar products is a regular
(invertible) one:

The lines of the Jacobian matrix ¢f =

9°P = o ~ (9*P) T = (gap)-

In the bundle ¢ it is defined the so-called co-metric. We notice that the quantities g%P are
defined on the space M, but, by their indices, they belong to the manifold M and, with
respect to coordinate changes on M, they transform as the components of a tensor.
Let us rewrite the object (28) in a different form:
K
o7y =7 — ekl + AEW‘P?‘P}'
We set Ff{J = 0, which has in the space M an invariant meaning. Second, we impose the

condition @?‘Jcp?cp} = 0, and define the coefficients Agw o ¢ (we will not indicate explicitly
the composition o ¢), as follows:

Y0707 =0~ 0F 00T + 3,09 =0~ AS, = —gapgurelseteh. (30)

These are the so-called co-Christoffel symbols Agv which compose a tensor object:

A
DY) = 9% — GABG P LPK PP P
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These are the bases of co-Riemannian geometry 17, in which the object of study are families

of surfaces in the Euclidean space M, as the fibers of the submersion .

3.11. Geodesics and co-geodesics. The equality Fi‘;? = 0 provides, for dim M7 = 1,
the equations of geodesic lines, and for dim M2 = 1, the equation of a co-geodesic field.
3.12. Cartan’s test. A smooth mapping
f:M— M,

is represented on the neighborhoods U ¢ M and U = f(U) C M, with coordinates (u?) and
(v*) by the following system:

vWof=f% i=12...,dimM; a=1,2,,...,dim M.

Consider on the manifolds M and M the nonholonomic bases (X;,w/) and (Ya,0%). On
U and U, these bases are defined with respect to the natural bases by the matrices A, A~!
and B, B~1:

(Xi,w?) = Xy =04, W = Aldu,
(Yo, 6%) o Yo =33B8, 0° = BSdv™,
A linear map between the tangent spaces
Tof : TuM — Ty M, v = f(u),

is defined in the natural bases (9;,du?) and '(8a,dvﬁ) by means of the Jacobian matrix
(f8), and in the nonholonomic bases (X;,w’), (Ya,0?), by the matrix (F), or by the
vector-valued form

F = 0a @ dv® =Y, ®60%, where:

. . oOf«
Cory=rant, gr=20 (31)
CoTf = Ffuwl, Fe = (Bg o f)ff Al (32)

For the sake of simplicity, we will represent equation (31) in the form dv® = ff‘dui, and
equation (32), in the form 0% = F*w*. Actually, this is the differential equation of a single
mapping f, but, in the first case, it is represented in local form in the natural bases and, in
the second case, in the nonholonomic bases, not depending on the coordinates.

Cartan’s test consists of the following. Using the structure equations for the forms w?
and 6% (see line 1), one calculates the exterior derivative of the equation % = Fiawi (line
2) and, in the result (line 3), one uses Cartan’s lemma (line 4):

A 1. .5
dw’:—gc;kuﬂ/\w s dea:—ichO NGO
1 PR v
fg(cg,yof)Fi Flo' Aw? =dFJ A w? — F ck W' A W,
dF.Cul ockwl + = (ca o IFPFYw Inwl =0
k By i g -

- (c ofFﬁFW-l—/\o‘ w*
{ 2 pot-

17A joke by M. Spivak: the analogues of the Gauss-Codazzi equations appearing in the
dual case were called by him the Dazzi-Cogauss equations.
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There appears an object A, which is symmetric in its lower indices. This object defines
the symmetric part pf the differential dF;*. On the other hand, we can apply to F* the
operator d = X; @ w*, define the differential dF* and distinguish directly its antisymmetric
and its symmetric parts:

Ary = X, Fjw' = (X[iFﬁ + X(iFJ‘?S)wl,
Comparing the two expressions for dF*, we conclude:

Ak Al
Ay = X(;F8 = BSF[AFAL,

N
where
Fg =[5 — [eT8 + (A%, o NFL T, (33)
with the connection coefficients
Ty = ALo; S Alg= B;a(aBg). (34)

This way, the second tangent map
T2f . T2M — T?M

is defined in the natural bases, as usually, by the Jacobian matrix with the lower-left block
(fon = f{;ujl, and in the adapted ones — by the matrix with lower-left block Fl‘;u{, with

the connections (33):
(1;")1 fi FS‘uJ £ ’

By the choice of the nonholonomic bases, Cartan’s method anticipates the link between
the frames and the structure of the manifold under study. For instance, in the theory of
surfaces, the Darboux frame is related to principal directions and, in projective geometry
— to the Wiltschinsky directrices. This is how the frame is related to congruences and to
complex lines in line geometry etc.

G.F. Laptev called objects (33), appearing in the process of Cartan differential prolon-
gations, the fundamental objects of the mapping, [9].

4 Subbundles of the floors

4.1 Osculating bundles
On the k-th floor T* M of an n-dimensional manifold M, the equality of the projections'8
prL=p2=...=pg (35)

defines a kn-dimensional subbundle Osc*—1 M,

OscPF M cTFM, k=2,3,... (36)

This subbundle of the k-th floor T*M is called the osculating bundle of order k — 1 of the
manifold M.

According to the definition, the osculating bundle Osc*~1M consists precisely of those
elements of the floor T* M, which have a common image through all projections (35).

181n the same way as on the plane zy, the equality of the coordinate functions z = y
defines a straight line.
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In a local chart, the coordinates with the same number of lower indices are equal. Thus,
on a domain of local chart of the second floor T2U C T?M the elements belonging to the
bundle OscM are those which satisfy the equality: u’l = ué On a neighborhood of the
third floor T3U C T®M, the elements belonging to the osculating bundle Osc2M are those
for which u’l = u% = ug and ulﬁ = u’i3 = u§3, etc. It is clear, judging by the number of
coordinates, that

dimOscM = 3n, dimOsc2M = 4n  etc.

The coordinates on the osculating bundle can be denoted either by u?, ui, uzil s u"in, e
(1), (2), k). ) ) : :
or by u’, (u)’, (u)’, S <u)l, ..., but the notation with differentials u?, du®,d2u?, d3u?,... is
not appropriate, since the meaning of higher order differentials on the floors is a different
one.
We notice that the subbundle OscM C T2M is an integral surface of a 3n-dimensional
distribution — the linear span of the operators

(8;, 8} + 87, 8i%).

The functions (uf — u3) are invariants of these operators.
Similarly, the subbundle Osc2M C T3M is the integral surface of a 4n-dimensional
distribution, namely, the linear span of the operators

(00, 0+ 07 + 07, 012 40 4012, 012%).

For these operators, the functions (u} —wub, ul — u}, ul, — ubs, uls — ubs) are invariants.

(2 ) ) ) )
Remark 4.1. A vector field X = 9;z* + 811w11 + 82215 + 82.121112 on the floor T2 M, with
equal components zi = z is tangent to the surface OscM,

i i 2 i 1 2.0 12,7
(.7;1 :a:2) = X =0;x" + (62 +ai )-1'1 +a7; T19-

4.2 Lagrange — Hamilton

A considerable contribution to the development of analytic mechanics was
brought by Lagrange and Hamilton!?. Their approaches are different, but,
as is well known, the Legendre transformation allows us to transform the
Hamilton system into the Lagrange equations. We could say that Hamilton’s
theory, which is built on the 4n-dimensional second floor T2 M of the manifold
M, reduces, on the 3n-dimensional osculating bundle OscM, to Lagrange’s
theory. Hamiltonian theory is a generalization of Lagrange’s one.

A scalar function H = H (u, u;) defined on the floor TM is called a Hamil-
tonian. To a Hamiltonian H, it is associated on the floor TM a vector field
X

3

o, . om
dui’ M Qul

X = SH, 0 - SHu0}, Hi= (37)

19J L.Lagrange (1736-1813), W.R.Hamilton (1805-1865), A.M.Legendre (1752-1833).
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With respect to the vector field X, the function H and the symplectic form
Q = du’ A duf are invariant: XH =0, LxQ = 0.
The flow a; = exptX is defined by the system
{ ui:Hui, oo dut o dud

S T g

The system (38), called the Hamiltonian system, defines a section of the second
floor (indices of the coordinates are omitted):

ug = u(u,u)

. ’ 39
u1g = U1 (u, ug). (39)

7: T?°M — TM : (u, u1, ug,u12) ~ (u,uq), {

Proposition 4.1. The Hamiltonian system (38) reduces on the osculating
bundle OscM C T?M to the Lagrange system

(o)~ =

Proof. The Legendre transformation provides the transition from the Hamiltonian
H = H(u,u1) to the Lagrangian L = L(u,u2) on the floor T2M, under the condition

H(u,u1) — Xllullué + L(u,u2) = 0.

(40)

Generally, this transition is not possible on the floor T2 M:

d(H — §u§u§ +L)=0 <= (Hyi+ L, =0, Hy =uh, L =uj),
since, by hypothesis, the function H does not depend on the coordinates uz and the function
L does not depend on the coordinates uj. The transition H ~» L is only possible under the

assumption that u’l = ué = 1, i.e., on the osculating bundle OscM. Under this condition,
the system (38) is indeed reduced to the system (40).

Let us add that the system (39) defines a 2n-dimensional section of the bundle T2M,
while the system (40) defines a 2n-dimensional section of the bundle OscM. Consequently,
Hamilton geometry on the floor T2M completely reduces to Lagrange geometry on the
bundle Osc M. |

4.3 Jacobi equation and connections on T2M

On a Riemannian manifold (M, g), when studying the first variation of the
arc length, one naturally works on the first floor TM — and, as a result, it is
determined a connection (called the canonical or Cartan connection, [16]) on
this space, with coefficients

N, = %i‘k(“)ulf-

In the notations of the previous sections, N} is actually ~—I'j. The main
property of this connection is that its autoparallel curves coincide with the
geodesics of g.
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Similarly, the geodesic deviation equation ”lives” on the second floor T2 M
and thus, it will naturally give rise to connections on this bundle. We can
immediately realize this by the presence in it of two vector fields — the velocity
vector field and the deviation vector field.

As shown above, T2M has the structure of a 2-fold linear bundle, see
Section 1.1, with fibrations

P1 -
T?M = TM and T>M 5 TM, where 7 := m1p1 = 71 ps. (41)
P2
If (u,u1,ug,uia) =: (ul,ul,ub,ul,) are the local coordinates of a point
p € T?M, then:

p1(p) = (w,u2), p2(p) = (u,u1), =(p)=u.

To the linear mappings p; and p2, there correspond two vertical distribu-
tions: A,, = kerTp; and A,, = ker T'py of dimension 2n, n = dimM, with
the n-dimensional intersection A2 = A,, N A,, and the 3n-dimensional sum
Ay, + Ay, = kerTm.

We define a connection on the second floor T?M as a splitting

ADA B Ay ® Aqg, (42)

where A,, = Ay ® Aqo, Ay, = A1 @& Ays. The horizontal distributions for the
three fibrations are:

Ap, =A@ A, for p;, i=1,2and A, = A for 7.

Each of the distributions A, A1, A, A1s has the dimension n.
To the coordinate functions on the neighborhood T2U, it corresponds the
adapted basis, see (17) — the frame

(Xiin1>Xi2in12)

and the dual coframe o ' '
(U?Zn U{’37 U%Ba U1123)'

The coframe is defined as in (15) ; in matrix writing,

Ui (5; 0{ 0 0 ug

U, | _| N3 8 0 o0 uls (43)
U N% o0 80 s
Ul M5 NGNS 5; Wias
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where Nijl. = Nl; (u,uy), Nij? = Ni; (u, uz) and Nijl-f, N?j,M’;Q may depend?’
on all the variables u, u1, us, u1s.
The frame is defined by the inverse matrix

5 0 0 0
—Nu i 0 0 , . o o
- Nij? J s o0 | Mb2 — N[ = NU2NU 4 N2 N2,

M =NR -NE g
Thus, a vector field X and a 1-form 6 on T2M are split into invariant
blocks as
X =2'X; + 20 X} + ab X2 + 24, X2, 0= 0,Ui + 0] Uy + 07Uis + 02Ul s,

Remark 4.2. With respect to coordinate changes on T2 M, the connection coefficients
transform as:

o —oi'(dd Nie 4 gl
Nj;a_ai(aj/NjB‘i‘aj%)v (44)

;! -/ . . . . . . .
M = a'i(a), M + I N'E2 +aB2N"2 +0'2), B € {1,2,12)},  (45)

where indices designated by the same letter have the same numerical values (and are subject
to Einstein summation convention) if and only if they correspond to the same local chart,
e.g., i = iq (and we perform summation by these), but ¢ is not equal to i’ (and no summation
is performed). Conversely, if the functions N;;‘ and M;m obey the rules (44), (45), they
define a connection on T2 M.

Consider now:

e a smooth curve w : [0,1] - M and
e a variation « : [0, 1] x (—eg,e0) = M of u, with fixed endpoints.

The variation « determines a 2-dimensional surface & in T?M:
alt,e) = (alt, ), ay(t,€)), al(t, ), ai(t, €)). (46)

Its coordinate curve € = 0 is a curve on T? M, which we will call the lift of the
variation «. Along this curve, we have:

du dv

u=u(t), uyp = —, U2 =0, U2 = —,
(t), ur 7 L2 12 = o
where v = aL(t,0) is the deviation vector field.

Remark 4.3. In particular, if of(t,e) = u(t) + ev(t), the deviation vector field

v = &.|c=o coincides with the velocity vector u. The lift to T2M of the variation is 4(t) =

20These conditions are to insure that the vector fields X; are projectable onto T'M (with
respect to both fibrations p1 and p2).
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(u(t),u(t), w(t), @(t)), which can be identified with the curve ¢ — (u(t),u(t),i(t)) on the
osculating bundle OscM. This way, the lift of u to OscM C T2M is a particular case of a
lift of a variation of u to T2M.

Raising to T? M, geodesics parametrized by the arclength ¢ = s of the base
manifold M are described by

dut S

The geodesic deviation equation :
V 20t S
—m = Rt

is written, in terms of partial derivatives (and substituting @' = uf,v* = ub),
as: ‘ _ A
dufy + (vjyus)dui + (v uf)dub+

+ %(711@1“5) + (Vikhu}f)(%klué) - uéu?Rhijl du' = 0. (48)

This suggests us to define a linear connection:
Nit = N2 o=k, Nj* = Nigz = o, (49)
M'}? = Cy(NF) + NN — ujul Ry, (50)

where C7 is an arbitrary vector field of the form:
Cy = uk oy +ul, 07 + GY O} + GY, 02,
For the functions N ‘f =N lf (u,u2), we have, actually,
CiN'? = uf 0N + uly RN?.
These functions obey the rules of transformation (44), (45), hence, they define

a connection on T2M.

In terms of this connection, the geodesic equation is written Uis (@) = 0,
while the 1-forms Ujys serve to describe the Jacobi equation. More precisely,

Proposition 4.2. Let ¢ : u = u(t) be a curve on M, v be a vector field
along u and the following curve on T?>M :

du dv

at) == (u=wult), u = g (1), uz = v(t), ur2 = E)

Then: )
a) ¢ is a geodesic if and only if Uiy(u) = 0; _
b) if ¢ is a geodesic, then v is a Jacobi field along c iff Uiys() = 0.
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5 Historical background

Subsequent differentiation, or the so-called differential prolongation defined
an important problem in the geometry of the last century. We shall men-
tion here three directions. First of all, if to the coordinate functions (u‘) one
successively adjoins the differentials du’, d?u’, ..., then the dimension of the
space is each time increased by their number: n,2n,3n,... In this direction,
it was done a substantial work (E. Bompiani, V. Vagner) and, in particular,
by the Romanian school of geometry (R. Miron, Gh. Atanasiu, [3, 10]). Sec-
ond, French mathematicians promoted the so-called jet bundle approach (Ch.
Ehresmann, A. Roux, [5, 14]), which was adopted also in other countries (I.
Kolai, W.F. Pohl [11]). Third, differential prolongations were remarked in the
iterations of the tangent functor. This is the approach that we have adopted
here. Tts cornerstone is the fact that the tangent bundles (floors) have a struc-
ture of multiple vector bundles. French mathematicians were also the first to
pay attention to this fact (Ch. Ehresmann, J. Pradines, [7, 12]). Cl. Godbil-
lon noticed the fundamental role of the second floor in the interpretation of
Hamiltonian systems, [8]. A more detailed analysis was made more recently
(W. Bertram, J.T. White, [5, 17], the second author started to study floors
from 1962, [13]). From a technical point of view, it was necessary to introduce
new notations and a convenient indexing, in order to obtain a comfortable
description of iterative structures. It was thus born a new theory: the theory
of sector-forms, which is added to jet structures. Moreover, floors include the
theory of higher order motions, in particular, of the interactions between fields
and flows, a domain which has been little studied up to now.

We have insisted a little more on the subject of connections in bundles.
The structure A, & A, (Ch. Ehresmann, [6]) is a generalization of the idea of
line integral, where the transport of fibers depends on the choice of the path.
Still, a deeper meaning is hidden in the interaction of non-commuting fields
and of curvature of the space. One had to give up holonomic reference frames
and the first decisive step in this direction was made by J.A. Schouten, by the
use of nonholonomic bases and of nonholonomy objects, [15]. Specializing the
basis in the structure A, & A, it is designed a scheme which includes a se-
ries of classical theories: Lie groups, representations, symmetries, movements,
curvature of the space, morphisms of bundles with connections, invariants of
mappings, Cartan’s test etc. One can also speak about higher order connec-
tions, given by structures of the type A & Ap, & A, and AB A1 D Ny D Nqo,
in which it is performed a specialization of the basis of the required type, [2, 4].

The beauty of the category-theoretic approach consists of the fact that
the structures are defined in an invariant manner, without resorting to any
coordinate system and that the transition from a floor to the next one is a
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repetitive process — i.e., it is thus created an iterative calculus.
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