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Abstract

In this paper, convergence of the sequence generated by the inex-
act form of the inertial proximal algorithm is studied. This algorithm
which is obtained by the discretization of a nonlinear oscillator with
damping dynamical system, has been introduced by Alvarez and At-
touch (2001) and Jules and Maingé (2002) for the approximation of a
zero of a maximal monotone operator. We establish weak and strong
convergence results for the inexact inertial proximal algorithm with and
without the summability assumption on errors, under different condi-
tions on parameters. Our theorems extend the results on the inertial
proximal algorithm established by Alvarez and Attouch (2001) and Jules
and Maingé (2002) as well as the results on the standard proximal point
algorithm established by Brézis and Lions (1978), Lions (1978), Dja-
fari Rouhani and Khatibzadeh (2008) and Khatibzadeh (2012). We also
answer questions of Alvarez and Attouch (2001).

1 Introduction and preliminaries

Let H be a real Hilbert space with inner product (.,.) and norm [.|]. We
denote weak convergence in H by — and strong convergence by —. Let A
be a nonempty subset of H x H to which we shall refer as a (nonlinear)
possibly multivalued operator in H. A is called monotone (resp. strongly
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monotone) iff (yo — y1,72 — x1) > 0 (resp. (y2 — y1,22 — 11) > alrg — 11]2
for some a > 0), for all [x;,y;] € A, i = 1,2. A is maximal monotone if A is
monotone and R(I + A) = H, where I is the identity operator on H. Given
any function ¢ : H —] — 00, +00] (not necessarily convex) with the domain
D(¢p), its subdifferential is the multivalued operator d¢p, defined as

0p(x) ={we H| (@) —p(y) <(w,r—-y), VyeH}

The function ¢ is called proper iff there exists x € H such that p(z) < +o00. It
is a well-known result that if ¢ is a proper, convex, and lower semicontinuous
function, then Jp is a maximal monotone operator. We refer the reader to
the book by Morosanu [15] in order to understand monotone operators and
subdifferential of convex functions in Hilbert spaces.

The most popular algorithm for approximation of a zero of a maximal mono-
tone operator is the following algorithm

{unﬂ = Jno(un+en), n>0 (1.1)

ug € H,

where Jy = (I+ ) A)~!, A is a maximal monotone operator, {)\, } is a positive
real sequence and {e, } is a suitable sequence in H. This iterative scheme is
called the proximal point algorithm and was introduced by Martinet in [14]
with A\, = A and then generalized by Rockafellar [16]. The iterative method
(1.1) is also a discrete version of the following first order nonhomogeneous
evolution equation of maximal monotone type

W' (t) + Au(t) > f(t)
u(0) = up € D(A).

(1.2)

In [1-5,9] the authors considered the following iterative method for the ap-

proximation of a zero of a maximal monotone operator A.

Un+1 = J)\n (un + an(un - un—l)) (1 3)
ug,u1 € H,

where «a, (resp. A,,) is nonnegative (resp. positive) sequence. They obtained
some results on the convergence of u,, to a zero of the operator A under suit-
able assumptions on A, and «,. Obviously, the algorithm (1.1) is a special
case of (1.3) when «,, = 0. Jules and Maingé in [9] showed that the iterative
method (1.3) provide a better rate of convergence to a zero of A, than the stan-
dard proximal point algorithm. The iterative method (1.3) is called inertial
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proximal algorithm and can be considered as a discrete version of nonlinear

oscillator with damping dynamical system

u’(t) + yu'(t) + Au(t) 3 0, (1.4)
U(O) = Uo, U,/(O) = Ui, .

where A is a general maximal monotone operator and ~ is a real positive
number. In [2] Alvarez and Attouch proposed two open questions. The first
one was related to the convergence of the inexact version of (1.3) and the other
one was to develop a general theory to guide the choice of the parameters Ay
and «y.

In this paper, we consider the inexact version of the inertial proximal algorithm

1.5
ug, u1 € H, (15)

{un+1 - J)\n+1 (un + an(un - un—l) + en)7
where o, (resp. Ap,) is nonnegative (resp. positive) sequence, {e,} is an error
sequence in H and A is a maximal monotone operator. Weak and strong
convergence results are proved, under different conditions on parameters and
errors. Our theorems extend the results of [2, 6, 7, 9, 11, 12].

In Section 2 of this paper, we investigate the relation between the bounded-
ness of the sequence {u,} generated by (1.5) and the assumption A=1(0) # (.
Also the weak convergence of the weighted average of the sequence {uy} is
proved. In Section 3, we assume that {u,} is bounded and show that the set
of all weak cluster points of the sequence {u,} is a subset of A=1(0). Then
we prove the weak convergence theorem for the sequence {u,} that is one of
the main results of the paper and extends the weak convergence theorem of
Attouch and Alvarez [2]. Section 4 is devoted to the special but important
case A = Oy, where ¢ is a proper, convex and lower semicontinuous function.
We prove the weak convergence of the sequence {u,,} generated by (1.5) when
A = Oy with different conditions on parameters and error. In Section 5, the
strong convergence of the sequence is studied when the maximal monotone
operator A is strongly monotone or the resolvent of A is a compact operator.

We recall some notations, definitions and lemmas that we need in the
sequel.

Definition 1.1. Given a bounded sequence {u,} in H, the asymptotic cen-
ter ¢ of {u,} is defined as follows (see [8]): for every ¢ € H, let ¢(q) =
lim,, o0 SUp |y, — q|2. Then ¢ is a continuous and strictly convex function on
H, satisfying ¢(q) — oo as |g| = oco. Thus ¢ achieves its minimum on H at a
unique point ¢, called the asymptotic center of the sequence {uy}.
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Lemma 1.2. [11] Suppose that {a,} is a nonnegative sequence and {\,} is

a positive sequence such that :g Ap = +oo. If §= — 0 as n — +oo, then
Zﬁzlik — 0 as n — +oo.
k=1 "k

Lemma 1.3. [13] Let {¢,,} C [0,400[ and {§,} C [0, +o0[ satisfy

(a)¢71+1 - ¢n S 0n(¢n - ¢n—1) + 5n7

(8) 3", 6 < o0,

(c){0.} C [0,0[, where 6 € [0,1].

Then {¢n} is a converging sequence and Y, [¢ny1 — ¢nly < 00, where [t]1 =
max{t,0} Vt € R.

Lemma 1.4. Suppose that a,, and b, are nonnegative real sequences and that
:z by, < 400. If ant1 < an + by, for alln > 1, then there exists limy,ay,.

Notation 1.5. Throughout the paper ¢ is a proper, convex and lower semi-
continuous function, A is a maximal monotone operator and

wy = (Y Xig1) D0 Mit1uig is the weighted average of the sequence
{un}. We denote by w,,(x,) the set of all weak cluster points of the sequence

un*“n+1+0‘; (un—un—1)+en in H.
n+1

Zn, and by Au,41 the element

2  Boundedness of the Sequence and an Ergodic Theo-
rem

In this section we first study the relation between boundedness of the sequence
{u,} and the assumption A=1(0) # () as well as the existence of lim |u,, — p|
for each p € A=1(0). Then an ergodic theorem for the weak convergence of
the weighted average of the sequence {u,} is studied.

Proposition 2.1. Suppose A=1(0) # 0 and {u,} is given by (1.5).
(a) If e, =0 and
{(al) Ja € [0,1] such that Vk e N,0 < a; < a, 21)

(az) :z |ty — Un—1|2 < 400,

then lim,, [u,, — p| exists and > oo [|un — p| — [un—1 — p|l+ < o0, Vp € A7(0).
(b) If {un} is bounded, (E1) ::2 len| < +00 and (aq) and (o) are satisfied,
then for allp € A=1(0), lim,, |u, —p| exists and > oo [[tn —p| = [tn-1—p[l+ <

00.
(c) If (Ev) :z len| < 400 and Z:ﬁ ap |ty — Un—1] < 400, then for all
pE A71(0)7 limn |un - p| exists.
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Proof. In order to prove (a), see [2, Theorem 2.1]. Let us prove (b). Suppose

that p € A=1(0), then by (1.5) and the monotonicity of A

O Z (un+1 — Up — an(un - un—l) — €n, Un+41 _p)

= (un+1 —Up, Un+1 *p) - an(un —Un—1,Un4+1 — un) - an(un —Up—1,Un 7p) -

(env Un+1 — p) )

= é\unﬂ —p|* = F|un —pl? = [un — un—1? + g1 — tn — o (uy —tp—1)|* —
|un Up— 1‘2_%|un_p|2+%|un—l _p|2_(enaun+1_p)-

Set ¢n = 3|u, — p|*. We have

¢n+l ¢n Oén((,bn - ¢n—l) S an|un - un—1|2 + ‘en|‘un+l *P|

Hence by Lemma 1.3, (ag) and (E4), there exists lim,, |u,, — p| and

Y omellun = p| = [un—1 = pll+ < oo,

Now we prove (c¢). By nonexpansivity of the resolvent operator and (1.5), we

have

|un+1 - p| S ‘un 7p| + an‘un - un—1| + €n,

thus by Lemma 1.4, (a3) and (E7), lim,, |u, — p| exists. O

In the following proposition, under the suitable conditions, we prove that
the boundedness of the sequence {u, } generated by (1.5) implies A~1(0) # 0.
Also, we show that the set of weak cluster points of the weighted average of
the sequence u,,, say w,, is a subset of A=1(0).

Proposition 2.2. Let {u,} be a bounded sequence generated by (1.5). If the

following conditions hold:

(Al) = n = +00,
(ag) an\un Un—1| < +00 or (ag)
(Ey) n=1 > len] < +o0 or (EZ)/\MI — 0,

onfun—tnal g, (2.2)

n+1

then A=1(0) # 0 and wy,(w,) C A7L(0), where wy(wy,) is the set of weak
cluster points of w,.

Proof. Suppose [z,y] € A, since {u, } is bounded, there is a subsequence {w,, }
of {wy,} such that w,, — p € H. On the other hand, by monotonicity of A,
we get

(33 - wnjay)

(
= (X0 Ais1)”

i—1
Z"a )\ 1) 1

DY
= (21, >
> (Ve M) TP,
= (D2 1) Y
= (X >
= >

-1 _ -1
z— (e Air1) TPy Aigitig, y)
nj—l
i= 01 H—l(x*ui—klay)
zn (; i+1 ((»T —Uip1,Y — A1) + ( — uig, Aui+1))
1
20 (@ = uig1, Aiy1Auigr)

1 o,
:Lgo Ai :Zo (9C — Ujt1, Ui — Uip1 + ai(ui - Ui—l) + ei)
?70 Ai 1) ! :Zo (:r Ui+1, (1—1—0[1)( Uj x)_ai(uifl_x)'i‘x_uwl‘f'ei)
1 e
2o i) T, [ (14 i) (i1 — z,u; — ) + (U1 — x, ui—1 —
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) + it — z* 4+ (2 — wig1, €]

= (X0 A1) T 0 [ = (i — @y ws — @)+ a(uie — 2wy — ) +
luivs — x> + (& — uit1, €)]

> (O M) T 0 Bl — @f? = Lui — 2 + Luig — wil? —

ailuipr — @|lu; — uia| = lei|luirr — ]

n;—1 n;—1 1
> (> )Y [5 (uipr —af® = ui—af*) = ofui 1 =l fui — v —fes uisr — ]
1=0 1=0
nj—1 nj—1 nj—1
> —1 1 2
> () )= luo —al” — D il —allu —wica| = > fes|[ui — 2]
1=0 1=0 1=0

Letting j — oo, by Lemma 1.1 and (2.2), we get (z — p,y) > 0. Thus by
maximality of A, we have p € A71(0), as desired. O

Remark 2.3. If e, = 0 in (1.5) and the conditions (aq), (ag), [(as3) or (ay4)]
and (A1) are satisfied, then by Proposition 2.2 and part (a) of Proposition 2.1,
{u,,} is bounded if and only if A=1(0) # 0.

Theorem 2.4. Let {u,} be a bounded sequence generated by (1.5). Suppose
that the conditions (1), (az2), [(a3) or (a4)] and (A1) are satisfied. If
(EQZ:: len| < +o00, then w, — p € A71(0) as n — oo, which is also the
asymptotic center of {u,}.

Proof. By Proposition 2.2, A=1(0) # 0 and w,,(w,) C A71(0), thus by part
(b) of Proposition 2.1, there exists limy, |u, — p|, Vp € wy(wy). We show
that w,,(wy,) is singleton. Suppose p, g € w,,(wy,) and p # ¢, then there exists
lim,, (|u, — p|* — |un — ¢|?), hence lim,, oo (un,p — q) exists. This follows
that limy,—, oo (wp, p — q) exists. This implies that (¢,p — q) = (p,p — ¢) and
hence p = ¢q. So, w, — p € A71(0) as n — +o00. Now, we show that p is the
asymptotic center of {u,}. Suppose that ¢ € H and ¢ # p, then

un — p* = |un — q> + 2(un, g — p) + [p|* — |a|*-

Multiplying both sides of the above equality by \,, summing up from n = 1
to n = m and dividing by Y_"_; A,. Taking limsup as m — +o0, we get

m m
lim |u,—p|? = limsu An) 7t Anltun—q|2)—|g—pl? < limsup |u,—ql?.
Jum fun—pl m%og(; n) (nz::l nltn—a|")—lg—pl Hﬂg\ n—q

It shows that p is the asymptotic center of the sequence u,, as desired. O

Remark 2.5. By Remark 2.1, if e, = 0, we can replace the boundedness of
u, by A71(0) # 0 in Theorem 2.4.
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3 Weak Convergence of the Algorithm with Errors

The main result of this section is to prove weak convergence of the sequence
{un} generated by (1.5) to a zero of the maximal monotone operator A pro-
vided that the suitable assumptions on the parameters A,, and «, and appro-
priate assumptions on the error sequence {e, }.

Lemma 3.1. Suppose that {u,} is the bounded sequence generated by (1.5).
If the conditions

= @ |uy — Up_1|? = len|?
(as) E ")\2— < 400 and (Es3) 5 e < +o0
n=1 n+1 n=1"n+1

are satisfied, then there exists limy,_, oo | Aty

Proof. By monotonicity of A, we have
(AunJrl - AunyunJrl - un) > 0.
The equation (1.5) implies that

(Aun+1 - Auna an(un - unfl) +en — )\n+1Aun+1) Z 0.

Then
|14'Uln+1|2 (Auna Aun+1) + (Aun+1 - Auvu ﬂ(un Un— 1) + )\n+1)
%\Aun\z 3l Aup 1] - 2|/%un — Aupi1]? + L Auy — Auggr 2
|>\ +1( u”_1)+ Xiil
=~ §‘Aun‘2 2|Aun+1|2 + )\2 |un Up— 1|2 + ‘eﬂ‘ .
Therefore
5 N
| Ay 1] < |Auy|? + 2)\2 [thr, — Up—1]° + 2)\2 . (3.1)
n+1 n+1
Then there exists lim,,—, { oo |Atuy|, by (as), (F3) and Lemma 1.4. O

Proposition 3.2. Let {u,} be a bounded sequence generated by (1.5). If (as),
(Es), and the following conditions hold:

(A2) 329 A2 = toc,
A |Up —Up—1]

(as) +°° 2oty — up_1| < 400 or (ag)E=E = 0, (3.2)
n+1

(E1) n:1\6n|<+oo or (Ey)ys "‘ -0,

then lim, s o0 |Au,| =0, A71(0) # 0 and wy,(u,) € A7H(0).
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Proof. Set L = sup,,~; |Au,|. By Proposition 2.2, A71(0) # 0 (because

(A3) = (A1), (a5) = (aq) and (E3) = (FEy)). Assume p € A71(0). By
monotonicity of A

(Ant1AUpt1,Upe1 —p) > 0.
By (1.5), we get
(U, — Upt1 + @ (Up — Up—1) + €nyUnt1 —P) >0,
which implies
(n(Up — Un—1) + €nyUnt1 — D) = (Unt1 — Un, Upg1 — D).

Thus, by (1.5)

(an<un - unfl) +en; Un+41 _p) Z (an(un _unfl) +en - >\n+1Aun+17 Un+41 _P>7

hence
2an|tn = un—1|[un+1 — pl + 2lenl[unt1 — p| + [un — p|* = |unt1 —p|®
2 |an(un - u'nfl) + €n — )\n+1Aun+l|2 = )\37,-‘—1‘ o (un - unfl) + ‘n_ Aun+1‘2

An+1 An+1

= M1 (15255 (un —un—1) + 525 2+ [Aun 1 [ = 2(322 (un —un—1) + 552, Atn 1)

2 )\31,+1 UAU/TL+1|2 - 2| /\::1 (un - unfl) + )\::’1 ||Aun+l|]

> Ao [[Aunga [ = 2522 Jun — un -1 ]| Aun | — 21:1'1 | At i)
So

/\i+1 | Aty 1]? < 20100 |ty — 1|+ 2L 41 |0 2000 |ty — gy — 1 ||t 1 — D

+2len|[tunt1 — pl+ |un -p* - |Unt1 —p\2. (3.3)

Summing up both sides of (3.3) from n = 1 to n = k and then divid-
ing by Zizl A1 |Au,| — 1 as n — +oo ( by Lemma 3.1) implies that
(X2 ) A2 | Auna]? — L as k — 400, then by assumptions
and Lemma 1.2, we get [ = 0. Now, if u,, — ¢, then by demicloseness of 4,
we get ¢ € A71(0), hence wy, (u,) C A71(0). O

Remark 3.3. Proposition 3.2 shows that if A71(0) is a singleton (which
happens if, for example, A is strictly monotone), then u,, — p, where p is the
unique element of A~1(0).

Remark 3.4. Although Proposition 3.2 does not imply the weak convergence
of u, to p € A7(0) unless A=1(0) are singleton, it improves the errors in the
inertial proximal algorithm. It shows that the error sequence {|e,|} can go
to infinity, provided that the suitable assumptions on A, and «, hold. For
example, |e,| = n,a, = 2 and A, = (n — 1)? satisfy the assumptions of
Proposition 3.2 for any bounded sequence {u,}.
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In the following theorem, we obtain the weak convergence of the sequence
{un} generated by (1.5). Our result extends the result of [2, Theorem 2.1].

Theorem 3.5. Let {u,} be a bounded sequence generated by (1.5). Suppose
that the conditions (A2), (an), (a2), (as), (E1) and (E3) are satisfied. Then
up, = p € A1(0) as n — oco.

Proof. By Proposition 2.2, A71(0) # (). Assume p € A=1(0). By monotonicity
of A, we have

(un+1 — Up — an(un - unfl) — €En,Un+1 — p) S 0.

Thus

A2 A P+ Jungr — p? < un —p+ o (un — un—1) + e,]?

< tn = pI* + 02 |un — un—1]* + [en]® + 200 (U — Py tn — Un—1) +

20t (€nyUny — Up—1) + 2(un, — P, en)

< up *p‘z + a%‘un - “n—1|2 + |en|2 + anlun *p|2 + anlup — un—1|2 -
an|un71 - P|2 + an'“n - un71|2 + an|en|2 + 2|en||un - p‘

Therefore

/\31+1|Aun+1|2 < ‘un _p|2 - |Un+1 —P\Z + 3an|un - un—1|2 +

an(|un *p|2 — |up—1— p|2) + 2|en|2 + 2len||un — pl

< up — p‘z — [Unt1 —p|2 + 3| U, — un71|2 +

aflun, — p|2 — |un—1 — p|2]+ + 2‘en|2 + 2[en||un — pl.

Sulrﬁnming up fromn =1 tko k, we get i

Zn:l /\721+1|Aun+1|2 < anl(‘un_p|2_|un+1 _p|2)+3 Zn:l Oén‘un_un—1|2+
k k k

aanl[lun —p|2 — [Un—1 —p|2]+ + QZn:1 |€n|2 + QZn:1 len||wn — pl.

Letting k — oo, by part (b) of Proposition 2.1 and the assumptions, we obtain

o0
SN Aun P < oo, (3.9

n=1

which implies liminf,, |[Au,| = 0. Since by Lemma 3.1, lim, |Au,| exists,
thus lim,, [Au,| = 0. Now if u,, — ¢, then by demicloseness of A, we have
q € A71(0), hence wy,(u,) C A71(0). By a similar proof of that of Theorem
2.4, we can show w, (u,) is singleton. Therefore u,, — p € A~1(0). O

Remark 3.6. Theorem 3.5 in exact form (e, = 0) extends Theorem 2.1 of
[2]. Because if e, =0, A=1(0) # ) and A\,, > X > 0, then (Ay) is satisfied and

N o o 2
PR SN

n=1 n+1 n=1

by (a1) and (az). Then (as5) is also satisfied.
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4 Subdifferential Case

In this section, we establish the weak convergence of the sequence {u,} gen-
erated by (1.5) to an element of A=1(0), when A = .

Lemma 4.1. Suppose that {u,} is the bounded sequence generated by (1.5)
and A = Op. If the conditions

+oo

a2 Up — Up— 2
(067) Z n|)\+11| < +o00 and (E5)

n=1
are satisfied, then there exists limy, o0 |Aty|.

Proof. By subdifferential inequality and (1.5), we get
A1 (P(Unt1) — @(un)) < (An+100(Unt1), Unt1 — Un)
= (un — Unp+1 + an(un - un—l) + €n,Un4+1 — un)

= _|un+1 - un|2 + (an(un - unfl) + Cn,Un+1 — un)
< Yan(un — tn—1) + en]? < a2 lun — up—1|> + len .

2

2
%n [ty — un,1|2 + M (4.1)

P(unt1) < ¢(un) +

)\n+1 >\n+1

By assumptions (a7), (E5) and Lemma 1.4, there exists lim,, o0 ¢(uy). O
The following proposition is the subdifferential case of Proposition 3.2.

Proposition 4.2. Let {u,} be a bounded sequence generated by (1.5) and
A=0p. If (az), (E5), and the following conditions hold:

(A1) 22555 An = o0,

(0[3) :;2 an‘un - Un71| < 400 or (Ck4)
+oo €n

(E1) 32055 lenl < Hoo o (Ba)32l =0,

an‘un_un—ll
Ant1

— 0, (4.2)

then lim p(uy,) = infrem @, (0p)1(0) # 0 and wy,(u,) C (9)~1(0).

Proof. By Proposition 2.2, A=1(0) # (. Assume that p € (9¢)~*(0), we have

A1 (@(Ung1) — @(p) < (Ang109(Unt1), Unp1 — P)
= (un — Unt1 + @ (Up — Un—1) + €, Unt1 — D)

= (unfpa un-&-l*p)‘i’(p*un-‘rl; Un+17p)+(an (unfun—l)a un—l-l*p)‘i’(en; un—&-l*p)-

So,
1 1
Ant1(p(unt1) — @(p)) < §|Un —p|* - §|Un+1 - p|*+
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an|un - un71||un+1 _P| + ‘en|‘un+1 _p| (43)

Summing up both sides of (4.3) from n = 1 to n = k and dividing by
ZZ=1 An+1- Letting k — oo, since by Lemma 4.1, lim,,— 1+ oo ¢(un) — @(p) =1
exists, then

k k
lim (" A1) D Aura(p(unry) — (@) = lim (p(un) = ¢(p)) =1

k—+oco k—+o0

Now the assumptions and Lemma 1.2 implies that [ = 0. Thus
limy ¢(ur) = ©(p). Therefore, if u,, — ¢, then ¢(q) < liminf; p(u,,;) = ©(p),
which implies g € (9)~1(0). Hence wi,(u,) C (9p)~1(0). O

The following theorem shows that in the special case A = 0y, which is
important from optimization point of view, the conditions (A3) and (as) in
Proposition 3.2 can be replaced by the weaker conditions (A1) and (oy).

Theorem 4.3. Let {u,} be a bounded sequence generated by (1.5) and A =
Op. Assume that the conditions (A1), (1), (a2), (ar), (E1) and

2
(Es) S % < +o0o are satisfied. Then u, — p € (0p)~1(0) as n — oco.
Proof. By Proposition 2.2, A=1(0) # (). Assume p € (9¢)~1(0), we have
An+1(@(Un+1) = 0(P)) £ Ant109(un+1); Unt1 — p)
= (Un — Unt1 + n(Up — Un—1) + €ny Unt1 — D)
= (p — Up41, Un41 — p) =+ (un —-p+ an(un - un—l) + eny Unt+1 — p)
S _%|un+1 _P|2 + %|un -p + an(un - unfl) + en|2

2
_%lun-&-l —p|2 + %lun —p|2 + a7n|un - un—1‘2 + %|€n|2

+ (un - D en) =+ an(un — Un—1,Un — p) + (an(un - un—1)7 6n)

< %‘un —p*— %‘un+1 —pl? + 3% un —Un—1|*+ G lun —pl* - G [tn—1 —pl*+
leal® + lenllun — pl.

So

A1 (p(unt1) = @(p)) < glun = p* = Flunsr = pI? + 3% [un — un—1?
+%Hun —p|2 - |un—1 —p|2]+ + |en|2 + |en||un _pl-
(4.4)
On the other hand, by Lemma 4.1, there exists lim, o0 (¢(un) — ¢(p)). Let
limy, oo (@(un) —@(p)) = I. Multiplying both sides of (4.4) by A,,4+1, summing
up from n = 1 to n = k and then dividing by ZZ:1 Ant1- Letting £ — 400
then

k—+oo

k k
lim (Z Ani1) ! Z Ant1(p(un) — ¢(p)) = 1.
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Thus by assumptions on {\,}, {a,} and {e,} and Lemma 1.2, we get: | = 0.

Therefore lim, o0 d(un) = @(p). Now if wu,, — ¢, then
©(q) < liminf; o(u,,) = ¢(p) implies ¢ € (9p)~1(0). Hence wy(un) C
(0¢)~1(0). The rest of the proof is similar to that of Theorem 2.4. O

Remark 4.4. Obviously (As) = (A1), on the other hand by (ay), (a2) and
(a5), we have:

= O‘Q‘Un — Un—1|2 = a2|un - un—1|2 1 <« 2 2\%
Yo S (D e )R allun — un )
n=1 )\nJrl n=1 )\nJrl n=1
1 = az‘un_unfl|2 1 = 2\ 1
< az(z n)\2—)2<z an|un — un,1| )2 < +o00.
n=1 n+1 n=1

Then (a7) is satisfied. This shows that, in subdifferential case and when
en = 0, the weak convergence of u,, is proved under the weaker assumptions
on the parameters.

5 Strong Convergence

In this final section, the strong convergence of the bounded sequence {u,}
generated by (1.5) to a zero of A is studied under additional assumptions on
the maximal monotone operator A.

Theorem 5.1. Assume that {u,} is a bounded sequence generated by (1.5).
If (I+A)~! is a compact operator and the conditions (As), (o), (a2) and (Ey)
are satisfied, then u, — p € A~1(0).

Proof. By (3.4) and the assumptions, we get: liminf,, |Au,| = 0. Therefore
there exists a subsequence {Au,,} of {Au,} such that [Au,;|— 0 and
{un, + Aup,} is bounded. Since (I + A)~! is compact, {un,} has a strongly
convergent subsequence (we denote again by {u,,}) to p € H. The maximality
of A implies that p € A71(0). On the other hand, by part (b) of Proposition
2.1, lim,, |u, — p| exists. Hence u,, — p € A~1(0). O

Lemma 5.2. [11] Assume {y,} is a positive real sequence satisfying the fol-
lowing inequality:

bnyn S Yn—1 — Yn + A,y
where {b,} and {a,} are positive sequences, then we have:

1) If {$=} is bounded, then the sequence {y,} is bounded.
b7l
(i) If lim,, Z—Z = 0, then there exists lim,, y,.

(111) If lim,, ‘;—: =0 and Z:z b, = +o0, then lim, y, = 0.
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Theorem 5.3. Let {u,} be a bounded sequence generated by (1.5) and A be
a mazimal monotone and strongly monotone operator. If (A1), () and (Es)
are satisfied, then u,, — p, where p is the unique element of A=1(0).

Proof. By Proposition 2.2, A71(0) # (). Assume that p is the single element
of A71(0). By the strong monotonicity of A and (1.5), we get

At tingr — PI* < (U — Upg1 + @ (Un — Un—1) + €ny U1 — D).
It follows that
20 n 41 [uns1—p|? < [un—p|? = [tnt1—p|* +200m [tin —tin—1|[tin1 —p|+2|en]|tun41—p].

The theorem follows by the assumptions and Lemma 5.2. O
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