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A Criterion for linear independence of infinite
products
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Abstract

Using an idea of Erdds the paper establishes a criterion for the linear
independence of infinite products which consist of rational numbers. A
criterion for irrationality is obtained as a consequence.

1 Introduction

Following Erdés [1] we prove

Theorem 1.1. Let K be a non-negative integer and let {an}>; be a non-
decreasing sequence of positive integers such that

1 1

K+2)™ (K+2)™

1 < liminf an < limsup an, < Q.
n—oo n—00

Then the numbers 1,]]°2 (1 + ﬁ),nm (1T + ﬁ)’ L and [I02 (1 +

n= n—=
—~——) are linearly independent over the rational numbers.
nta,+1

As a consequence of this theorem we obtain a criterion for infinite products
to be irrational.
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Theorem 1.2. Let {a,}5°; be a non-decreasing sequence of positive integers
such that

S . 5
1 <liminfaz" <limsupas” < .
n—00 n—o00

Then the number [],° (1 + L) is irrational.

The authors do not know if the number [~ (1 + 22na T
for all sequences {a,}52; of positive integers although we know from another
theorem of Erdés [1] that the number Y07 | 22% is irrational for every se-
quence {an}ff ; of positive integers. Hané¢l and Kolouch [4 ] proved that if

) is irrational

lim,, 0o az" = o0 and a, € Z* then the number [[ -, (1 + = ) is irrational,
but we do not know if it is transcendental.
It is not difficult to prove that [~ (1 + 53) = 3, but we do not know

if the number [[>7 (1 + m) is irrational for all sequences {a,}52; of

positive integers. Erdés [2] asked if the number Y °7 is irrational

nel e
for all sequences {a, }52, of positive integers.

A simple calculation shows that [] 7 ,(1 — n12) =1 On the other side the
authors are not able to decide if the number Hn (1T + ) is irrational. In
fact we are not able to prove that the number []>7 (1 + -1} is irrational for
any k € Z*, k # 1. This is analogous to the problem of the irrationality of

the function Ck)y =520 L =T, 1+ o) for k € Z*, k # 1 where

n=1 nk n=1
{pn}2, is the increasing sequence of all primes. We know that for even k the
number (k) is transcendental and that ¢(3) is an irrational number. But we
do not know if the number [[°7 (1 + p%) is irrational for any k € ZT, k # 1.

We also do not know if the numbers []~ ; (1+ ) and Hn (142 w(n ) are
Q-linearly independent where m(n) denotes the number of primes less than or
equal to n. Moreover, we do not know if the number []77; (1+ ) is irrational.

There exists a nice book by Nishioka [6] which contains a review of results
concerning the linear and algebraic independence of infinite products and se-
ries which use the strong tools of Mahler’s method. Several general results
concerning the linear independence of infinite series can be found in [3]. For
other results in this theory see [5], for instance.

Our main theorem is Theorem 2.1 concerning Q-linear independence. Its
proof falls into two parts, the second part separated into two main cases, is
based on the location of specific gap and makes use of some suitable tricks.
As a consequence of Theorem 2.1 we obtain a criterion for irrationality in
Theorem 2.2. Sustek [7] used similar method of Erdds to prove the irrationality
measures.

We denote by Z, Z*, N, and Q the set of all integers, positive integers,
nonnegative integers, and rational numbers, respectively. The functions [z],
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and log, z are the greatest integer less than or equal to x, and the loga-
rithm to the base 2 of the number z, respectively. Notation logs log, x means

(logy(logy ).

2 Main results

Our first theorem is a basic result which deals with the Q-linear independence
of infinite products of rational numbers.

Theorem 2.1. Let K be a positive integer and let € be a positive real number.
Assume that {a; n}o2q and {b;n 152, (i=1,...,K) are sequences of positive
integers such that {a1 ,}22, is non-decreasing,

1 1
[Geang RO

linrgiogf ain, < hflrisolip ar, < oo (1)
and
i G0 o e Gie {1, K}, i (2)
n—00 b; nGjn
Suppose that for every sufficiently large number n
1
bin < afjf}ﬁ CERtLe =K, (3)
ayn >ntte, (4)
and
S S I
aimalﬂlfg?rs oE2 fLm ag, < ai,nallff}ﬁ g2 21 i1=2,...,K. (5

Then the products [T~ | (1+ 211"
are Q-linearly independent.

oo and T2, (1+ 2’;’;), and the number 1

Corollary 2.1. Let K be a positive integer. Assume that {a;,}52; and
{bin}sey (i=1,...,K) are sequences of positive integers such that {a1 ,}22,
is non-decreasing, {b; n}or, (i=1,...,K) is bounded,

1
liminf — logy a1, > 1

n—oo N
and ) .
liminf e, """ <limsupa;’,"™" < oco.

n—00 n— 00
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Suppose that for every i € {2,..., K}

. Qi n
lim ——— =0
n—oo a?ﬁ—l,n

and

log? n log? n
~1 < liminf 222" logQ(al’ ) < limsup 08z 1 logQ(al’ ) < 1.
n n

n—00 Qi n n—oo Qi n

Then the products T[], (1 + bl”f),, cand [0, (1+

ai,n
1 are Q-linearly independent.

bk .n
K and the number
aK,n

Our second theorem is a consequence of the previous theorem and deals
with the irrationality of infinite products over the rational numbers

Theorem 2.2. Let € be a positive real number. Suppose that {a,}52, and
{bn}52, are two sequences of positive integers with {a,}S2, non-decreasing
1

g

1
and such that liminf, o an” < limsup,_, . an" < oco. Assume that a, >

—(1+e)
n'te and b, < ai?g"’ 082 an 1514 for every large n. Then the product

[152, (1 + 22) is an irrational number.

Corollary 2.2. Assume that {a,}32, and {b,}52, are two sequences of pos-
itive integers such that {a,}22, is non-decreasing, liminf,, %logQ anp > 1,
1

1 1
{bn}52, is bounded and liminf, ,. a2” < limsup,_,., az’ < co. Then the
product [[0° (1 + 2) is irrational.

Remark 2.1. From the simple calculation we obtain that []~(1+ 537 ) = 3.
Hence the strict inequality between lim inf and lim sup in all Theorems 1.1, 1.2,
2.1, 2.2 and Corollaries 2.1, 2.2 cannot be omited. It also shows implicitely
that straightforward application of Liouville principle does not work.

3 Proofs

Theorem 1.1 is an immediate consequence of Theorem 2.1 when we set K :=
K +1, aj, = nf"a, +1, b;,, := 1 forall j € {1,2,3,...,K + 1} and
n € Z*. The number € can be arbitrary because the sequence {a,}52,
converges to infinity as a composition of two exponential functions.

Theorem 1.2 is an immediate consequence of Theorem 1.1 when we set K := 0
and a, :=a, —1 foralln € Z*.

Theorem 2.2 is an immediate consequence of Theorem 2.1 when we set K := 1.
Corollary 2.1 is an immediate consequence of Theorem 2.1 when we set € := %
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Conditions (1)-(4) are fulfilled immediately. We only verify condition (5).
From liminf,, .., % log, a1, > 1 we obtain that for all sufficiently large n we

n . . 1+l . . .
have a; , > 22. This and the fact that the function z'°=2 los27 g increasing
for a large « imply that

— n 1
Jr§1og; a 2 1+% ) 23
n T2
2Rn 5 9 lemy T(5) > Qleggn (6)

1
log2
1,n

Now for all i € {2,..., K} and large n we have

log} log}
1 < liminf 282" logQ(a1 n) < hmsupil (al’"> <1
n

n—00 Qi n n—00 n Qi n

Therefore
2n 2n

2 B <Ay, < Qa2
From this and (6) we obtain (5).
Corollary 2.2 is an immediate consequence of Theorem 2.2 when we suppose
in addition that {b,}22; is bounded,

Proof. (of Theorem 2.1) Set

1 1
. . n . n
E =liminfa5™" and F =limsupa, """
n—00 7 v
n—oo

Assume that there is a K-tuple of integers Aj, As, ..., Ax (not all equal to
zero), p € Z and q € ZT such that

:éAjﬁl@

n=

)= ZAH( ),

Qjn Aj.n

where R is the largest index such that Ar # 0. Let N € Z*. Then we have
R N-1 b R oo b R N-1 b
in\ _ , in\ _ , j,n
ST (e ) =S T ) - S T (0 ),
j=1 n=1 ) j=1 n=1 ’ j=1 n=1 ’

So the number

a(N)=q<ﬁNja],n>q iAJH( bj,’n)‘:

J:] n= n=1 a]vn
N-1 R N N-1 bim o0 by .
(I T ) [SA(TL 0+ 2)) (TL (4 22) )| )
j=1 n=1 j=1 ne1 J,n =N j,m
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is an integer. To prove our theorem it is enough to prove that there exists
Ny € Z+ \ {1} such that 0 < a(Np) < 1. Let us assume that N is sufficiently

large. Set
b= ge{12 K} ]|H( )

n=1

From this, the facts that NV is sufficiently large and [] ~, ( ) < oo for all

j=1,..., K we obtain that D is positive real number and Hn:N (1 + aj :”)
23 & ZJ—" holds for every j =1,..., K.

1. Now we prove that a(N) > 0 for all large N. From (7) and the fact
that T]>7 v (1 + ZJf) <23 o ZJ— holds for every j = 1,..., K we obtain
that ) ’

R N-1 B R N-1 b 00 b
o0 (o1 T o) =[S (1 (4 22)) (T (1 22) 1) =
j=1 n=1 j=1 n=1 Qjn NN Aj.n
A [ (1 L T (14 22 =
| R|<nl:[1( +QR")>(n_N< + aRm) B )_
R-1 N-1 b 0 ‘
ZIAJI( (1+ “”))(H(1+”)—1)>
j=1 n=1 aj,n n=N Aj,n
T (1 ey ) ST (s b g
(I o)1) -0 (T 22) 1) -
n= j=1 “n=N
1 - bRAn g bgn
5 — —2D LR
2 "Z;V @R.n j=1 7;\/ ajn
c- bR,n naRn
7’2\/%(_21), ajjann)

This and (2) imply that «(N) > 0 for all large N.

2. Now we prove that a(N) < 1 for inﬁnitely many large N. To prove this
we will estimate the product J]% i1 H 1 ajn. From the definition of F' we
obtain that

a1 < (2F) D (8)
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for all sufficiently large n. Inequality (5) implies that

R N— R N-1 1
logy T logy ay p

T TT e 21T TT o

j=1n=1 j=1n=1

where D; is a suitable constant which does not depend on N. Recall that
the notation logj log,  means (log,(logy 2))®. This, (8) and the fact that the

function z(10821082 z)= (1)

R N-1 R 1

1 €1
[T 1T wn<D:]1 H apnay T <
j=1n=1 j=1 n=1

is increasing for all sufficiently large x yield

N—1 K N-1 ’
Do TLann) (IL2e800") -
n=1 n=1
N-1 K i N-1 K
DQ(H am}) (2P PDpy ﬁ(KH)") < 2N<1+2’(K+1)N<H am) . (9)
n=1 n=1

where Dy, and D3 are positive real constants which do not depend on N.
From (3) and (5) we obtain that

(I ) (I )l

j=1 n=1 n=N
R 00 00 b 00 - 2 1
lo. logg a
DY (H<1+ J’") 1>g2D§ Y Om <opK Y api et <
a; a; ’

j=1 “\n=N J,m j=1ln=N J" n=N
0 T 1 —1
2 : logy logg ay pn

al,n

From this, (7) and (9) we obtain for all sufficiently large N

R N-1 R N-1 b, oo b
=o T I o) S (I 22) ) (TL (4 22) 1) <
j=1 n=1 j=1 n—1 aj,n n=N aj,n
N-1

qu““)(KH)N(H al,n) Z dos "oty a1, (10)
n=1

1
Let T;, = a;’,,""" . Now the proof falls into two cases.




A CRITERION FOR LINEAR INDEPENDENCE OF INFINITE PRODUCTS 114

2a. First assume that for every sufficiently large n

ai, > 2", (11)

-(1+%)
Then (11) and the fact that the function z'°82  ° 10822=1 js decreasing for
sufficiently large = imply

(1+5
Z alog2 ) log, a1,n—1 _

_(1+ & _(1+ &
log, a+3) logy a1,n—1 log, a+3) logy a1,n—1 <
Z alvn + Z a’l,n =~

N<n<log, ai,nN n>log, a1, N

_(1+ & _(1+ &
logz( +2)log2a1,1\7 (1+5)

£
—1 log, 2" log, a1,n—1
a, N log, a1, N + g a ,

)

IN

n>log, a1, N

—(1+%) —(1+%)
log, 2" logy a1, n—1 n(lo 2
ay N logy a1, N + E on(log,

n>log, a1, N

1+ €
;¢ Jr2)10g2 a1, n—1

~(1+§)
10g2 a; N + 2 : 2n(10g2 logy a1, N—1)

n>log, a1, N

lg
a3 N

log7(1+%) log, a 1 lo,
2 2 41, N—
ay N log, a1 v + a;

)

—(1+%)
gz 3" log, a1,n—1 <

1+5)
10g2 1" log, a1, N — 1
a1, N (12)

for sufficiently large IN.

For a sufficiently small positive real number 4, from (5) it follows that there
exists a positive integer to which is sufficiently large such that for every n > tg
we have max(1, F — §) < T,, < F 4 4. This implies that for every n > ¢y

max (1, (E — §)ED" < q;, < (F + )&V, (13)

Let t; be the least positive integer greater than (K + 1)%*! such that the
inequality max(1, E — 6) < T}, < E + ¢ holds. Then

max(1, (E — 6)) 5" < qy,, < (B + 65D (14)
Let t5 be the least positive integer greater than ¢; such that

F-0<Ty, <F+9§ (15)
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and let t3 be the least positive integer greater than t; such that t; < t3 <t
and

1
Tt3 > (1 + té""fﬁ) tlrg?ftg(Tj’ F — 25) (16)
Such a number ¢3 must exist since otherwise using (15) we obtain

1
F-i<T, < (1 + t;+§> tlréljaé(tz(TJ’F 20) <

1 1
1+ — ) (14— T;,F—28) < ...
() (1 s ) -2 <

a contradiction for a sufficiently large to. From (8),(13), (14) and (16) we
obtain

(K+1)
_ m(K41)*s (K+1)t3
a1ty = Tt3 > <1 + t1+g> <t112ja§t3(Tj’ F — 25)) >
3 <

1 (K+1)
<1+ ) max (T F— 25)K((K+1)t3 L (K41)t872 41 1) >

t§+s t1<j<ts

1 (K+1)"3 3—1 K N -
<1+> ( H a1,j) (F_25)K((K+1) FEADE T4 >

4z
i3 ¢ Jj=ti+1
1 (K+1)t3 t3—1 K t1 (F_26)(K+1)7 K 1
<1+1+g) (HCH,j) H( a1 ) to—1 KZ
t3 j=1 j=to 1,j (H] 1 aly])
(KD faol K p 95y K(K+1)"
1+ ) (F55)
( +t;+6> - al,] E+5 X

ti-Il(<F - 25)(K+1>J')K Dy >
F+6 125 (2F) KK+~

Jj=to

1 (K+1)'3  t3—1 t1—1 (F — 26) K
(o) (o) (M Eapres ™)

(3F) K+ ™
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1 (K+1)%3  t3—1 I
(1 + 1+6> (H ald’) (3F)~", (17)

t3 j=1
where Dy is a positive real constant which does not depend on t3. Now from

(8), (10), (12), and (17) we obtain

tz3—1

—(1+5) -a+5
afts) < g2t EHD' (H a n) Z alogz ? log, a1 -1 <

n=ts

tz3—1 £
A logy a1,t5—1 <

—(1+%) + K
(K+1)*3 I | 089 ,
q2 +1) ( ay n) a, i <

ts—1 10%;<1+%) log, ai,tg
(1+ )(K+1)t3 ( H a ) a17t3 <
Ln L \(EDE =
(1+ t1+5) (H] 1 al,]) (3F)~
~(1+8)
6, TR (1)t pfta T (KHD _
1 (K+1)t3 -
(1+ ) By
6 T sty T (1) —log, (14 1+5 ) (K+1)" +13 log, (3F)
2 ‘3 <1
for a sufficiently large number ¢3.
2b. Now assume that there exist infinitely many n such that
(18)

a1n < 2",

—(1+5)
Then (4) and the fact that the function z'°82 " 1°822-1 ig decreasing for

sufficiently large x imply

—(1+5
Z 1 2 n—1
aOgQ 08y a1, S

—(1+%)
log, 2" log, a1,n—
> ah DY

N<n< y/ar N n> §ar N

Ing 2)log2a1 nl

£
S0t log Jr2)log2 ai,n—1 <

5)
log 2 log, a1, n—1
ay ’ Jan+ Y
n> g/ar N
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a+35) 1te

-0+§)
log, ~ ?"logy a1 n—1 14¢e)(1 1 -1
al,]\? 2 m_i_ Z ( +¢)(logy 0goy n ) <
n>J/ar N
log;(pr%)log2 a;,Nn—1 s — 10
aq N VoeiN ta; Ny <
—A

ayn (19)

for sufficiently large N, where A = 55 min(1,¢). Now, set B = $(1 + F) =

2(E+F). From this and (1) we obtain that there is a sufficiently large k such
that .
ap > BEFDT (20)

Let ko be the greatest positive integer less than k such that (18) holds. Let
k1 be the least positive integer such that

1
Ty, > <1 + kH ) korgjaéckl T;, (21)

and kg < k1 < k. As in the previous case such a k| must exist since otherwise

1
< <
1<B_T;€_(1—&—]€1Jr )k(fg?}ékT <

1 1
<1+k1+2> (1+m> kogg}éf1Tj < e <

(st

j=ko+1

a contradiction for a sufficiently large number kg. From (21) and the fact that
the sequence {a1,,}5%; is non-decreasing we obtain

K1) (K+1)k1 ey
A1k = Tkl ~ (1 * ﬁ) (korgjai(kl I ) 2
1

Lits ko<j<ki

1 (K+1)*1 k-1 K , ko -K
(o) (o) (o) =
1 . ,

Jj=1 J=1

1 (K+1)F1 ki—1 K )
(1 + W) (H al,j) 9~ Kko, (22)
1

j=1

1\ (KD - o
(1 + 1) ( max Tj)K((KH) T EAD T T D)
1



A CRITERION FOR LINEAR INDEPENDENCE OF INFINITE PRODUCTS 118

The definition of k; implies that for every N (ko < N < k1)

1
< i
Ty < (14 ez ) oo, T
Thus
N 1 > 1
Ty < < H (1+j1+g)>Tk0 < (H (1+j1+g>)Tk0 =C= C(ko)’ (23)
Jj=ko+1 j=ko

where C is a constant which depends on ky and C tends to 1 as kg tends to
infinity. From (23) we obtain that for every N = kg,..., k1 — 1

N
a n < CEFD

This yields

k1—1 K ko k1—1
2 kq
(T o) = (TTw) (T ) <2micsn .
j=1 j=1 Jj=ko
Inequalities (12) and (19), and the definition of k; and k imply
o — £
log2 a+3) logy a1,n—1 o
E a’l,n -
n=k;
k—1 € o) €
—(1+3) -(1+5)
log2 2 logy a1,n—1 log2 2 logy a1,n—1
> ain + > ays <
n=ky n=k
—(1+%)
log,  * logyaik, —1 —A
A1k, +a ;- (25)

Now from (7), (8), (10), (20), (22), (24), and (25) we obtain

k: (KJrl)kl E R IOg;(1+%) logy a1,n—1
a(ky) < ¢2™ H a1n Z a, RS

’I’L:kl

ki1 (1+%)
O (g qnyk log,  *'logyaik —1 | —a\ _
a1 n Ay ey ta )=

(14 € -1+
k1—1 Kok a+3) K+1)k1 log, logy a1,k
(Hn 1 a1, ) 2% ( ) al,kl +

ai,k,

(Hkl 11 @ 7L)K2k;(l+%)(K+l)k1

at =
1,k
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_ —(1+%)
(Hilz11 al,n)KZkl ’

(1+ 1 )(K+l)k1(Hflzzlal,j)Kz_Kkg

1+%
Fy

—(+§)
(K+1)k1 alogg 4" log, a1,k
1,k1

9K k3 (K +1)* gk, T (k1)

BA(K+1)* =
oky TE gk, TR (et KR (k) gk T (g
(1+ = )(K+1)k12_K,€g + BA(K+1)k <1,
k76
a contradiction for a sufficiently large k. O
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