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Generalized almost paracontact structures
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Abstract

The notion of generalized almost paracontact structure on the gen-
eralized tangent bundle TM & T* M is introduced and its properties are
investigated. The case when the manifold M carries an almost paracon-
tact metric structure is also discussed. Conditions for its transformed
under a (- or a B-field transformation to be also a generalized almost
paracontact structure are given. Finally, the normality of a general-
ized almost paracontact structure is defined and a characterization of a
normal generalized almost paracontact structure induced by an almost
paracontact one is given.

1 Introduction

Generalized complex geometry unifies complex and symplectic geometry and
proved to have applications in physics, for example, in quantum field theory,
providing new sigma models [17]. N. Hitchin [7] initiated the study of general-
ized complex manifolds, continued by M. Gualtieri whose PhD thesis [5] is an
outstanding paper on this subject. Afterwards, many authors investigated the
geometry of the generalized tangent bundle from different points of view: M.
Crainic [4] studied these structures from the point of view of Poisson and Dirac
geometry, H. Bursztyn, G. R. Cavalcanti and M. Gualtieri [2], [3] presented
a theory of reduction for generalized complex, generalized Kéhler and hyper-
Kahler structures. Regarding also the generalized Kahler manifolds, L. Ornea
and R. Pantilie [10] discussed the integrability of the eigendistributions of the
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operator JyJ_+J_J,, where Jy are the two almost Hermitian structures of a
bihermitian one. In [9] they introduced the notion of holomorphic map in the
context of generalized geometry. M. Abouzaid and M. Boyarchenko [1] proved
that every generalized complex manifold admits a canonical Poisson structure.
They also proved a local structure theorem and showed that in a neighborhood,
a "first-order approximation” to the generalized complex structure is encoded
in the data of a constant B-field and a complex Lie algebra. A technical de-
scription of the B-field was given by N. Hitchin [6] in terms of connections on
gerbes. Extending the almost contact structures to the generalized tangent
bundle, I. Vaisman [16] introduced the generalized almost contact structure
and established conditions for it to be normal. Y. S. Poon and A. Wade [12]
described the particular cases coming from classical geometry, namely, when
a contact structure, an almost cosymplectic and an almost contact one define
a generalized almost contact structure. While the contact structures are in
correspondence with complex structures, the paracontact structures are in cor-
respondence with product structures. Therefore, would be natural to consider
paracontact structures in the context of generalized geometry.

Our aim is to define on the generalized tangent bundle a generalized para-
contact structure which naturally extends the previous ones. By means of cer-
tain orthogonal symmetries of TM & T M, namely, the 8- and B-transforms,
in the particular case when the generalized paracontact structure comes from
an almost paracontact one, we shall study its invariance under (- and B-
field transformations, respectively, and also provide a necessary and sufficient
condition for it to be normal (Proposition 3.5).

Also in [13] it is proved that such structures carry certain Lie bialgebroid
or quasi-Lie algebroid structures.

2 Definitions and properties

The notion of almost paracontact structure was introduced by I. Sato. Ac-
cording to his definition [14], an almost paracontact structure (¢,&,n) on an
odd-dimensional manifold M counsists of a (1, 1)-tensor field ¢, called the struc-
ture endomorphism, a vector field &, called the characteristic vector field and
a 1-form 7, called the contact form, which satisfy the following conditions:

1. @?=1-1n®¢
2. n(§) =1

Moreover, if g is a pseudo-Riemannian metric on M such that g(p X, oY) =
—g9(X,Y)+n(X)n(Y), for any X, Y € I'(T'M), we shall call (¢,&,n,g9) almost
paracontact metric structure. Notice that from the definition we deduce that
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p§ =0,n0¢p=0,1n=icg, g(§,€) =1 and g(pX,Y) = —g(X,¢Y), for any
X, Y eT(TM).

From the tangent bundle TM we shall pass to the generalized tangent
bundle TM & T* M, whose sections are pairs of objects consisting of a vector
field and a 1-form and we shall adopt the notation X +« € ITM & T*M).
Let go(X +a,Y +7) = $(a(Y)+7(X)), X +a, Y +v € D(TM®T*M), be the
neutral metric on TM & T*M (of signature (n,n), where n is the dimension
of M).

Extending this structure to the generalized tangent bundle TM & T*M,
we give the following definition:

Definition 2.1. We say that (®,£,n) is a generalized almost paracontact
structure if ® is an endomorphism of the generalized tangent bundle T'M &
T*M, € is a vector field and 7 is a 1-form on M such that

L go(®(X +a),Y +7) = —go(X +a, B(Y + 7)), for any X + o, Y +7 €
I(TM & T*M);

2 (1—n®¢ 0 .

neg 0 — 0
1 0(75¢ oer) =0

41 E+nllg=1.

Taking into account the first relation in the definition, the representation
¢ B
B —*
an endomorphism of the tangent bundle TM, ¢* its dual map defined by
(p*a)(X) = a(pX), a e T(T*M), X € T(TM), § a bivector field and B a
2-form on M (both of them skew-symmetric) and from the second relation we
obtain the following conditions:

of the structure ® by classical tensor fields is & = , where ¢ is

P +PB=1-n®¢
B+ (¢*) =T -n®&)*
pp—Bp* =0
Bp—p*B=0

which are equivalent to
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forany X + o, Y +v e T (TM @ T*M).
Finally, the last two relations imply 3(n,-) = 0, B(&,)=0, ¢ =0, nop =0
and respectively, n(§) = 1. Remark that if (p, £, n) is an almost paracontact

structure, then (®,£,7n) is a generalized almost paracontact structure, where
2

_ (v O 2. (90 0 > \
b .= « |- Indeed, = := N and for any o € I'(T* M) and
— 0 (¢ )2 y ( )

X +a) = P*X+ (0"
X=nX)-{+a—al§)n
(X +a) = [nX) -+ a(f) - n]
I(X+a)-F(X +a),

where F(X+a) :=n(X )f—i—a(f) 7. Then we can write F(X+a) = JX+J*a,
for JX = n(X)- £ = (n® &)X and its dual map (J*o)(X) = o(JX) =

(X)) = aln(X) = [a(9) - a](X). Therefore, = (7 1) and

=1 F = (IBJ (]_OJ)*> = <1_8®£ (I—v?@f)*)

The other relations from the definition are obvious.

3 On the generalized almost paracontact structure in-
duced by an almost paracontact one

In what follows we shall consider the case when the generalized almost paracon-
tact structure (®,&,n) comes from an almost paracontact structure (¢, &, n),

namely,
(e 0
D= (0 *) .

In this case, we call (®,£,n) the generalized almost paracontact structure
induced by (¢,&,7).

Example 3.1. Let (¢1,&,m) and (p2,£2,72) be two almost paracontact

structures on M and for any ¢ € [0, §], consider the one-parameter family
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(@t@tﬂ?t)tﬂo,g} defined by ¢y := cost- 1 +sint- gy, & := cost- & +sint - Ea,

— : _ (¥ O _(e2 O
Mt := cost-n1+sint-ne. Denote by &1 := (0 @T) and &, := (0 90;>
the endomorphisms of the corresponding generalized almost paracontact struc-
tures. If n;(&;) = dij, i = 0,4, 5 € {1,2} and p1p2+pap1 = — (M @E+02@
&1), then ®; := cost-®1+sint- Py, t € [0, 7], defines a generalized almost para-
contact structure. Indeed, we get v} + @50t = (P12 + p201)* and from
At 0 . I-— N & ft 0 )
0 By) 0 (I—n®&))
where A; := cos?t - p? +sin®t - w2 + cost - sint - (P12 + Pap1) and By :=
cos? ¢ - (i7§)? +sin’ £ - (p3)2 + cost -sint - (9} + P307).

our conditions we obtain ®7 =

3.1 Compatibility with generalized Riemannian metrics

Let (¢,m,&, g) be an almost paracontact metric structure on M and consider
on T'M @ T*M the generalized Riemannian metric G5 induced by g, for g a
Riemannian metric compatible with ¢ [§(pX,Y) = —g(X,¢Y), for any X,
Y e T'(TM)]. A natural question is if the endomorphism of the induced gen-
eralized almost paracontact structure (®,7,¢) is compatible with this metric.
First, recall that a generalized Riemannian metric G is a positive definite met-
ric on the generalized tangent bundle TM & T*M such that

1. 9o(6(X +a),5(Y +7)) = go(X + a,Y + ), forany X + a, Y + 7 €
NTM e T*M);
2. G2=1.

s ﬁgi), where ¢ is an endomorphism of the

bgz
tangent bundle TM, ¢* its dual map, by, (X) = ixg;, X € I'(TM) and

fg, =0, i € {1,2}, for g1, go Riemannian metrics on M, the two conditions

are equivalent to:
{ S02:17@‘71 Ong

Representing G as § = (

9i(X,0Y) = —gi(pX,Y)
forany X, Y e T'(TM), i € {1,2}.
Let g be a Riemannian metric on M and consider the positive definite
generalized metric G [8], which can be viewed as an automorphism of TM &

T*M, G5 = b0~ ﬁog), where 5 is the inverse of the musical isomorphism
g

bg(X) =1ixg, X € F(TM)

Proposition 3.1. If (¢,n,€,g) is an almost paracontact metric structure on
M and g is a Riemannian metric satisfying §(oX,Y) = —g(X, ¢Y), for any
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X,Y eT(TM), then the endomorphism ® of the induced generalized paracon-
tact structure is compatible with the generalized Riemannian metric G, that
is, Ggo® = —P o0 G;.

Proof. For any X + a € I(TM & T*M), G5(2(X + a)) := G5(pX — ¢*a) :
( *

t5(p*a) —bz(wX). Therefore, for any U € T'(TM), §(t;(¢* ), U) = oz(goU_)
and (bg(goX))(U) = g(eX,U). But for any X +a e I'(TM & T*M), G5(X +
a) = f#5(a) + b5(X) and so, for any U € I'(T'M), §(#5(e),U) = (U) and
(bg(IX%)glU) §(x.U).

t follows

9(t3(¢" ), U) = alpU) = g(t3(c), ¥U) = —g((t3(a)), U),

for any U € I'(T'M) and so t;(¢*a) = —p(#;(a)).
Also

(0g(X))(U) = g(pX,U) = =g(X, oU) = —(b5(X)) (V) = —(¢" (05(X)))(U),

for any U € T'(T'M) and so bg(pX) = —p*(b5(X)).
Then, for any X + a € T(TM @ T*M):

95(®(X +a)) = f53(¢"a
—(p(fi

—9(
(

— b (pX)
@) —¢*(
fg(c) +b5(X)
95(X +a)).

)
= ( 3(X)))
)

= -0
O

Remark 3.1. From the previous computations we also deduce that bz o ¢ =
—p* oby (respectively, # 0 p* = —poty).

3.2 Invariance under a B-field transformation

Besides the diffeomorphisms, the Courant bracket (which extends the Lie
bracket to the generalized tangent bundle) admits some other symmetries,
namely, the B-field transformations. Now we are interested in what happens
if we apply to the endomorphism ® a B-field transformation.

Let B be a closed 2-form on M [viewed as a map B : I'(TM) — T'(T*M)]

and consider the B-transform, e? := (é (I)) We can define &5 := eBPe B
which has the expression & = (Bcp —fcp*B —?0*) and for any X + a €

I(TM @ T*M), we have
Pp(X +a) = pX + B(pX) + ¢"(B(X)) - p"a.
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For any Y € T'(T'M), we get
[B(pX) +¢"(B(X)) —¢"a](Y) = B(pX,Y) + B(X, ¢Y) — (¢ a)(Y).

Note that if the 2-form B satisfies B(¢X,Y) = —B(X,¢Y), for any X, Y €
[(TM), then ®p coincides with ®. In particular, if (¢,7,€,g) is an almost
para-cosymplectic metric structure and if we take B(X,Y) := g(¢X,Y), X,
Y e I'(T M), we obtain

B(pX,Y) = g(¢’X,Y) = —g(pX,¢Y) := —B(X, pY)

and ®p is just .
A sufficient condition on B for ® g to define a generalized almost paracon-
tact structure is given by the following proposition:

Proposition 3.2. If the 2-form B satisfies B(p?X,Y) = B(pX, ¢Y), for any
X, Y eI(TM), then (®Pg,n,&) is a generalized almost paracontact structure.

Proof. Indeed, ®% = (BQOQ —(p*)’B ((,0*)2> = ( 0 (I - n@f)*).

Remark 3.2. In the general case, if ® is represented ® = <§ _i*>, then
its B-transform, &g = (B(p + (pr__fg _ BB —@*i Bﬂ) defines a gen-
eralized almost paracontact structure.

3.3 Invariance under a p-field transformation

Similarly we shall see what happens if we apply to the endomorphism ® a
B-field transformation. Let 8 be a bivector field on M [viewed as a map

B:T(T*M) — T(TM)] and consider the 3-transform, e” := (é ?) We can

define ®5 := eP®e~? which has the expression bg = (g —goﬁ_;*ﬂcp > and
for any X + o € T(TM © T*M), we have

Dp(X +a) =X —p(B(a)) - B(¢"a) — " a.

If the bivector field 3 satisfies 8 o ¢* = —p o 3, then ®g coincides with ®.
A sufficient condition on g for @4 to define a generalized almost paracon-
tact structure is given by the following proposition:
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Proposition 3.3. If the bivector field 8 satisfies n(f(a)) - & = a(§) - B(n), for
any o € T(T*M), then (®g,n, &) is a generalized almost paracontact structure.

Proof. Indeed, % = (%2 5(901);*)—2@25) and for any a € T'(T*M):
B((¢)2a) = ¢*(Bla)) = Bla—al§)-n) — (Bla) —n(B(@))-€)
= n(B(a))-§—a(§)-Bn) =0

(T =R 0
andso@Q—( 0 (1—77®f)*)' O

Remark 3.3. In the general case, if ® is represented ¢ = v B *> , then its

B -y
5—transf0rm, @[3 = (SD +BBB _805 - ﬁ@ +B - ﬂng

—p* — BB > defines a generalized

almost paracontact structure.

3.4 Paracontactomorphisms

We shall prove that a diffeomorphism between two almost paracontact man-
ifolds preserving the almost paracontact structure induces a diffeomorphism
between their generalized tangent bundles which preserves the generalized al-
most paracontact structure.

Let (My,¢1,&1,m) and (Ma, pa,&2,m2) be two almost paracontact mani-
folds.

Definition 3.1. We say that f: (M, p1,&1,1m1) = (Ma, p2,&2,12) is a para-
contactomorphism if f is a diffeomorphism and satisfies

w20 fo = fropr, fili =&

Remark that in this case, f*ny = m; is also implied. Indeed, for any
X € T(TM,), applying f. to 91X = X — 0 (X) - &1, we get

FX = ()7 X)) - s = (frown)(@1X) = pa((fu 0 1) X)
= Q3(X) = £ X —(f:X) - &
and so, n2(f«X) o f = n(X), for any X € T'(T'My).

Lemma 3.1. If f : (M1, ¢1,&1,m) = (M2, v2,&2,12) is a paracontactomor-
phism, then o] o f* = f* o y3.
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Proof. For any X € I'(TMy), a € T(T* M), x € M;y:

[(p1 o fHDNX)N(@) = [(fF)(erX)](@) = af@)(far((P21X)))
= [a(fi(er X))I(f(2))

and respectively,

(7o p2)(@)(X)](x) = (p20) pw) (feu(Xa))
= lalp2(fX))I(f(2))

[
—':
:;§
;3
Q
vx
= =
—~ —~
- =
—
NG

Proposition 3.4. Let f : (My,p1,&1,m) — (Ma, p2,82,m2) be a paracon-
tactomorphism. Then it induces a diffeomorphism between their generalized
tangent bundles, f(X+a)~:: LX+( Y, X+ael(TM,&T*M,), such
that ®o 0 f = fo®y and f(& +0) =& +0.

Proof. Using the previous lemma, we obtain, for any X+« € I'(TM1®T* M ):
(@20 )(X +a) = P2 X +(f7) @)= (p20 LX)+ (930 (f))(a)

= (feop)(X)+((f ~) e1)(a)
fler1X +¢ia) = (fo 21)(X + a).

Also, f(&140) = fo&1+0 = &+0and f(0+m) = 0+(f~1)*m = 04n2. O

3.5 Normality of (®,£,n)

I. Vaisman [16] defined normal generalized contact structures and character-
ized them. We give an analogue definition for the normality of a generalized
almost paracontact structure like in the generalized contact case:

Definition 3.2. A generalized almost paracontact structure is called normal
if the M-adapted generalized almost product structure on M x R is integrable.
Precisely, in our particular case, if (<I> = <<g (30*> ,&, 77) is the gener-
alized almost paracontact structure induced by the almost paracontact one
(¢,€,m), then the M-adapted generalized almost product structure is P =
g i*)) where 902 =1- ﬂBv ﬁ(aa(p*v) = 6(90*0177) and B(Xa QOY) =
B(pX,Y), for any X, Y € I'(TM) and «a, v € T'(T*M). Moreover, form the
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condition to be M-adapted [16] follows 8 = £ A % and B = n Adt. The
integrability of P means that its Courant-Nijenhuis tensor field

Np(X +a,Y +19) = [P(X+a),P(Y +7)]+ P X +a,Y +7]
—P[P(X 4+ a),Y +9] - P X +a, P(Y +7)],
for X + o, Y+~ € I'(TM @ T*M), vanishes identically, where the Courant
bracket is given by
1
(X +a,Y+9] :=[X,Y]+Lxy— Lya+ id(a(Y) —y(X)).
Computing it we obtain the normality condition for (®,&,n):

N@(Xa Y) - d77(X7 Y) £=0
L§77 = 0, Lg(p =0 y
(Laan)Y - (chYn)X =0

for any X, Y € I'(T'M), where
No(X,Y) = [pX, Y]+ @*[X, Y] - 0[pX, Y] — o[ X, pY].

Proposition 3.5. The generalized almost paracontact structure (9,£,n) in-
duced by the almost paracontact one (p,&,n) is normal if and only if (v, &, 1)
s normal.

Proof. The first implication is trivial. For the converse one, it is known that
(,&,m) is normal if and only if N, (X,Y) —dn(X,Y)-£ = 0. Moreover, in this
case, the relations L¢egp = 0 and (L,x7n)Y — (L,yn)X = 0 are also implied.
Indeed, taking Y := £ in the previous relation we obtain

for any X, Y € I'(TM) and for X — pX, we get

0 =[X,&] — 0> X, €] = —[£, 0 X] + [, X] = —(Lew) X.

But, (¢, £, n) is normal if the associated almost product structures E; :=
p—n®¢&and Ey := ¢ +1n® ¢ are integrable (that is, their Nijenhuis tensor
fields vanish identically) and L¢n = 0. Applying 1 to Ng, (¢X,Y) = 0, we
obtain

(Lp2xn)Y — (Loyn)(9X) = 0,

for any X, Y € I'(T'M), which is equivalent to

(Lxn)Y = (Lyx).em)Y — (Loyn)(9X) =0,
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for any X, Y e I'(TM). For X — ¢X, we get
(Loxm)Y = (Loym)X + (Loyn)(n(X) - €) =0,
for any X, Y € I'(T'M) and the last term is zero because

(Leyn)(n(X) - £) (Y)(n(X)) = n(lpY,n(X) - £])
(@Y)(n(X)) + n(X)n([, ¢Y]) = (¢Y ) (n(X))
= (X)[EMY)) = (¢Y)(0(£)) = (dn)(&,»Y)] = 0.

O
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