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Abstract

The main results characterize the equations (2.1) and (2.10) whose
solutions are linear combinations with rational coefficients of at most
two terms of classical Fibonacci and Lucas sequences.

1 Special Pell’s equations
The Diophantine equations
u? — Dv? = +4 (1.1)

are called special Pell’s equations. In some ways, solutions to (1.1) are more
fundamental than solutions to Pell’s equations u? — Dv? = £1. For general
aspects concerning the theory of the positive and negative Pell’s equation we
refer to the authors book [2]. As with the +1 equations, all solutions to (1.1)
can be generated from the minimal positive solution.

If (uy,v1) is the minimal positive solution to Pell’s special equation

u? — Dv? =4,
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then for the n* solution (u,,v,) we have

* (40D = (“ *;ﬁ) . (1.2)

The general solution (1.2) is completed with the trivial solution (ug,vg) =
(2,0), obtained for n = 0. Also, it can be extended to negative integers n.

We can express all integer solutions to equation (1.1) by the following
formula

n
L un + 0VD) =2, (“ *;“@> . nei (13)

where €, is 1 or —1. Indeed, for n > 0 and &, = 1 we get all negative
solutions. For n > 0 and &,, = —1 we obtain all solutions (u, v,) with u, and
v, negative. For n < 0 and &, = 1 we have (uy,,v,) with u,, > 0 and v,, <0,
while n < 0 and ¢, = —1 gives u,, < 0 and v,, > 0. The trivial solutions (2, 0)
and (—2,0) are obtained for n = 0.

Formula (1.3) captures all symmetries of equation (u,v) — (—u,—v),
(u,v) = (u,—v), (u,v) = (—u,v). Therefore, in 2D the points (un,v,) rep-
resents the orbits of the action of the Klein four-group Zs X Zs, i.e. points
obtained by the 180 degree rotation, the vertical reflection, and by the hori-
zontal reflection.

Now suppose the "negative” special Pell’s equation u? — Dv? = —4 has
solutions and let (u1,v;) be its minimal positive solution. Define the integers
Un, v, by (1.3). Then, for n odd, (un,v,) is a solution to u? — Dv? = —4,
and for n even, (u,,v,) is a solution to u? — Dv? = 4. All integer solutions to
these equations are generated in this way.

2 The main results

In this section we find all integers a for which the solutions to the quadratic
equations
2 2 _
x° + azy + ay” = £1, (2.1)

are linear combinations with rational coefficients of the classical Fibonacci and
Lucas numbers: Fy =0, Fy =1, Fy1 = F,+F,_1,n>1and Ly =2, L =1,
Ln+1 =L,+L, 1,n>1.

This problem is related to the so-called Diophantine representation of a
sequence of integers, and for some results we refer to the papers of M.J.
DeLeon [3], V.E. Hoggatt, M. Bicknell-Johnson [6], J.P. Jones [7], [8], [9],
and W.L. McDaniel [11]. Also, it is connected to the Y.V. Matiyasevich and
J. Robertson way to solve the Hilbert’s Tenth Problem, and it has applications
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to the problem of singlefold Diophantine representation of recursively enumer-
able sets. In the recent paper of R. Keskin, N. Demiturk [10] the equations
22 — kxy +y? = 1,22 — kry — y? = 1 are solved in terms of generalized Fi-
bonacci and Lucas numbers. Let us mention that S. Halici [4] defines Hankel
matrices involving the Pell, Pell-Lucas and modified Pell sequences, computes
their Frobenius norm, and investigate some spectral properties of them.
Recall the Binet’s formulas for F;, and L,,:
1

1+v5\ [1-Vv5)
|50 (58] e

n n
Ln=<1+\/5> +<1_\/5> . (2.3)
2 2

These formulas can be extended to negative integers n in a natural way.
We have F_,, = (—1)""'F, and L_,, = (=1)"L,, for all n.

Theorem 2.1. The solutions to the positive equation (2.1) are linear
combinations with rational coefficients of at most two Fibonacci and Lucas
numbers if and only if a = a,, = £Lo, +2, n > 1.

For each n, all of its integer solutions (xy,yr) are given by

Fy

€k (£7%)
= —Lopn F — Forn
T D) 2kn T 2, 2k

. (2.4)

Yk = iﬁFana

where k > 1, signs + and — depend on k and correspond, while €, = +1.
Proof. The equation 22 + axy + ay? = 1 is equivalent to the positive
special Pell’s equation

(22 + ay)? — (a® — 4a)y* = 4 (2.5)

ur +v1vVD m+ ur —v1vVD "
2 2

w+vvD) [w—uvD\
2 ) T\ ’

From (1.3) it follows that

2Ty + AYm = Em

and

Ym = \/5
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where m € Z, e, = +1, D = a® — 4a, and (u1,v1) is the minimal positive
solution to u? — Dv? = 4. we have (u1,v1) = (a — 2,1), and combining the
above relations it follows

(1_ a ><a—2+\/m>m

—Aq 2

Em

2

Ty =

T —— (‘““jm)m] 26)

and

Ym = va? —4a

Taking into account Binet’s formulas, solution (z,,, ¥ ) is representable in
terms of F,, and L,, only if a®> — 4a = 552, for some positive integer s. This
is equivalent to the special Pell’s equation

Em [(a—2+\2/a2—4a> _<a—2—2a2—4a> ] 2.7)

(a —2)? — 5s*> =4, (2.8)

whose minimal solution is (a; —2,s1) = (3,1). The general integer solution to

(2.8) is
345\ | [(3-vB\
() (e

345\ (3-v5\
V5 2 B 2

where n is an integer and €, = £1. The equation (2.8) was also used by D.
Savin [12] in the study of the equation z* — 62%y* + 5y* = 16F,,_1 F,,41, and
R. Keskin, N. Demiturk [10].

From (2z + ay)? — (a® — 4a)y? = 4 we find (22 + any)? — 5(sny)? = 4, with
integer solution (., ym) given by

an, —2=¢,

En

= En*F2na

2x7n + anYm = 527rLL2m and SpnYm = :I:F2m

Hence

Fy Fy
Tm = 5 €amLom F an F;: y Ym == F;Za

where signs + and — correspond, and €5, = £1.



EQUATIONS WITH SOLUTION IN TERMS OF FIBONACCI AND LUCAS
SEQUENCES 9

Taking into account that Fy,, divides Fy,, if and only if n divides m (see
[1, pp. 180] and [4, pp. 39]), it is necessary that m = kn, for some positive
integer k. Formulas (2.9) become (2.4).

A parity argument shows that in the equation

(z 4 ay)® — (a® — da)y® = 4,

x is even, so xy in (2.4) is always an integer. O
The following two tables give the integer solutions to equation (2.1) at level
k, including the trivial solution obtained for k = 0.

l n [ an = Lon + 2 [ Equation (2.1) [ Solutions ‘
1 5 x2+5zy—|—5y2 =1 T = %“sz:Fngzw y = +Foy
2 9 27+ 92y +9y® =1 =Ly F 2Fu, y=+1Fu
3 20 2 +20zy +20y7 =1 = ELex F 3 Fok, y = 3 Fox
4 49 22 + 492y + 4997 =1 x=ELsg F LFsk, Yy = £57 Fre
5 125 a” + 1250y + 125y =1 [ & = FELiok F 53 Fiok, ¥ = £2=Flok
6 324 a” + 324wy + 324y =1 [ @ = FELiok F g Fiok, y = 77 Fiok

l n [ ap = —Loy +2 Equation (2.1) [ Solutions
1 —1 :r2—:ry—y2:1 x:%Lgk:l:%ng, y::I:ng
2 -5 x? —5ry —by® =1 @ =FLy + 2Fu, y=F1Fu
3 —16 z? — 16zy — 16y° = 1 x = ELek + For, y=+3Feor
4 —45 22 — 45y — 45y7 =1 x = kLg + 2 Fsp, y= - Fyi
5 —121 2 —121ey — 121y =1 [ @ = FLiok F 15F10k, ¥ = £ Fiox
6 —320 x” — 3200y —320y° =1 [ @ = F Lok F T Fiok, y = 05 Fiok

Next we will consider the "negative” equation of the type (2.1):
2%+ axy + ay® = —1 (2.10)
Similar "negative” type equations
2? —kxy —y? = -1, 2% — kay —y® = £(k* +4)

are considered by R. Keskin, N. Demiturk [10].

Unlike the result in Theorem 2.1, there are only two values of a for which
the corresponding property holds.

Theorem 2.2. The solutions to the negative equation (2.10) are linear
combinations with rational coefficients of at most two Fibonacci and Lucas
numbers if and only if a = —1 or a = 5.
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If a = —1, all of its integer solutions (T, ym) are given by
Em 1
Ty = 7L2m+1 + §F2m+la Ym = j:}7‘277%‘»17 m Z 0. (211)

If a = 5, all integer solutions (Tym,Ym) are
Em
Ty = 7L2m+1 FoFom+t1s  Ym = £Fomir, m=>0. (2.12)

The signs + and — depend on m and correspond, while €,, = 1.
Proof. As in the proof of Theorem 2.1 the equation is equivalent to

(22 4 ay)? — (a® — 4a)y* = —4.

Suppose that this negative special Pell’s equation is solvable. Its solution
(Zm, Ym) is representable in terms of Fibonacci and Lucas numbers as a linear
combination with rational coefficients only if a? — 4a = 5s%. As in the proof
of Theorem 2.1 we obtain a,, = +Ls,, + 2 and s,, = £F5,, n > 1.

The equation (2x + ay)? — (a? — 4a)y? = —4 becomes

(22 + ay)? - 5(s.9)° = —4,

whose integer solutions are 2x,, + aym, = eémLlomy1 and spym = £Fopy1. It

follows that

Fom1
Yn =F——, m 2> 1.
" F2n

If n > 2, then F3,, > 2, and since 2n does not divide 2m + 1, it follows that
Fy,, does not divide Fy,,11 (see [1], pp. 180 and [5], pp. 39), hence y,, is not

an integer.
Thusn=1and so a ==*Ls+2,i.e. a=—1o0r a=>5.
For a = —1, it follows y,,, = £Fo,41 and 22y, — Y = €mLom+1, and we

obtain solutions (2.11).

If a = 5, then y,, = £Fomy1 and 22, + 5Ym = emLom+1, yielding the
solutions (2.12). O

Remark. On the other hand, it is more or less known Zeckendorf’s theo-
rem in [13], which states that every positive integer can be represented uniquely
as the sum of one or more distinct Fibonacci numbers in such a way that the
sum does not include two consecutive Fibonacci numbers. Such a sum is called
Zeckendorf representation and it is related to the Fibonacci coding of a posi-
tive integer. Our results are completely different, because the number of terms
is reduced to at most two, and the sum in the representation of solutions is a
linear combination with rational coefficients.
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