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Arcwise connected attractors of infinite
iterated function systems

Dan Dumitru

Abstract

The aim of this paper is to give a sufficient condition for the attractor
of an infinite iterated function system to be arcwise connected.

1 Introduction

Iterated function systems (IFSs) were introduced in their present form by John
Hutchinson ([7]) and popularized by Michael Barnsley ([1]). Also, infinite
iterated function systems (IIFSs) were first mention in ([21]) and later studied
in ([8], [9], [11], [13], [15], [16], [17]). The theory of noncompact attractors
of infinite iterated function systems seems to be much less developed; only
some attempts to unify finite and infinite systems based on the notion of
multifunction were present, e.g., ([12], [14]). R. Miculescu and A. Mihail ([18],
[20]) provided a general framework where attractors are nonempty closed and
bounded subsets of complete metric spaces and where the iterated function
systems may be infinite. In fact, in ([18]) it is proved that the Lipscomb’s space
is the attractor of an (IIFS). In ([19]) it is studied the shift space associated
to an attractor of an infinite iterated function system. I. Chitescu and R.
Miculescu ([2]) presented an example of a fractal, generated by Hutchinson’s
procedure, embedded in an infinite dimensional Banach space and its finite
dimensional approximations.
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In this paper we establish a sufficient condition for the attractor of an
infinite iterated function system to be arcwise connected. We start with some
notations: for a nonempty set X we will denote by P(X) the set of nonempty
subsets of X, by K(X) the set of nonempty compact subsets of X and by
B(X) the set of nonempty bounded closed subsets of X.

Definition 1.1. Let (X, d) be a metric space. The Hausdorff-Pompeiu
semidistance is the application h : P(X) × P(X) −→ [0,+∞] defined by
h(A,B) = max{d(A,B), d(B,A)}, where

d(A,B) = sup
x∈A

d(x,B) = sup
x∈A

(
inf
y∈B

d(x, y)

)
.

Theorem 1.1. ([1]) Let (X, d) be a metric space and h : P(X)×P(X) −→
[0,∞] the Hausdorff-Pompeiu semidistance. Then:

1). (B(X), h) and (K(X), h) are metric spaces with (K(X), h) closed in
(B(X), h).

2). If (X, d) is complete then (B(X), h) and (K(X), h) are complete metric
spaces.

In this paper, by K(X) and B(X) we will refer to (K(X), h) and (B(X), h).

Definition 1.2. Let (X, d) be a metric space. For a function f : X −→ X
let us denote by Lip(f) ∈ [0,+∞] the Lipschitz constant associated to f, which

is Lip(f) = sup
x,y∈X ; x6=y

d(f(x), f(y))

d(x, y)
. We say that f is a Lipschitz function if

Lip(f) < +∞ and a contraction if Lip(f) < 1.

Proposition 1.1. ([1]) Let (X, d) be a metric space.
1). If H and K are two nonempty subsets of X then h(H,K) = h(H,K),
2). If (Hi)i∈I and (Ki)i∈I are two families of nonempty subsets of X

then

h

(
∪
i∈I
Hi, ∪

i∈I
Ki

)
= h

(
∪
i∈I
Hi, ∪

i∈I
Ki

)
≤ sup

i∈I
h(Hi,Ki).

Definition 1.3. A family of continuous functions (fi)i∈I , fi : X −→ X
for every i ∈ I, is said to be bounded if for every bounded set A ⊂ X the set
∪
i∈I
fi(A) is bounded.

Definition 1.4. a). An iterated function systems (IFS) consists on a finite
family of contractions on a complete metric space.
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b). An infinite iterated function system (IIFS) on X consists of a bounded
family of continuous functions (fi)i∈I on X and it is denoted by
S = (X, (fi)i∈I).

Definition 1.5. For an infinite iterated function system, S = (X, (fi)i∈I),
the fractal operator, FS : B(X) −→ B(X) is the function defined by FS(B) =
∪
i∈I
fi(B) for every B ∈ B(X).

Remark 1.1. Let S = (X, (fi)i∈I) be an infinite iterated function system.
If the functions fi are contractions for every i ∈ I, with sup

i∈I
Lip(fi) < 1 then

the function FS is a contraction that verifies Lip(FS) ≤ sup
i∈I

Lip(fi) < 1.

Using Banach’s contraction theorem we can prove the following:
Theorem 1.2. ([16]) Let (X, d) be a complete metric space and S =

(X, (fi)i∈I) an infinite iterated function system such that c = sup
i∈I

Lip(fi) < 1.

Then there exists a unique set A ∈ B(X) such that FS(A) = A. The unique
set A ∈ B(X) is called the attractor of the infinte iterated function sys-
tem S. Moreover, for any H0 ∈ B(X) the sequence (Hn)n≥0 defined by
Hn+1 = FS(Hn) is convergent to A. For the speed of the convergence we

have the following estimate: h(Hn, A) ≤ cn

1− c
h(H0, H1) for every n ≥ 1.

Definition 1.6. Let (X, d) be a metric space and (Ai)i∈I a family of
nonempty subsets of X. The family (Ai)i∈I is said to be connected if for every
i, j ∈ I there exists (ik)k=1,n ⊂ I such that i1 = i, in = j and Aik ∩Aik+1

6= ∅
for every k ∈ {1, ..., n− 1}.

Definition 1.7. A metric space (X, d) is called arcwise connected if for
every x, y ∈ X there exists a continuous function ϕ : [0, 1] −→ X such that
ϕ(0) = x and ϕ(1) = y.

2. Main results

Concerning the connectedness of the attractors of iterated function sys-
tems, we have the following result which is not true for an infinte iterated
function system as one can in ([3]):

Theorem 2.1. ([5], [6], [7]) Let (X, d) be a complete metric space and
S = (X, (fi)i=1,n) an iterated function system with c = max

i=1,n
Lip(fi) < 1. We
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denote by A the attractor of S and by Ai = fi(A) for every i ∈ {1, ..., n}.
Then the followings are equivalent:

1). The family of sets (Ai)i=1,n is connected.
2). A is arcwise connected.
3). A is connected.

We give now a sufficient condition for the attractor of an infinite iterated
function system to be arcwise connected.

Theorem 2.2. Let (X, d) be a complete metric space and S = (X, (fi)i∈I)
an infinite iterated function system with c = sup

i∈I
Lip(fi) < 1. We denote by

A the attractor of S and by Ai = fi(A) for every i ∈ I. If the family of sets
(Ai)i∈I is connected and A = ∪

i∈I
Ai then A is arcwise connected.

Proof: We consider the following set of functions:

N = {f : A×A× [0, 1] −→ A | f(x, y, 0) = x, f(x, y, 1) = y for every
(x, y) ∈ A×A}

On N we define the following metric: For every f, g ∈ N, dN (f, g) =
sup

(x,y,t)∈A×A×[0,1]
d(f(x, y, t), g(x, y, t)). Since the set A is complete, it follows

that the metric space (N, dN ) is complete. Let x, y ∈ A be two fixed points.
Since A = ∪

i∈I
Ai and the family of sets (Ai)i∈I is connected, it follows that

there exist n(x, y) ∈ N∗, i0x,y, i
n(x,y)
x,y ∈ I, {ikx,y}k=0,n(x,y)

⊂ I and

{pkx,y}k=0,n(x,y)
⊂ A such that x ∈ Ai0x,y

, y ∈ A
i
n(x,y)
x,y

, p0x,y = x, p
n(x,y)
x,y = y and

pkx,y, p
k+1
x,y ∈ Aikx,y

for every k ∈ {0, ..., n(x, y) − 1}. We fix qkx,y ∈ f−1ikx,y
(pkx,y)

and rkx,y ∈ f−1
ikx,y

(pk+1
x,y ) for every k ∈ {0, ..., n(x, y) − 1}. For every f ∈ N

we define the following function which also belongs to N : Tf(x, y, t) =

fikx,y
(f(qkx,y, r

k
x,y, n(x, y)t − k)) for every t ∈

[
k

n(x,y) ,
k+1

n(x,y)

]
and

k ∈ {0, ..., n(x, y)− 1}.
T f is well-defined since on one hand fikx,y

(f(qkx,y, r
k
x,y, 1)) = fikx,y

(rkx,y) =

pk+1
x,y and on the other hand fik+1

x,y
(f(qk+1

x,y , r
k+1
x,y , 0)) = fik+1

x,y
(qk+1

x,y ) = pk+1
x,y . We

will denote by Tm = T ◦T ◦...◦T the m-times composition of T . We will denote
by ωt(f) = lim

ε−→0
sup

x,y∈(t−ε,t+ε)

d(f(x), f(y)) the oscilation of f in t ∈ [0, 1], by

fx,y(t) = f(x, y, t) and by Ω(Tf) = sup
(x,y,t)∈A×A×[0,1]

ωt(Tfx,y). Thus, for every

f, h ∈ N and (x, y, t) ∈ A×A× [0, 1] we have that:



ARCWISE CONNECTED ATTRACTORS OF INFINITE ITERATED FUNCTION
SYSTEMS 95

d(Tf(x, y, t), Th(x, y, t)) =

d
(
fikx,y

(f(qkx,y, r
k
x,y, n(x, y)t− k)), fikx,y

(h(qkx,y, r
k
x,y, n(x, y)t− k))

)
≤

Lip(fikx,y
) · d(f(qkx,y, r

k
x,y, n(x, y)t− k)), h(qkx,y, r

k
x,y, n(x, y)t− k))) ≤

c · d(f(qkx,y, r
k
x,y, n(x, y)t− k)), h(qkx,y, r

k
x,y, n(x, y)t− k))) ≤

c · sup
(x,y,t)∈A×A×[0,1]

d(f(x, y, t), g(x, y, t)) = c · dN (f, h).

Taking now the supremum after (x, y, t) ∈ A × A × [0, 1] we obtain that
dN (Tf, Th) ≤ c · dN (f, h). From the Banach fixed point theorem there exists

ϕ ∈ N such that Tϕ = ϕ and Tmf
m→∞−→ ϕ for every f ∈ N . We will prove

that ϕx,y is continuous on [0, 1]. We have Ω(Tf) ≤ sup
(x,y,t)∈A×A×[0,1]

Lip(fikx,y
) ·

ωt(fx,y) ≤ c · Ω(f).

Thus, inductively we obtain that Ω(Tmf) ≤ cm· Ω(f)
m→∞−→ 0. Hence

Ω(ϕ) = 0 and so ϕ is continuous with respect to t. Since ϕx,y is a continuous
function joining x and y, it folows that A is arcwise connected.

Example 2.1. We consider the following set in the plane R2 endowed

with the euclidean metric A = Q ∪
(
∪

n≥1
Mn

)
, where Q is the boundary of

the square determinated by the vertices {(0, 0), (1, 0), (1, 1), (0, 1)} and Mn ={
1
2n

}
× [0, 1] for every n ∈ N. Then A is the attractor of the countable iterated

function systems S = (A, {fn, gn}n∈N) where the functions fn and gn are
defined for every n ∈ N as follows: f0(x, y) =

(
0, y2

)
, g0(x, y) =

(
0, y+1

2

)
,

f1(x, y) =
(
1, y2

)
, g1(x, y) =

(
1, y+1

2

)
, f2(x, y) =

(
x
2 , 0
)
, g2(x, y) =

(
x+1
2 , 0

)
,

f3(x, y) =
(
x
2 , 1
)
, g3(x, y) =

(
x+1
2 , 1

)
and fn(x, y) =

(
1

2n−3 ,
y
2

)
, gn(x, y) =(

1
2n−3 ,

y+1
2

)
for every n ≥ 4.

Moreover, we have that A = ∪
n≥0

(fn(A) ∪ gn(A)) and the family of sets

(An)n∈N is connected, where A2n = fn(A) and A2n+1 = gn(A) for every
n ∈ N. Thus A is an arcwise connected set.

Example 2.2. We consider the following set in the plane R2 endowed
with the euclidean metric:

A = ({0} × [0, 1]) ∪ ([0, 1]× {1}) ∪ ({1} × [0, 1])∪(
∪

k≥0

[
1

22k+1 ,
1

22k

]
× {0}

)
∪
(
∪

k≥1

{
1
2k

}
×
[
0, 12
])
∪
(
∪

k≥1

[
1

22k+1 ,
1

22k

]
×
{

1
2

})
.

Then A is the attractor of the countable iterated function system S =
(A, {fn}n≥0), where the functions fn : A −→ A, n ∈ N are defined by:
f0(x, y) =

(
0, y2

)
, f1(x, y) =

(
0, y+1

2

)
, f2(x, y) =

(
x
2 , 1
)
, f3(x, y) =

(
x+1
2 , 1

)
,
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f4(x, y) =
(
1, y+1

2

)
, f5(x, y) =

(
1, y2

)
and for n ≥ 6 we consider that fn(x, y) =(

x+1
22k−2 ,

1
2

)
if n = 4k and k ≥ 2, fn(x, y) =

(
1

22k−2 ,
y
2

)
, if n = 4k+ 1 and k ≥ 2,

fn(x, y) =
(

x+1
22k−1 , 0

)
, if n = 4k + 2 and k ≥ 1, fn(x, y) =

(
1

22k−1 ,
y
2

)
, if

n = 4k + 3 and k ≥ 1.
Moreover, it follows that A = ∪

n≥0
fn(A) and the family of sets (An)n∈N is

connected. Thus A is arcwise connected.

Example 2.3. (Lipscomb’s space) [For more details see ([18], [19],
[20])].

Let A be an arbitrary set and for z ∈ A we denote by A
′

= A− {z}. The
points of l2(A) are the collections of real numbers indexed by the points of A.
The topology of l2(A) is induced from the metric d(x, y) =

√∑
a(xa − ya)2,

where we think xa as the a-th coordinate of x. Let us also consider, for the
case when A is an arbitrary set with the discrete topology, the Baire space
N(A) which is the topological product of countably many copies An of A.
Hence the points of N(A) consist of all the sequences a = a1a2...an..., with
an ∈ A. The Lipscomb’s space L(A) is a quotient space of N(A) such that
each equivalence class consists of either a single point or two points. Those
classes with two points come from identifying a1a2...ak−2ak−1akak... with the
point a1a2...ak−2akak−1ak−1..., where ak−1 6= ak. Let $A be the imbedded
version of L(A) endowed with the induced topology of l2(A). More precisely,
let us consider the function s : L(A) −→ l2(A) given by s(α) = (αb)b∈A, where
α = a1a2.... ∈ N(A) and

αb =

{ ∑
k with ak=b

1
2k

, if there exists k such that ak = b

0, if there exists no k such that ak = b.

Then $A is s(L(A)). Let us consider now the complete metric space
(l2(A), d). For each a ∈ A, let fa : l2(A) −→ l2(A) be the function given
by fa(x) = 1

2 (x + ua) for all x ∈ l2(A), where uz = 0l2(A) and for every
a ∈ A \ {z}, ua = (αj)j∈A ∈ l2(A) is described by αj = 0 for j 6= a and
αa = 1. It is proved in ([18]) that S = (l2(A), (fa)a∈A) is an infinite iterated
function system and the attractor of S, denoted $A, is the imbedded version
of Lipscomb’s space L(A) in l2(A). In ([20]), using some results from ([19]),
it was proved that $A = ∪

a∈A
fa($A). We consider now the fixed points ua

and ub of fa and fb. Then fa(ub) = fb(ua) = 1
2 (ua + ub) ∈ fa($A) ∩ fb($A)

for every a 6= b ∈ A. Thus the family of sets (Aa = fa($A))a∈A is connected.
Hence, it follows from theorem 2.2, that $A is arcwise connected.

Open Problem. In what conditions theorem 2.1. is valid for an infinite
iterated function system?
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