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Abstract

The aim of the article is to describe the classification of simple iso-
lated hypersurface sin- gularities over a field of positive characteristic by
certain invariants without computing the normal form. We also give a
description of the algorithms to compute the classification which we have
implemented in the Singular libraries classifyCeq.lib and classifyReq.lib.
1 Int

1 Introduction

Simple hypersurface singularities in charateristic p > 0 were classified by
Greuel and Kroning [4] with respect to contact equivalence. Greuel and Nguyen
Hong Duc [6] classified the simple hypersurface singularities in characteristic
p > 2 with respect to right equivalence and the simple plane curve singular-
ities in characteristic 2 with respect to right equivalence. We complete the
classification of hypersurface singularities in characteristic 2.

Also we describe our implementation of a classifyer for simple singularities
with respect to contact equivalence respectively right equivalence in SINGU-
LAR [5],[2]. We use for distinguishing the different cases the blowing up as a
new tool.
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2 Basic Definitions

Let K[[z]] = K[[z1,...,%y]] is the local ring of formal power series and m is
its maximal ideal, K an algebraically closed field of characteristic p > 0.
The following definitions can be found in [3].

Definition 2.1. Let f € m — {0} be a formal power series, then the ideal
J(f) =< fzy,.s fo, > is called Jacobian ideal and the K—algebra M; =
K{[x]]/j(f) is called Milnor algebra, and pu(f) = dim(My) is called the Milnor
number.

Definition 2.2. Let f € m — {0} is a formal power series, then the ideal
ti(f) =< f,foys- fu, > is called Tjurina ideal and the K—algebra N; =
K|[z]]/tj(f) is called Tjurina algebra, and 7(f) = dim(Ny) is called the Tju-
rina number.

Definition 2.3. Let f and g € m C K[[z]]

f is called to be right equivalent to g, f R g if there exists an automorphism
¢ of K[[z]] such that ¢(f) = g.

f is called to be contact equivalent to g, f fgg if there exists an automor-
phism ¢ of K{[z]] such that < ¢(f) >=< g >, that is, there exists a unit u
such that ¢(f) = ug.

Definition 2.4. Let f € m C K[[z]]. Then f is called k — determined if all
g € K[[z]] with f — g € mF*! are right equivalent to f.

Definition 2.5. Let f € K[[z]] then k — jet of f is the Taylor expansion of f
up to degree k terms.

Definition 2.6. Let f € m? C K[[z]]. Then Hesse matrix of f is defined by

_ 82f
a(f) = (85@3%‘ (0)>1§m§"

The corank of f is defined as corank(f) =n — rank(H(f)).

3 Arnold’s Classification Of Simple Singularities

Arnold gave a classification of simple singularities with respect to right equiv-
alence over the field of complex numbers [1].These are also the simple singu-
larities with respect to contact equivalence.

Normal forms of simple singularities with respect to the Arnold’s classifi-
cation are given as follows
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Note that for this singularaties the Milnor number is equal to the Tjurina

Name Normal form

Ay ATz 122 k>0
Dy x1x§+xlf71+x§+--~+xi,k24
Es o3 +as+ai+ o+ a2

Ex T3+ mas i+ + a2

Eg i+ al+ai+-+ad

number and given by the index in the notation.

4

larities

Greuel and Kroning gave the classification of simple singularities with respect

to contact equivalence in characteristic p > 0 [4].

Proposition 4.1. Let p = char(K). A plane curve singularity is contact sim-

Greuel and Kroning’s Classification of Simple Singu-

ple if and only if it is contact equivalent to one of the following forms:

(i) p#2

Name

Normal form for f € K[[z, y]] T T, p=25 T, p=3
Ay P2 > Kk ifpthk+1 k  if5tk+1 K if 31k +
k+1if plk+1 ko 1if 5|k + 1 ko 1f 3|k + 1
Dy 2y + 2F 1 Kk >4 K K k
Eg BY 23 447 6 6 9
Eg 23 + v + 2242, in char = 3 7
E7 B 23 4+ zy3 7 7 9
E; z3 + zy3 + 22y2, in char = 3 7
Eg EY 23 445 8 10 12
E§ 13 —+ y5 —+ m2y3 , in char = 3 10
E§ z3 4+ y5 + 2242 | in char = 3 8
o I v + 2y? | in char = 5 8
(i) p=2
Name Normal form for f € K[[z, y]] T
Agm—1 2 4 oy m > 1 2m m even
2m — 1 m odd
Agpm, 9m 22 4 y2mtl m>1 am
AL 22 4 y2mtl gy 2mer m>1,1<r<m-—1 4m — 27 r even
4m — 2r — 1 r odd
Dam a2y + ay™ m > 2 2m
Domt1 ng+1 22y + y2m m>2 am
DYt 22y + y2M 4 gy2m—T m>21<r<m-—1 am — 2r
Eg E% z5 + yt 8
B @® 4yt + 2y® 6
Er 13 + a:'y3 7
Eg x5 4 4P 8
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Proposition 4.2. Let p = char(K) > 2. A hypersurface singularity f €
m? C K[[z]] is contact simple if and only if it is contact equivalent to one of
the following form:

fl@y,. o wn) = gl @) + a3+ - + 27,
where g € K[[x1, z2]] is one of the list in proposition 4.1 part (7).

Proposition 4.3. Let p = char(K) = 2. A surface singularity is contact sim-
ple if and only if it is contact equivalent to one of the following forms:

Name Normal form for f € K[z, ¥, z]] -
Ay, zy + 2R T 1 k+1 k odd
k  k even
Dom, Y 22 + 22y + xy™ m > 2 am
by 22 422y + ay™ 4 ay™ Tz m>21<r<m-—1 4m — 2r
Dom41 | DIt 22 42y +y™Mz m>2 am
DY 22 422y 4+ g™z g™ T2 m>21<r<m-—1 4m — 2r
Eg B2 22+ a3 1+ y2e 8
Eg 22 + 23 + 922 4 zyz 6
Ey 2y 22 + 2% 4 2y 14
B 22 4 23 4 2yd + 22y2 12
52 22 423 4 2y® 432 10
Eé 22 4 23 4+ 2y3 + zyz 8
Eg EQ 22 + x5 + yd 16
E§ 22 4 23 4+ 45 4 zy32 14
Eé 22 4 a3 4+ 4% 4 2y22 12
E§ 22 423 4 5 4432 10
E% z2+m3+y5+zyz 8

Proposition 4.4. Let p = char(K) = 2. A hypersurface singularity f € m? C
K{[z]] is contact simple if and only if it is contact equivalent to the following
form:

flxy,. .. xn) = g(x1, 22, 23) + 425 + - - + TopTopt1,n = 2k + 1,

where g € K[[x1, z2,23]] is one of the list in proposition 4.3., or

flxy,. .. xn) = g(x1,22) + T34 + -+ - + Togr1Tok, n = 2k,

where g € K[[x1,x2]] is one of the list in proposition 4.1 part (i7).

To distinguish the different singularities in the classificatopn we need de-
tailed information on the resolution of the singularaties.In the next proposition
we give the blowing up sequences and the corresponding sequences of the Tju-
rina numbers. Here the notion A3 < A; means that the blowing up of As
gives A;.

Proposition 4.5. Assume f € K[[z,y]] then
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(1) Agm,1 — Ag(m_l)_l — ... A3 — A1
is the sequence of blowing ups in the resolution of the As,, 1-singularities.

The corresponding sequence of Tjurina numbers is
(«..,2k+5,2k+ 4,2k +1,2k,2k — 3,...,8,5,4,1)

(4m,4m —4,...,12,8,4)

(3) Ab = Afn 1y = ot Ab )y & Ay oo AS
(Adm—2r,...;, 4(m—r)+5,4(m—r)+4,4(m—r)+1,4(m—r),...,8,4)
if r is even.
(Adm—2r—1,...,4(m—r)+5,4(m—r)+4,4(m—r)+1,4(m—r),...,8,4)
if r is odd.

(4) Do = Ag(—2y—1 ... Ay
(2m,2m —4,2m —7,2m — 8,2m — 11,...,1) if m is even.
(2m,2m —5,2m —6,2m —9,2m — 10,...,1) if m is odd

(5) DYpy1 ¢ AYpy o) ¢ - A
(4m,4m — 8,4m — 12,...,4)

(6) Dbpq Ag(iiz) — Ag(nffg) o A i1y & Ay
oo AY
(4m —2rdm — 2r — 4, dm —2r —7,. .., 4m —7) + 1,4(m — 1), ..., 8,4)
if r is even.
(dm —2r,dm —2r —5,4m —2r —6,..., 4(m —7r)+1,4(m —r),...,8,4)
if r is odd.

(7) EQ and E¢, the seqence of Tjurina numbers is (8) respectively (6).
(8) E7 « Ajp, the sequence of Tjurina numbers is (7,1).

(9) Eg < AY, the sequence of Tjurina numbers is (8,4).

Proposition 4.6. Assume f € K|[[z,y, z]] then
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10

(1)

(10)

(11)

Ak<— Ak,2<—...<— AlkiSOdd
(k+1,k—1,...,2)

Ap +— Ap_o+ ...« Ay kiseven
(k,k—2,...,2)

DY, < DY, gy 4o Df e Ay
(dm,4m —4,...,8,2)

r r—1
ggm — Dy gy oo Dy oy & DYy o DY
1
(4m —2r,dm —2r —2,... dm — 4r +2,4(m —1r),...,8,2)
DY pq < DY, ...« DY Az A4
(4m,4(m —1),...,8,4,2)
r r—1
D1 ¢ Dy )y & o Dé(m_(r_l))ﬂ — Dg(m_r)H — ...
Dg «— A3 — A1
(dm —2r,dm —2r —2,...dm —4dr +2,4(m —7),...,8,4,2)
Eg%A5<—A3<— A1 (8,6,4,2
B} A5+ A3+ A (6,6,4,2)
EY «+ D¢ <+ D)« A (14,12,8,2)
E} « D¢+ D)« A (12,12,8,2)
E2 «+ D} <+ D)+ A; (10,10, 8,2)
E3+ D2+ D}+ A4 (8,8,6,2)
E + E9« D2+ DY« A (16,14,12,8,2)
El+ E?«+ DY+ DY+ A (14,14,12,8,2)
E2+ El«+ D)+ DY+ A4 (12,12,12,8,2)

%

&
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(12) E3 + E2+ D}« D{+ Ay (10,10, 10,8, 2)
(13) Ef « E3« D2+« D!+ A, (8,8,8,6,2)

Proposition 4.7. Let f € (z,y*)* C K|[[z,y]], char(K) = 2 then 7(f) > 10.

Proof. Let f = 2% 4+ ax?y? + bxy* + cy® + h, h of weighted order at least 7
with respect to the weights 2,1 for xy. Then %;c =z2+byt+ % and % = %.
Therefore f can be reduced using % to (c—ab)y® +k, k of weighted degree at
least 7. This implies that 1,y,...,9°, z, zy, zy?, xy> are linearly independent

modulo < f, %, % >. O
Proposition 4.8. Let f € (2,y?)® C K][[z,y]], char(K) > 2 then 7(f) > 9.

Proof. Let f = g+ h, g weighted homogeneous of degree 6 with respect to
the weights 2 resp. 1 for x resp.y, or zero and h of weighted order at least 7.
Then 6g = ng—g + yg—z. This implies if char(K) # 3 then < f, 2L 9L ~ — <

dx’ Oy

of of
h. 5z 3y >
But the contribution of h are of weighted degree at least 7. Analyzing the
proof of the proposition 5.4 we obtain 7(f) > 9. If char(K) = 3 then let

_ .3 2,2 4 6 of _ 2 4 Oh af _
g = x° + azx®y” + bzry" + cy®. We have 3 = 2azy” + by” + 3, and 5y =

2 3, Oh

2azx"y + bxy® + oy
In case a # 0 all s-polys of f, %, % have weighted order at least 7 (since
2:10% + yg—z = 0). This implies that inl case a # 0, 1,y,...,9% x,zy, 22 are
linearly independent modulo < f, %, g—; >.

In case a = 0 we obtain that 1,y,4%, v, x, 2y, xy?, 22, 22y, ©2y? are linearly

independent modulo < f, %, 2—5 >. This implies that 7(f) > 10 in this case.
( O

5 Greuel and Nguyen Hong Duc’s Classification of Sim-
ple Singularities in positive Characteristic w.r.t. Right
Equivalence

The normal forms of simple singularities with respect to right equivalence [6]

are given as follows

Proposition 5.1. Let p = char(K). A plane curve singularity is right simple
if and only if it is right equivalent to one of the following forms:
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(i) p#2
Name Normal form for f € K[[z,y]] w
Ay, x? oy Fl 1<k<p-2|k
Dy, 2y +yF T A<k<p |k
Es 3 4yt p#3 6
E; 3 + 2y’ p#3 7
FEg 3+ y° p#3,5 8
(ii) p=2

Name | Normal form for f € K[[z,y]] |
Ay xy 1

Proposition 5.2. Let p = char(K). A hypersurface singularity f € m? C
K|[z]] is right simple if and only if it is right equivalent to one of the following
forms:

(i)p#2
flzy,...,xn) = gloy, 20) + 22+ - + 22,
where g € K[[x1, z2]] is one of the list in proposition 5.1 part (7).
(i) p=2
fx1, ..., 2n) = 2122 + T304 + - - - + Topp1 T2k, 0 = 2k,

Proof. (i) is proved in [6].
To prove (ii) we use the splitting lemma (proposition 3 of [4]).
Let f € m C K[[z]] and mult(f) = 2 then either

f~ x? + xoxs+, .., Fxyxor1 + g(x2t2, . )T + h(Toyte, . .., Th)
with g € m? and h € m? or
f~xizet, . o Fxo—1xor + h(T2u41,s -5 Th)

with h € m?3.

In the first case it is easy to see that the Milnor number is not finite i.e. f is
not simple.

In the second case we use induction to prove that f is simple if and only if
n = 2[. This is clear since f is simple if and only if A is simple. O
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Proposition 5.3. Let f € K[[z]] and p(f) = 1 then f defines A;- singularity.

Proof. If char(K) > 2 then the splitting lemma implies that f ~ x? + --- +
x? + h(zi41, ... 2n) With h €< @y41,. .., 2, >3 then u(f) = p(h). But h €<
Tig1,. -y Ty >5 implies < fo, .o fo, >C< Ty41,...,2, >2 . This implies
wu(h) > 1. We obtain [ = 1 and f defines A;- singularity.

If char(K) = 2 then either

f~ 33% + zox3+, ..., Fruzas1 + 9(Taut2, - - ., Tn)T1 + M(X2042, ..., Th)

with ¢ € m? and h € m? or

f~xixet, .o Fxo—12o + h(X241, -5 Tn)
with h € m?3.
In the first case it is easy to see that the Milnor number is not finite. The
second case can be settled as above. O

Proposition 5.4. Let f € (z,y%)® C K|[[z,y]], char(K) > 2 then u(f) > 8.

Proof. Let f = g+ h, g weighted homogeneous of degree 6 with respect to the
weights 2 respectively 1 for x respectively y or zero and h of weighted order at
least 7. If ¢ = 0 then the leading monomials of a standard basis of < g£ , gi >
with respect to the local weighted ordering have degree at least 5. This implies
that 1,y,y%, 4%, y*, =, vy, 2y?, 22 are linearly independent modulo < %, gTC >.

This implies that p(f) > 9 in this case.

If g # 0 then 3 cases are possible. We may assume that g = 2% + az?y? +
bry* + cyb. Over the algebraic closure of K g splits, g = (2 + a3 y?) (x +
azy?) (r+azy?). f a; = as = a3, we may assume ( after the transformation
T — z—a1y? ) that g = 3. Then af =322+ 9" and 8f = @ I char(K) =3
then we are in the same situation as the previous case and obtam u(f) >9. 1If
char(K) # 3 then a minimal standard basis of < 6£7 af > contains 6—9’; with

leading monomial 2. g—f is of the weighted order at least 6. This implies that

1L,y,....,9°, z, 2y, zy?, xy> are linearly independent modulo < af 9 > and

z? O
therefore p(f) > 10 in this case. ’
If two of the oy are equal, we may assume f = z2 + 22 y%. Then % =322+
2xy> + b and ai = 222 y+ 50 ah If char(K) = 3 then gf, gf are in the standard
basis and all the other elements have weighted order at least 6. This implies
that 1,v,...,9°, z,zy,z? are linearly independent modulo < aj: , g—; > and
u(f) = 9.
If char(K) # 3 then we can reduce

6. If a = 0 then with the same argumcnt as in the case g = =

af using 6f to axy® + p, where deg(p) >

3 we obtain



ON THE CLASSIFICATION OF SIMPLE SINGULARITIES IN POSITIVE CHARACTERISTIC 14

,u§f) > 10. If @ # 0 then we have 2% and zy? in the leading ideal of <
ng gy >. The next element in the standard basis has weighted order at least
6iel,y,...,y° x, vy, 2y? are linearly independent, i.e. u(f) > 9.

Now assume that all the roots are different. Then (after some transformation)
we may assume g = x(x?+ary?+y*) and a # +2. Then af = 3x2+2azy +ax,
and %’; = 2ax%y + 4xy® + g—;‘. If char(K) # 3 we use f1 := to reduce 8f to
fo = (a2 —3)ay® + 2y° + hy, hy of weighted order at least 6 If a®> = 3 then

8£, 2y° + hyisa standard basis of < gi g£ > and p(f) = 10. If a® # 3 then

we obtain as standard basis {%, f2, y7} and also u(f) = 10. If char(K) = 3
we conclude similar to the case g = 2% + 22y? that u(f) > 9.
O

6 Description of the Classifier

In this section we give the description of our classifier and its implementa-
tion in SINGULAR. This classifier is used for computing the type and normal
forms of the simple singularities in characteristic p > 0 with respect to contact
and right equivalence.

Our classifier is based on two main algorithms

Algorithm : 1 ; classifyCeq

Algorithm : 2 ; classifyReq

First algorithm of our classifier is classifyCeq, which classifies the simple sin-
gularities in characteristic p > 0 with respect to the contact equivalence. This
algorithm further consist on two algorithms classifyCheq and classifyCoeq.
classifyCieq, classifies the simple singularities with respect to contact equiv-
alence when characteristic p # 2 and classifyCoeq, classifies the simple sin-
gularities with respect to the contact equivalence when characteristic p = 2.
The second algorithm of our classifier classifyReq, classifies the simple sin-
gularities in characteristic p > 0 with respect to the right equivalence.

Now we explain our classifier in detail.

6.1 The Algorithm(classifyCeq)

In the first case we consider char(K) # 2, n=number of variables= 2. If Tju-
rina number of f is not finite then f is not an isolated singularity and therefore
not simple.

For this case our classifier computes the corank(f). If corank(f) = 0 then it
gives A;- singularity and if corank(f) = 1 then it gives Ag-singularities, k > 1.
It makes a single blow-up of f at the origin and computes the difference of the
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tjurina number of f before and after the blowing-up. If the difference is less
or equal to two then it gives Ag-singularities such that 7(f) = k, otherwise it
gives Ag- singularities such that 7(f) = k + 1.

Now if corank(f) = 2 then it computes j3(f). If j3(f) = 0 then it gives f is
not simple. If j2(f) has only one factor then it is transformed to = , it gives
either f is not simple or E-singularities. If f € (z,y?)3, then f is not simple.
This can be detected by 7(f) > 9, cf. Proposition.4.8. When char(K) # 3,5
and 7(f) < 8 then for 7(f) = 6,7,8 it gives E3, EY and E{ singularities re-
spectively. When char(K) = 5 then for 7(f) = 6,7,10,8 it gives EJ, E? |, EY
and F} singularities respectively. When char(K) = 3 then for 7(f) = 12,10, 8
it gives EY, Ei and EZ singularities respectively. If char(K) = 3 and 7(f) =7
then it makes a single blow-up of f at the origin. If f is smooth after this blow
up then it gives E¢, otherwise it gives Ed. If char(K) = 3 and 7(f) = 9 then
again it makes a single blow-up of f at the origin. If f is smooth after this
blow up then it gives Eg, otherwise it gives E2. And if j3(f) has two or three
factors then for 7(f) = k it gives Djy-singularities.

If n=number of variables > 2 then our classifier splits f as explained is section-
4 and reduce the case into two variables.

Now we consider char(K) = 2, n=number of variables= 2. If Tjurina num-

ber of f is not finite then f is not an isolated singularity and therefore not
simple.
In this case our classifier checks the order of f, if ord(f) = 2 then it gives
Ay, singularities. To determine k, it performs a blow-up of f at the origin
and computes the difference of the tjurina number of f before and after the
blowing-up. If the difference is equal to 4, then it gives the A(z)k singulari-
ties, where k = 7(f)/4 if 7(f). Otherwise it makes successive blow-ups and
computes the Tjurina number after each blow-up untill it gets the Tjurina
number 0. If the Tjurina number of the last singularity in the resolution is 4
then it gives A%, singularities, where k = (7(f) + 2r)/4 if 7(f) is even and
E=((f)+142r)/4if 7(f) is odd. And for the other case it give Agg_1
singularities, where k = 7(f)/2 if 7(f) is even and k = (7(f) + 1)/2 if 7(f)
is odd. To find value of r it makes successive blow ups and find the difference
of tjurina numbers for every two consecutive blow ups. Let t — 1 and ¢ are
consecutive blow ups such that difference of tjurina numbers of these blow ups
becomes 4 then it gives r =¢ — 1.

Now if ord(f) = 3 then it computes j3(f). If 53(f) has only one factor then
it is transformed to x. If f € (x,y?)3 then f is not simple. This can be detected
by 7(f) > 10, cf. Proposition.4.7.If 7(f) < 9 then it gives F-singularities. For
7(f) = 6,7 it gives E} and E; respectively. If 7(f) = 8 then it makes a single
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blow-up of f at the origin. If f is smooth after this blow up then it gives EY,
otherwise it gives Fg. If j3(f) has 3 factors then it gives the Dyj-singularity,
and if j3(f) has two factors then it makes a blow-up and computes the differ-
ence of tjurina numbers before and after blow-up, if the difference is 8 then it
gives ng 41+ Otherwise it makes successive blow-ups and computes the tjurina
number after each blow-up untill it gets Tjurina number 0. If Tjurina number
of the last singularity in the resolution is 4 then it gives D5, , ,-singularities
with k& = (7(f) + 2r)/4 and for the other case it gives Dyj-singularities with
k = 7(f)/2. To find value of r it makes successive blow ups and find the dif-
ference of Tjurina numbers for every two consecutive blow ups. Let £ —1 and ¢
are consecutive blow ups such that difference of tjurina numbers of these blow
ups becomes 4 then it gives r = t. If ord(f) > 4 then the singularity is not
simple.

In case of char(K) = 2 and n=number of variables= 3. Our classifier checks
the multiplicity of f. If the multiplicity of f is 2 then it factorizes j2(f). If
42(f) has only one factor of multiplicity 1 then it gives the A;-singularity.
If j2(f) has two different factors then we have Aj-singularities. In order to
obtain the k we resolve the singularity. If the last singularity before becoming
smooth is As than we have k = 7(f) otherwise k = 7(f) — 1.

At this step our classifier makes some coordinate change and transform j2(f)
to 22. Then we have f = z2+h(z,y)+hi(x,y)z+22¢+1), where ¢ € m, 1 € m*
and h, h; are homogeneous polynomials of degree 3 and 2. Now it factorizes
g = h(z,y)+hi(z,y)z. If it is irreducible then it gives E§ or E¢ corresponding
to the 7(f) = 8 or 6 respectively. If g has one linear and one quadratic factor
of multiplicity 1 then it gives D} corresponding to 7(f) = 6 and DY, E3 or
Eg corresponding to 7(f) = 8. To distinguish the D, E3 and E§ singularities,
it performs blow ups of f at origin to compute the sequence of the tjurina
number: (8,4,2) for DY, (8,8,6,2) for E3 and (8,8,8,6,2) for Ef. Now if
g has three different factors then it gives D} and D} corresponding to the
7(f) = 8, 6 respectively. If g has one factor of multiplicity 1 and one factor
of multiplicity 2 then it gives Dy singularities. To determine k, it performs
a blow-up and computes the difference of Tjurina numbers before an after
blow-up. If the difference is 4 then it gives DY, 41 OF DY, singularities with
k = 7(f)/4 and if the difference is 2 then it gives D5, , or Dy, singularities
with k& = (7(f) + 2r)/4, where r is the number of that blow up after which
either the difference of the Tjurina numbers of blow ups becomes 4 (i.e r # k—2
) or if the difference is not 4 then r = k — 2. The resolution sequence separates
the cases: D ., , DY, ., resolution have ... < A3 < A; at the end. And
Dy D3, resolution have ... < D} < Aj respectively. ... DY < A; at the

2m»

end cf. Proposition 4.6.
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Now if g has only one factor of multiplicity 3 then it gives Ej singularities. If
7(f) = 10, 12, 14 then it gives E2 or E3, E} or E3 and E? or E} respectively.
These cases can be separated by the length of the Tjurina sequence i.e 5 for
Es and 4 for E; cf.proposition 4.6. And if 7(f) = 16 then it gives EY.

If n=number of variables > 3 then our classifier splits f [7] and reduces the
case into two or three variables.

6.2 The Algorithm(classifyReq)

We consider char(K) # 2, n=number of variables= 2. If the Milnor number
of f is not finite then f is not simple. And if the Milnor number of f is finite
then our classifier computes corank(f). If corank(f) < 1 then it gives Aj-
singularities, where 1 < k = pu(f) < char(K) — 2. And if corank(f) = 2 then
it computes j3(f). If j3(f) has only one factor and u(f) < 8 then it gives
E-singularities. If the factor is transformed to z and f € (z,y?)? then f is not
simple. This can be detected by u(f) > 9, cf. proposition 5.4. If char(K) # 3
and p(f) = 6,7 then it gives Eg, Er respectively. If char(K) # 3,5 and
w(f) = 8 then it gives Fg. And if j3(f) has two or three factors then it gives
Dy.-singularities, where 4 < k = pu(f) < char(K).

If char(K) # 2 and n=number of variables > 2 then our classifier splits f as
described in proposition-5.2 part (i) and reduces the case into two variables.
For the case when char(K) = 2, our classifier gives A;-singularity for u(f) = 1.
This is the only normal form in this case.

7 Singular Examples
LIB"classifyCeq.1lib";

ring R=2,(x,y,z),ds;

poly f1 = x2+y2+z2+x3+x2y+xy2+y3+y5;
classifyCeq(£f1);

> E_870 = z2+x3+y5

ring R=2, (x,y),ds;

poly £f2 = x2+y2+x12+x11y+x21;
classifyCeq(£2);

> A_2k°r

> A_1879 = x2+y21+xyll
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ring R=5, (x,y),ds;

poly £3 = x3-2x2y-2xy2+y3+x4+x3y;
classifyCeq(£3);

> E_770 = x3+xy3

LIB"classifyReq.1ib";

ring R = 7,(x,y) ,ds;

poly f4 = x3+2x2y-xy2-y3+xy3+3y4+3x3y2+2x2y3+3xby+2x4y2+x7+3x6y
+3x2y5+2xy6-x4y4-3x3y5+3x6y3+2x5y4+3x3y7+2x2y8+3x5y6
+2x4y7+x4y9+3x3y10;

classifyReq(f4);

> E7 = x3+xy3

ring R=2,(x,y),ds;
poly f5 = x2+xy;
classifyReq(£5);

> Al = xy

Acknowledgements We would like to thank Gerhard Pfister for insightful
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