~
VERSITA
Vol. 22(2),2014, 177-192

DOI: 10.2478 /auom-2014-0041
An. St. Univ. Ovidius Constanta

A multivalued version of Krasnoselskii’s
theorem in generalized Banach spaces

Ioan-Radu PETRE

Abstract

The purpose of this paper is to extend Krasnoselskii’s fixed point
theorem to the case of generalized Banach spaces for multivalued oper-
ators. As application, we will give an existence result for a system of
Fredholm-Volterra type differential inclusions.

1 Introduction, notations and auxiliary results

Tt is well known that A.I. Perov (see [17]) extended the classical Banach con-
traction principle in the setting of spaces endowed with vector-valued metrics
(see also A.IL Perov, A.V. Kibenko [18]).

Also, is known that Krasnoselskii’s theorem combine a metrical fixed point
result (a contraction principle) and a topological one (a Schauder-type theo-
rem). Moreover, the multivalued forms of Krasnoselskii’s theorem deals with
the notion of selection. Auxiliary results are needed to ensure that a multi-
valued operator admits a continuous selection. There is also a vast literature
concerning on this aspects in nonlinear analysis, see, for example, [3], [5], [9],
[12], [16], [19], [20], [21], [22], [29], [36], [39], [40].
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Thus, it is obvious that Krasnoselskii’s theorem represents an important
abstract tool in the study of differential and integral inclusions systems. There-
fore, the aim of this paper is to present a multivalued version of Krasnoselskii’s
theorem in vector Banach spaces and a nice existence result for a Fredholm-
Volterra type integral inclusions system.

Now, we recall some basic results (see [2], [8] and [28]), which are needed
for the main results of this paper. Notice that in [28] and [8], are pointed
out some advantages of a vector-valued norm with respect to the usual scalar
norms.

Definition 1.1. ([17]) Let X be a nonempty set and consider the space
R endowed with the usual component-wise partial order. The mapping
d: X x X — R which satisfies all the usual axioms of the metric is called a
generalized metric in the Perov’s sense and (X, d) is called a generalized metric
space.

Let (X,d) be a generalized metric space in Perov’s sense. Thus, if v,r €

R™, v := (v1,09,...,0p) and 7 := (r1,72,...,Ty), then by v < r we mean
v; < 1y, for each i € {1,2,...,m} and by v < r we mean v; < r;, for each
i€{1,2,...,m}. Also, |v| := (|v1], |val,- .., |vm])-

If u,v € R™, with u := (ug,ug,...,uy) and v := (v1,ve,...,0y), then
max(u,v) := (max(ui,v1),...,max(Um, vm)). If ¢ € R, then v < ¢ means

v; < ¢, for each i € {1,2,...,m}. Notice that, through this paper, we will
make an identification between row and column vectors in R™. Let (X, d) be
a generalized metric space in Perov’s sense. For r := (r1, -+ ,7,,) € R™ with
r; > 0 for each i € {1,2,--- ,m}, we will denote by

B (zg,r) :={r € X : d(xg,x) <1}

the open ball centered in xy with radius r and by

B (zo,r) ={z € X :d(x,z) <r}

the closed ball centered in x¢ with radius r.

We mention that for generalized metric spaces in Perov’s sense, the no-
tions of convergent sequence, Cauchy sequence, completeness, open subset
and closed subset are similar to those for usual metric spaces.

Definition 1.2. A square matrix of real numbers is said to be convergent to
zero if and only if its spectral radius p(A) is strictly less than 1. In other
words, this means that all the eigenvalues of A are in the open unit disc, i.e.,
[A] < 1, for every A € C with det (A — AI) = 0, where I denotes the unit
matrix of My, ., (R) (see [35]).
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For a matrix A := (aj)i jef1,...,m} € Mm,m(R) we denote by

Al == (i

)i,je{1,~~~ ,m} S Mm,m(R+)

In this context, we say that a non-singular matrix A has the absolute value
property if A71|A| < I. Some examples of matrices convergent to zero A €
M. (R), which also satisfies the property (I — A)~I — A| < I are:

1) A= ( 8 2 ),Where a,b € Ry and max(a,b) < 1;

2)A—<8 b_c>,wherea,b,c€R+allda+b<1,c<1;
a —a

S)A_<b _b>7Wherea>1,b>0anda—b<1.

In particular, if E is a linear space, then || - || : E = R is a vector-valued
norm if (in a similar way to the vector-valued metric) it satisfies the classical
axioms of a norm. In this case, the pair (E,| - ||) is called a generalized
normed space. If the generalized metric generated by the norm || - || (i.e.,

d(x,y) := ||x — y||) is complete then the space (E, || - ||) is called a generalized
Banach space.

In the context of a generalized metric space (X, d), we will use the following
notations and definitions.

P (X) - the set of all nonempty subsets of X;

P(X) = P (X) U {0};

Py, (X) - the set of all nonempty bounded subsets of X;

Py o1 (X) - the set of all nonempty bounded and closed subsets of X;

If (X,]|-]|) is a generalized normed space, then:

Py .0 (X) - the set of all nonempty bounded, closed and convex subsets
of X;

P, ¢ (X)) - the set of all nonempty compact and convex subsets of X.

Let (X, d) be a metric space. Then we introduce the following functionals.

Dy: P(X)x P(X)—=Ry,D4(A,B) =inf{d(a,b) :a € A,b € B} - the
gap functional,

pa: P(X)xP(X)— RyU{4oo},pa(A,B) =sup{D (a,B):a € A} - the
excess functional;

Hy: P(X)x P(X)—> Ry U{+o0},Hy(A,B) =max{p(A, B),p(B,A)} -
the Pompeiu-Hausdorff functional.
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dl (‘T, y)
If (X,d) is a generalized metric space with d(z,y) := e , then
i (2,y)
we denote by
Dq, (A, B)
D(A,B) := e the vector gap functional on P(X),
de (A7 B)
by
pa, (A, B)
p(A,B) = e the vector excess functional,
Pdnm, (Av B)
and by
Hy, (A, B)
H(A,B) := e the vector Pompeiu-Hausdorff functional.
Hdm (Aa B)

For a multivalued operator F : X — P(X), we denote by Fix(F) the
fixed point set of F, ie., Fix(F) := {zr € X | ® € F(z)}. The symbol
Graph(F) := {(z,y) € X x X : y € F(x)} denotes the graph of F.

For some topological aspects in generalized metric spaces see, for example,
[32], [9], [38], [39]. We recall now the following Schauder type theorem.

Theorem 1.3. ([9]) Let (X,|-]]) be a generalized Banach space, let Y €
P, (X) and g : Y — Y be a continuous operator with relatively compact
range. Then g has at least one fixed point in Y .

If (X,d) is a generalized metric space, then F' : X — P (X) is said to be
a multivalued weak Picard operator if, for each z € X and y € F (x), there
exists a sequence (), oy such that:

i) wo ==, x1 =y;
i) zpy1 € F(x);
iii) the sequence (z,,),cy is convergent to a fixed point of F'.

A sequence (), oy satisfying (i) and (i) is said to be a sequence of suc-
cessive approximations for F starting from (xg,x1) € Graph(F).
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Definition 1.4. ([2]) Let (X,d) be a generalized metric space, ¥ C X and
F:Y — P(X) be a multivalued operator. Then, F is called a multivalued
A-contraction if and only if, A € M,, ., (Ry) is a matrix convergent to zero
and for any =,y € Y and for each u € F (z), there exists v € T (y) such that

d (u,v) < Ad(z,y).

Notice now that using the generalized Pompeiu-Hausdorff functional on
P, 1 (X), the concept of multivalued contraction mapping introduced by S.B.
Nadler Jr. can be extended to generalized metric spaces in the sense of Perov.

Definition 1.5. ([2]) Let (X, d) be a generalized metric space, Y C X and let
F:Y — P, (X) be a multivalued operator. Then, F' is called a multivalued
A-contraction in the sense of Nadler if and only if, A € M, ,, (R4) is a matrix
convergent to zero and

H(F (z),F (y)) < Ad (z,y), for any 2,y € Y.

If X, Y are two generalized metric spaces, then a multivalued operator
F:X — P(Y) is said to be:

a) lower semi-continuous (briefly L.s.c.) in zg € X if and only if, for any
open set U C X such that F (zg) N U # 0, there exists a neighborhood V for
xo such that for any = € V, we have that F' (z) N U # 0.

b) Hausdorff lower semi-continuous (briefly H-l.s.c.) in zy € X if and
only if, for any € = (e1,--- ,&,) € R} with ¢; > 0 for each i € {1,---,m},
there exists n = (91, -+ ,7m) € R with n; > 0 for each i € {1,--- ,m}, such
that for any = € B (xo,7n), we have F (x9) C V (F (z);¢), where

V(F(z);e)={x € X :D(z,F(x)) <e}.

Now, we recall several auxiliary results proved in paper [19].

Theorem 1.6. (/19]) Let (X,d) be a complete generalized metric space and
F: X — Py(X) be a multivalued A-contraction in Nadler’s sense. Then,
for each v € X and y € F(x), there exists a sequence (x,), oy of successive
approzimations for F starting from (x,y) € Graph(F), which converge to a
fized point x* € X of F and we have the following estimations:

(a) d(zpn,2*) < A" (I — A) " d (o, 1), for any n € N*.

(b) d(zo, ) < (I — A" d (o, 21).

Another useful result for our aim is the following data dependence lemma.
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Lemma 1.7. ([19]) Let (X,d) be a complete generalized metric space and
F1,F, : X — Py (X) be two multivalued A-contractions in Nadler’ sense.
Then:

sup pa, (F1(x), Fa(x))
rxeX

p (Fix (Fy), Fix (Fy)) < (I — A)~!
sup pa,, (F1(z), Fa(z))

reX

Also, we need an extended result of a Rybinski-type selection theorem.

Theorem 1.8. ([19]) Let (X,d) be a generalized metric space and Y be a
closed subset of a generalized Banach space (Z,||-||). Assume that the multi-
valued operator F': X XY — Py o, (Y) satisfies the following conditions:

i) A is a matriz convergent to zero and

H(F (xuyl) 7F($7y2)) < A Hyl - y2|| ’ fO’I" each (xvyl) ) (xva) € X x Y;

it) for everyy €Y, F (-,y) is H-l.s.c. on X.

Then there exists a continuous mapping f : X XY —Y such that:
f(x,y) € F(x, f(x,y)), for each (xz,y) € X xY.
Lemma 1.9. (/32]) Let (X, ||-||) be a generalized Banach space. Then:
H(Y+ZY+W)<H(ZW), foreach Y, Z,W € P, (X).

We recall that a measurable multivalued operator F : [a,b] — P, (R™) is
said to be integrably bounded if and only if, there exists a Lebesgue integrable
function m : [a, b] — R™ such that for each v € F' (t), we have |[v|| < m (¢), a.e.
on [a,b]. For a measurable and integrably bounded multivalued operator F,
the set Sk of all Lebesgue integrable selections for F is closed and nonempty
(see [6]).

2 Main results

In this section, we prove a Krasnoselskii type fixed point theorem in gen-
eralized Banach spaces for a sum of two multivalued operators, where one of
the operators satisfies a multivalued A-contraction condition in Nadler’s sense
and the other operator satisfies a compactness condition. Also, an application
to a Fredholm-Volterra type differential inclusions system is given here. No-
tice that both results deals with the absolute value property of matrixes that
converges to zero.
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Theorem 2.1. Let (X,||]]) be a generalized Banach space and
Y € Py (X). Assume that the operators F 1 Y — Ppyoeo (X),
G:Y — P, (X) satisfies the properties:

i) F(y1) + G (y2) CY, for each y1,y2 € Y;
it) F is a multivalued A-contraction mapping in Nadler’s sense;
i) G is l.s.c and G (Y') is relatively compact;
iv) the matriz I — A has the absolute value property.
Then F + G has a fixed point in Y .

Proof. We show that for any = € Y, the operator T, : ¥ — P, (Y),
T, (y) = F (y) + G (x) is a multivalued A-contraction. We have that

H (T (y1),T: (y2)) = H(F (y1) + G (2), F (y2) + G (2))
< H(F (1), F (y2)) < Allyr — yl|, for any 1,52 € Y.

Thus, T, is a multivalued A-contraction. By Theorem 1.6, it follows that for
any x € Y the fixed point set for the multivalued operator T,, Fix (T,) =
{y € F (y) + G ()} is nonempty and closed.

Since, the multivalued operator

U:Y XY = Pepeo (Y), Ulz,y) = F(y) + G ()

satisfies the hypothesis of Theorem 1.8, there exists a continuous mapping
u:Y xY — Y such that u (z,y) € F (u(z,y))+G (z), for each (z,y) € Y xY.

We define C : Y — P, (Y), C(z) = Fix(Ty) and we consider the
singlevalued operator ¢: Y — Y, ¢(z) = u(z, ), for each z € Y.

Now, we prove that ¢(Y) is relatively compact. For this purpose it is
sufficient to show that C (Y) is relatively compact. Since G (V) is relatively
compact, we have that G (Y) is also totally bounded (see [38], pp. 500).
Thus, for any € € R} (with &; > 0 for each i € {1,...,m}), there exists
Z = {x1,...,2,} C Y such that G(Y) C {z1,...,2.} + B(0,|I — Ale) C
{G(x1),...,G(z,)} + B(0,|I —Ale), where z € G(z;) for any
i€{1,2,...,n}.

It follows that, for any z € Y, G (z) C Z_GlG (x;)+ B (0,|I — Ale) and thus,
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there exists an element zj € Z such that p (G (z),G (x)) < |I — Ale. Then

plC(z),C (zk)] = p [Fix (T2) , Fix (Tz, )]

suppd, [Tx(y), Tu, (y)]
yeyY

<(I-A)""

suppd,, [To(y), T, (v)]

yey

Suppd,, [F(y) + G(z), F(y) + G(a)]

suppq, [G(z), G(zk)]
yey

suppa,, (), Gla)
yey

<T-A)"I-Ae=c

It follows that for any v € C' (x), there exists wy, € C (xy) such that ||[v — wg]|| <
€. Thus, forany x € Y, C (x) C kLlB (wg,€). So, C(Y) is relatively compact.

Moreover, the operator ¢ : Y — Y satisfies the assumptions of Theorem
1.3. Let 2* € Y be a fixed point for ¢. Hence, we have that z* = c¢(z*) €
F(c(z*))+ G (z*) = F (z*) + G (z*). O

Now, using Theorem 2.1 we can obtain a nice existence result for a system
of Fredholm-Volterra type integral inclusions.

Theorem 2.2. Let I = [0,a] (with a > 0) be an interval of the real axis and
let us consider the following inclusions system in C (I,R™) x C (I,RP):

{ z1 (t) € A11 jé Ky (t,s,21(s),22(s))ds + Az [y L1 (¢, 5,21 (), 22 (s)) ds
23 (1) € Aoy [y Ko (t, 5,21 (8), @2 (s)) ds + Aa2 [y Lo (t, 5,21 (s), 22 (s)) ds

fort € I, where N\jj € R, i,j € {1,2}. We assume that:

i) K1 :I?XR"XRP — Py oy (R"), Ko : I2 X R" X RP — Py o, (RP) are two
l.s.c., measurable and integrable bounded multivalued operators;

i) Ly : I? X R" X RP — Poy oy (R™), Ly : I2 x R" X RP — P, ., (RP) are
two L.s.c., measurable and integrable bounded (by two integrable functions
mr,, mr,) multivalued operators;
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i11) there exists the matriz A = < le 212 ) € Myo (Ry) such that for
21 22

each (t,s,u1,u2), (t,8,v1,v2) € I x R" x R? and for i € {1,2}, we have:

H(K; (t,s,u1,u2), K; (t,5,v1,02)) < a1 |ur — v1] + @iz |ug — va ;

A1 CTCTR S A2 T
i) ( 3 ) < 2a(a“R]§ja12R2) and ( 3 ) < rl |, where
| 21| 2a(a21R1+a22R2) | 22| 2ML2G,
M;. = a M; =
Ly t,?el[()},(a] |mL1 |Rn » Lo t,?é%i(a] ‘ng ‘RP

and my, represents the set of continuous selections for the multivalued
operator t — Nz [y Li (t, 8,31 (s) , 22 (s)) ds for 1 € C(I,R™) and x5 €
C (I,RP).

v) the matriz I — M has the absolute value property, where

Aot @i
M:(| 11|alj) ,7'>O.
T i,j=1,2

Then, there exists (29,23) € C (I,R™) x C (I,RP) such that our inclusions
system has at least one solution z* := (x%,23) € B (ZC?,Rl) x B (mg,Rg) -
C(I,R") x C(I,RP).

Proof. For the sake of simplicity let us denote X; := R"™, X5 := RP and
X :=C(,X1)xC(I,X2). Let F1,G; : X — P (C (I, X1)) be two multivalued
operators given by:

Fi (21, ) = {u € X u(t) €A /Ot K (t, 5,21 (), @ (5)) ds ae. on 1} ,
Gy (21, 22) = {v €X :v(t) € M /OaL1 (t, 5,21 (s) 22 (5)) ds ae. on 1} .

Let Fy,Gy: X — P (C (I, X2)) be two multivalued operators given by:

t

Fy (xq1,20) = {u eX:u(t) ey | Kao(t,s,z1(s),22(s))ds a.e. on I} ,

0

Gs (x1,x2) = {v eX:v(t)e )\QQ/O(LLQ (t,s,21(s),22(8))ds a.e. on I}.

_( B _ (G,
Then,F<F2>,G<G2>.XHfP(X).
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For z = (x1,22) — F(z) = (F1 (2),F(2)), G(z) = (G (x),Gs (2)).
Obviously, z* = (x,x3) is a solution for our inclusions system if and only if
x* is a fixed point for F (z) + G (). We need to show that the multivalued
operators F' and G satisfies the assumptions of Theorem 2.1. By Ascoli-Arzela
theorem, we have that F': X — P, ., (X).

Let x := (z1,22), ¥ := (y1,92) € X and let u = (u1,uz) € F (x). That is
uy € Fy (z), ug € Fy (x). Then uy, us € X and

¢
ui () € An / Ki (t,8,21(s),22(s))ds a.e. on I, respectively
0

t
us (1) € Do / Ko (t, 5,21 (), 25 (5)) ds ae. on .
0

It follows that there exists a mapping k! € S}ﬁ(- w1 ()2 () respectively k2 €

1
SK?(‘»'axl(‘)ﬂb(')) such that

t
uy (t) € )\11/ kL (t,s)ds a.e. on I, respectively
0
t
ug (t) € )\21/ k2 (t,s)ds a.e. on I.
0

For i € {1,2}, from the relation
HXi (Kl (tv S, 21 (t) y L2 (t)) , K (ta S, Y1 (t) ) Y2 (t)))
<ap o1 (t) —y1 (V)] x, +aiz |z2 (1) —y2 ()] x, »

we get that there exists wy € Ky (t, 8,41 (t),y2 (t)), respectively
wo € Ko (t, 8,91 (t),y2 (t)) such that

|kz (8, 5) —wi|y, < annf1 (8) =y ()] x, +arz w2 (1) =42 ()], , respectively
K2 (t,s) —wa| < an |21 (1) — 1 ()| x, +ase |22 (1) — 92 ()|, -
Thus, the multivalued operator T' = (T3, T%), defined by

Tl (t7 S) = Kl (tv S,Y1 (t) y Y2 (t)) n KTI (t7 S) ’
T2 (ta S) = K2 (ta S, (t) y Y2 (t)) N KTz (t, 5)
has nonempty values and is measurable, where

K, (t) = {wi : [k (t,5) = w;

<aufon (6) = y1 ()], +aiz 22 () = g2 (D, }

for i € {1,2}.
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Let k; be a measurable selection for T4, respectively kg be a measurable
selection for Ty (which exists by Kuratowski-Ryll-Nardzewski’s selection the-
orem, see [7]), then k; (t,s) € Ki(t,s,y1(t),y2(t)), respectively k2 (t,s) €
K2 (t7 S, U1 (t) » Y2 (t)) and

kg (t,5) = Ky (8.8)] ., < annfan (8) =91 ()], + arz a2 (8) = y2 ()], ,

k2 (t,5) = Ky (t,9)] ., < azi 21 (8) =91 ()], + azz |22 (1) — 92 ()] x, -

We define vy (t) = A1g fot ky (t,s) ds, respectively vy (t) = Ay f(f k2 (t,s)ds. It

follows that vy (t) € Fi (y), respectively va (t) € F3 (y) and for ¢ € {1,2}, we
have

lu; (t) —v; (t)] x,

t
< |/\ﬂ|/ }k; (t,s)—k;(t,s)|x ds
0 i

t t
< A ( [ 1) = Gl ds b [ fo29) -2 (), ds)
0 0
t t
= | A1) <ai1 l|[r1 —y1llp, / e™ds + aiz [|z2 — Yol g, / eTsd'S)
0 0

A,
< |7;_1|67t (ain |z = wllp, +aiz|lz2 = y2ll,) »

sup e~ 7" |ug (1),

—( Mwllg, Y _ | teloa
where ||ul| 5 = ( uall, ) = S}lp]e_ﬁ s (B)l, | 7 > 0 denotes the
t€(0,a

Bielecki-type norm on the generalized Banach space X. Thus, for i € {1,2},
we obtain that

||

T

i — vi (ai llzr — il g, + a2 [lx2 — v2ll5,)

and similarly, interchanging the roles between x and y, for i € {1,2}, we get
that

|1

T

Hp, (F; (), Fi(y)) <
for each z,y € X.

(ai llzr — villg, + a2 [lz2 — v2llg,) »

These inequalities can be written in the matrix form

Hp (F(x),F(y) <Mz —yllg,
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M<|/\i1|aij) .
T i,j=1,2

Taking 7 large enough it follows that the matrix M is convergent to zero and
thus, F' is a multivalued M-contraction. By Theorem 1.6, we have that there
exists a fixed point 2° = (29,29) € X for F, ie. z° € F(2°). That is
€ Py (mo) and z9 € I (xo).

Let us consider Y = B (wl, Rl) x B ( 9,
show that F(Y) C B (29,%) x B (29, &
B (a:?,Rl) x B (xg,Rg) Thus,

where

Ry) € C(1, X)) x C (I, X). We
). Let # € Y, then (z1,22) €

for = 28ll, < Ry and [Ja — 9], < Ro

Let w = (uj,u2) € F(z) be arbitrarily chosen. That is u; € Fy (z), us €
Fy (x). Then uy (t) € Ay fo Ky (t,s,21(8),22(s)) ds, respectively us (t) €

Aot fo Ky (t,s, 1 (s),m2(s))ds a.e. on I. It follows that
u;i (t) = A fo i (t,s)ds, where ki (t,s) € K; (t,s,21(s),72(s)) a.e. on I?,
for i € {1, 2}. We have

Jus () B,

t
< |Aﬂ|/ KL (t,s) — Kio (L,5)] . ds
0 k3
t t
< il (ail/ ’331 (s) — 27 (5)‘){1 d3+ai2/ ’552 (s) — a3 (5)‘)(2 ds)
0 0

t
<Wal [ (ol = 8L, +as flza = 23],

< |)\21| CL(CL“Rl + aigRg), for i e {1,2}

Taking m{gx lu; (t)] ., we get that
tef0,a ‘

Hul - J??Hcl < |)\i1| G;(G;ilRl + aigRg) < % for i € {1 2}

The multivalued operator G is l.s.c. and compact.

We show that G (V) is relatively compact.

Let 2 := (z1,22) € Y and we prove that G (Y) C B (0, £L) x B (0, £2).
Let v = (v1,v2) € G(z) be arbitrarily chosen. That is v; € Gy (x), re-
spectively vy € G (z). Then vi(t) € A2 [y L1 (t,s,31(s), 22 (s))ds, re-
spectively va () € g2 [y L2 (t, 5,21 (s), 22 (s))ds a.e. on I. It follows that
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v (t) = Xiz [y 12 (t,5) ds, where I% (t,s) € L; (t,s,21 (s), 22 (s)) a.e. on I?, for
i € {1,2}. Clearly,

a ) R
i (8)]x, < |Ai2|/ 150,5)], ds < sl aMy, < 2 for i € {1,2).
; 1

Thus, v; € B (0, %), vy € B (0, %) Then, the multivalued operator U =
F + G has the property U : Y — Py (Y), 1e. F(x)+G(z) CY, for each

x € Y. Hence, the conclusion follows by Theorem 2.1. O

Remark 2.3. The above Theorem can be improved by supposing instead
of the existence of a real positive number square matrix A, another square
matrix A = (aij); ;_; o, Where a;; € LP([0,a] ,R4) 4, j € {1,2} and using the
Holder’s inequality, we can obtain too, another similar result.
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