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A new proof of the bound for the first Dirichlet
eigenvalue of the Laplacian operator

Chang-Jun Li and Xiang Gao*

Abstract

In this paper, we present a new proof of the upper and lower bound
estimates for the first Dirichlet eigenvalue A\’ (B (p,r)) of Laplacian op-
erator for the manifold with Ricci curvature Rc > — K, by using Li-Yau’s
gradient estimate for the heat equation.

1 Introduction and Main Results

Let (M™,g) be an n-dim C* complete Riemannian manifold, and A denote
the Laplacian operator. For the compact manifold, it is well known that the
eigenvalue problem —Ap = Ay has discrete eigenvalues, which are listed as

Moreover we call A; (M™) the ith eigenvalue and call a function ¢, satisfy-
ing Ap; = —A;p; the ith eigenfunction.

Recall that the first eigenvalue A\; (M™) for the closed Riemannian mani-
fold M™ is defined by

oy e Jarn VO dp
AL (M") = (;Ielsfl T P (1)
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where 2 is the completing Hilbert space of

90={¢ecw(Mw

¢du:0}

Mn

under the norm

1= 2d dp.
ol = [ au+ [ voran

We denote the geodesic ball with center p and radius r by B (p,r) in
the n-dim manifold M™. Then the first Dirichlet eigenvalue AP (B (p,7)) of
Laplacian operator can be denoted as

Sppm VI di
MP(B(p,r) = inf L, 2
(Bpr) peH3B(p.r) [y PPAH 2

where H3 (B (p,r)) is the completing Hilbert space of C§° (B (p,r)) under the

norm
wﬁ:/ &w+/ Vol du.
B(p,r) B(p,r)

The upper and lower bound for the first eigenvalue of Laplacian operator
are very useful in geometry analysis and PDE. In [1], S. Y. Cheng used the
approach of Jacobi fields to obtain an upper bound for the first Dirichlet eigen-
value AP (B (p,r)) of Laplacian operator, which are the following comparison
theorems.

Theorem 1.1 (Cheng). Let (M",g) be a complete Riemannian manifold sat-
isfying Re > (n — 1) K, then

A (B (pr) <A (B (7))

where By (p,r) is the geodesic ball in the space form M7}, and equality holds
iff B (p,r) is isometric to Bx(p,r).

Corollary 1.2 (Cheng). Let (M™,g) be a compact Riemannian manifold sat-
isfying Rc > 0, then

dprn C
A1 (Mn) < )‘f) BK b, M < 2
2 d]\/I"

where Cy,, = 2n (n +4) and dpn is the diameter of M™.

For the lower bound of the first eigenvalue Ay (M™) for closed Riemannian
manifold M™, in 1980, P. Li and S. T. Yau [3] used the approach of gradient
estimates to derive a lower bound as follows:
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Theorem 1.3 (Li-Yau). Let (M™,g) be a closed Riemannian manifold satis-

fying Rc > 0, then
2
i
A (M™) >
1 (M) 2 50

where dy denotes the diameter of M™.

Moreover, their result was improved to a sharp lower bound by J. Q. Zhong
and H. C. Yang [5] as follows. Their proofs both rely on the gradient estimate
and the maximum principle.

Theorem 1.4 (Zhong-Yang). Let (M™,g) be a closed Riemannian manifold

satisfying Rc > 0, then

2

A (M™) > .
dpn

In this paper, we will present a new and simpler proof of upper and lower
bound estimates for the first Dirichlet eigenvalue AP (B (p,7)) of the Laplacian
operator for the manifold with Ricci curvature Re > — K, where K > 0. Our
approach is applying the following gradient estimate which leads to the famous
Li-Yau Harnack estimate for the heat equation [4].

Theorem 1.5 (Li-Yau). Let (M™, g) be a complete Riemannian manifold with
Ricci curvature Re(g) > —K, and let B (p,2r) denote the geodesic ball with
center p and radius 2r in M"™. If u : B(p,2r) x [0,00) — R is a positive
solution to the heat equation

0
pr (z,t) = Au (z,t),

then in B (p,r) we have

2 2 2 2 2
sup ('V@ am><0(n2)a <aa 1+\/Er>+2naK + 2 (3)

B(pr) \ ¥ u 2 - (a—1) " 2t

where oo > 1 and C (n) is a constant depended on n.

Remark 1. To use Theorem 1.5, we will deal with the solution to the heat
equation with the form of u(z)e=*" (B@®m)t where u(z) is the eigenfunction
corresponding to the first Dirichlet eigenvalue AP (B (p,7)) of the Laplacian
operator, and then apply the Li-Yau’s gradient estimate to the solution above
and prove an integral estimate as follows.



A NEW PROOF OF THE BOUND FOR THE FIRST DIRICHLET EIGENVALUE 132

Theorem 1.6. Let (M™,g) be a complete Riemannian manifold with Ricci
curvature Re(g) > —K, then for any geodesic ball B (p,r) in M™ and arbi-
trary € > 0, we have

€ t2
/ |V log u|*dt

to —t1 Jy,
P @) - (150 (L ) et ) g

-1 2"
1 1\ d(zy,x 2
_<a+>(12>2
4 €) (ta —t1)

for arbitrary constant speed minimal geodesic y(t) joining points x1 and x4 such
that x1,19 € B (p, %) and x1 = y(t1), x2 = Y(t2).

By using Theorem 1.6, we can derive the following upper and lower bound
estimates for the first Dirichlet eigenvalue AP (B (p, 7)) of Laplacian operator.

Theorem 1.7. Let (M™,g) be a complete Riemannian manifold with Ricci
curvature Re(g) > —K, then for any geodesic ball B (p,r) in M™, we have

C C
ot o+ C3 AT (B(p1)
B

(:5) Ip(n.3)

c C
<5 L = 10 (W)
B

w3 B(n3)

where dB(}n%) denotes the diameter of B (p, %) and C; (1 <i < 4) are some

constants only depending on the choice of p and r, which can be seen in the
proof.

Remark 2. Recall that for the closed Riemannian manifold, the eigenfunc-
tion u(z) corresponding to the first eigenvalue A; (M™) of the Laplacian oper-

ator satisfies
/ u(x)dp =0,

which implies that u(x) can not always be positive. But the Li-Yau’s gradient
estimate (3) only satisfies for the positive solution of the heat equation, thus
in this paper, we deal with the upper and lower bound estimates for the first
Dirichlet eigenvalue which can always be positive.

The paper is organized as follows: In section 2, we prove Theorem 1.6
by using the Li-Yau’s gradient estimate for heat equations. Based on this, in
section 3, we prove Theorem 1.7.
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2 Proof of Theorem 1.6

Proof of Theorem 1.6. To prove Theorem 1.6, we consider the function in the
form of .
a(z,t) = u(z)e™™ (Blpr)t,

where u(z) is the eigenfunction corresponding to the first Dirichlet eigenvalue
AP (B (p,7)) of the Laplacian operator. It is clear that (z,t) is actually a
solution to the heat equation, in fact

d P (B
57 8@ t) = =27 (B (p, 7)) u(@)e™ (B(pm))t

= Au(z)e™ M Bty

= A(a(z,t)).
On the other hand, let ¢ be the eigenfunction corresponding to the first Dirich-
let eigenvalue AP (B (p,7)), since |V |o|| = ‘V\/?‘ = < |Vel, we

have

eV
2

2
PAVA"

VoI d
W BEr) = JmenlVOd
oeHR(B(rr)  [p(p. A
2
< fB(p,T) IV lel|” dps
2
fB(pJ") ol dp
2
_ S Vel du
T Jpn P70
= )‘ID (B (p7 T)) )
which implies that || is also an eigenfunction corresponding to the first Dirich-
let eigenvalue AP (B (p,r)). Thus without loss of generality, we would suppose
that the eigenfunction corresponding to the first Dirichlet eigenvalue of Lapla-
cian operator is nonnegative. Then by the strong maximum principle for the
Laplacian operator, we can assume that the eigenfunction is positive. Thus

iz, t) = u(z)e 1 (BE s actually a positive solution to the heat equation.
Then by using the Li-Yau’s estimate (3) to @(z,t) we have

~12 ~ 2 2 2 2
|Vl _aﬁ<40(n)a ( a \/Er>+2naK na

u? u ~ r2 042—1+ 2 (a—l)—i—?

satisfies in B (p, %) Then for a constant speed minimal geodesic «(t) joining
points x1 and xo such that zi,20 € B (p, %) and 1 = y(t1), 22 = Y(t2), we
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to
« dry
-1 / P (t)
ty
The second inequality we use the Li-Yau’s gradient estimate, and it follows
from ~(t) being a constant speed minimal geodesic that

dy | _ d(z1,22)
‘dt (t)‘ T la—t

Thus we have

logu (22) = A7 (B (p,r)) t2 — logu (z1) + A7 (B (p,1)) ta

4C (n) o o VK nak
Z‘( 752) <a2_1+27‘> +2(&—1)) (t2 =)

no
2

ad(zy,z2)?
logts —logty) — — ————
(logta —logt1) FR—

Then for the path ~(¢) which is a constant speed minimal geodesic jointing
points x1, 2 such that v(¢1) = 1 and v(t2) = x2 we have

logu () —logu (z1) = logu (y(t2)) — logu (7(t1))

t2 d
y
= \YA! — )dt
J, (weed)

t2 21 dy
< log u|?dt —|—|?dt
< [CeAviogupar+ [T 1%

tl tl

t2 d(l‘l $2)2
= e|Vilogu|?dt + ———1"2
/tl | & | 4€(t2 - tl)
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Note that
1 1
logty —logt; = = (ta — t1) < —
i3 tq

where & € (t1,t2). Then by using these two inequalities we have

(t2 —t1), (5)

t2 d(z1, 22)?
logul?dt + ——"=_ —\P(B ty —t
| eI ogutar + LR 3P (B0 (12 - 1)
4C (n) « a? VK nak no
> Iiaiel T _ _ _
- ( r? <a2—1+ 2 ) T ata—y ) 2 Ty ()

ad(zy,z2)?
4 to—1ty

which implies that

€ t2
/ |V log u|*dt

to —t1 Jy,

4C (n) « a? VK nak no

>\ (B - AL L

ZAr (B (p.) ( 2 <a2—1+ > ") T3 2w
1 1\ d(z1,22)?
_<a+>($1w2>2
4 €) (ta —t1)

for arbitrary € > 0. O

3 Proof of Theorem 1.7

In this section, we prove Theorem 1.7 by using Theorem 1.6.

Proof. For the geodesic ball B (p7 %), by using the strong maximum principle
for the Laplacian operator, we have

UQZCB(p,g) sup )u—u (u— inf )u)7 (6)

wEB(p,g IEB(“%

where C'p (p.3) is a positive constant only depending on the choice of p and 3.
)3

Then for arbitrary z,y € B (p, %), we can select the appropriate s and ¢
such that
u(z)=u(y(s))= inf wu
wEB(p,g)
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and
u(y) =u(y(t) = sup u
2€B(p.3)
Then it follows from (6) that
logu (y) — logu (x)
t d’y
AN
w(¥) du
<[
< / Teen(r) du
infrEB(p,%) u -
CB(p,%) supr U—u u— énfi U
z€B(p, %) z€B(p.%)
B ™
(r3)

Then substituting this and (5) into

logu (z2) =AY (B (p, 7)) ta —logu (z1) + A (B (p,7)) t1
- <4c(n)a ( o \/;7r> ‘s mKl)> t—t1)

72 a? -1 2 (a —
no ad(zy,z2)?
7 (logtg logtl) Zﬁ,
we have
AP (B (p,7)) (t2 — 1) — —— 2 (ty — 1)
2t
B(p,3)
4C(n)a< o? VK ) nak
< + —d || (ta—t1)
2 2 _ B(p,5 _
ooy N1 2 3] " 2(a—1)
2
gdB(P-é)
4ty —t,

where d B(p.3) denotes the diameter of B (p, %) This implies that

r
P53
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< 4C(n)a< a? +\/?d >+ nak no
= 2 2 _ B(p,% —
By N1 2 »3) ] T2(a—1)] 2t
2
n T ! dB(p,g)
Ch(pg) (2 —t) 42— th)?
for any t; < to, and
A (B (p.7))
4C (n) a ( o? n \/Ed ) nak na
N ) 2 5 4B(p,x —
sy NP -1 2 (p2) ] T 2(@—1) | "2
2
. ™ o TBs)
Co(pg) (h—t2) 40— t2)°
for any t1 > to.
Furthermore, by selecting the parameters
_ 72
tl — dB(p,%)
and
1
=14+ —F——— dz, s
Pz
CB(P:%) ( 2)

and substituting them into above, we have

A (B (p.7))

4C 2 K K
|z (n) ( 204_ : + \/27113(1)’;)) + 5 (7;0‘_ 1) + 2d2na
B(ps) \“ B(p3
“Cr.)
te T
B(p.5) B(p3)
C c
- Loy 2 40y
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For the same reason, we can substitute the parameters

1
b= 14— |2, .
b3
Cotu) ) "
and
2= dy(p.5)

into the same inequality to obtain that

A (B (7))

S 4C’(n)a< o? Jr\/Ed >+ nak
= 2 2 _ 5 B Dy (v —1)
By \@2 =1 2 5] " 2(a—1)
no CB(p,%) T O[CB(;D,%)
+ d? + 4>
2 <1 + CB( ,T)> d2B(I)7£) B(P %) B(p,%)
C C
=5 : +d SR
B(p3) “B(r3)
O]
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