~
VERSITA
Vol. 22(1),2014, 35-40

DOI: 10.2478 /auom-2014-0003
An. St. Univ. Ovidius Constanta

SOMETHING ABOUT h - MEASURES OF
SETS IN PLANE

ALINA BARBULESCU

Abstract

In this article we estimate the Hausdorff h-measures of the graphs of
some functions, for different measure functions.

1 Preliminaries

The fractal properties of some sets are characterised by different types of
dimensions, as ruler, Box, information etc., that are difficult to be calculated.
The Hausdorff h - measure that generalises the Hausdorff measure, from which
the Hausdorff dimension arises is of big importance in problems in which the
equality between the p-module and p-capacity of a set must be proved.

In this article, which continues the works [1]-[4], we present some results
concerning the Hausdorff h - measure of some sets in plane.

Definition 1.1. Consider the the Euclidean n - dimensional space R",
E C R™ and denote by d(E) the diameter of E.

If 7o > 0 is a fixed number, a continuous function h(r), defined on [0, 7o),
nondecreasing and such that }13%) h(r) = 0 is called a measure function.

If 0 < B < 0o and h is a measure function, then, the Hausdorff h-measure
of F is defined by:

Hu(E) = lim inf {Zh(d(Ui)) EC UU 0 < d(U;) < 5} :

Key Words: Hausdorff h-measure, measure function, graph

2010 Mathematics Subject Classification: Primary 28A78, 28A80
Received: April, 2013.

Accepted: August, 2013.

35



36 ALINA BARBULESCU

where U; is open.

Remark. If in the previous definition the covering of the set E is made
with balls, a new spherical measure, denoted by Hj, is obtained.

The relation between the two measures is: Hy,(E) < H; (E).

Definition 1.2. Let § > 0 and f : D(C R) — R. f is said to be a § -
class Lipschitz function if there is M > 0 such as:

|f(z+a)— f(z)| < M|a]’ ,Vz € D,Va € R, z+a € D.

f is said to be a Lipschitz function if § = 1.
Definition 1.3. ¢, 2 : D(C R) — (0,400) are similar and we denote by:
©1 ~ g, if there exists @ > 0, such as: %901(30) < o(z) < Qpi(z),Vx € D.
If f: I — R is a function defined on the interval I and [t1,t2] C I, denote
by I'(f), the graph of function f and Ry¢(t1,t2) = sup |f(t) — f(u)].

t1<u,v<t2
Proposition 1.5. [5] Let f be a continuous function on [0,1],0 < § < 1
and m be the least integer number greater than or equal to 1/5. If Ng is the
least number of squares of the S— mesh that intersect I'(f), then:

m—1 m—1
BN ReB(G+ 1Bl < Ng <2m+ 57" > Ry [iB, (5 + 1)B].
j=0 7=0
2 Results

Theorem 2.1. Let § > 0 and f : [0,1] — R be a §- class Lipschitz function.
If h is a measure function such that h(t) ~ e~ ", p > 2, then Hu(T(f)) < oo.
The assertion remains true if p > 1 and § > 1.

Proof. The first part of the proof follows a ideea from [6] and [2].
First, we suppose that M 41 in Definition 1.3, so that to any x corresponds
an interval (z — k,x 4+ k) such that, for any x + « in this interval:

[f(@+a) = f(z)] < |af’.

Since [0, 1] is a compact set, there exists a finite set of overlapping intervals
covering (0, 1):

(0; ko)a (xl - klaxl + kl)a ceny (xnfl - kn717xn71 + kn71)7 (1 - kna 1)
If ¢; are arbitrary points, satisfying:
a1 €(0,21),¢ € (xi—1,24),i=2,..,n—1,¢, € (Ty—1,1)

¢ € (i1 —kic1,xim1 + kizq) ﬂ(iﬂz — ki, i+ k)i =2,..,m—1,
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then
0<ci<r1<c<r3< ... <Tp1<cp, <1.

The oscillation of f in the interval (¢;—1,¢;) is less than 2 (¢; — ci_l)é and
thus the part of the curve corresponding to the interval (¢;_1,¢;) can be en-
closed in a rectangle of height 2 (¢; — ci,l)é and of base ¢; — ¢;_1, and conse-

quently in |2 (¢; — ci_l)é_l} +1 squares of side ¢; —¢;_1 or in the same number

i —Ci—1

of circles of radius CT circumscribed about each of these squares.

The integer part of the number x was denoted by [z].

Given an arbitrary r € (O, %), we can always assume: ¢; — ¢;—1 < T,
1=2,3,...,n.

Let us denote by C). the set of all the above circles and let us consider

Z h(2r) = Z {m . (27“)”6‘”} (1)
Chr

Cr

re (07 ;) =e e (i, 1) (2)

We have to estimate ) . (2r)P. The sum of the terms corresponding to
the interval (¢;—1,¢;) is:

<25 (¢ —en )P 428 (6 — i) (3)
p>206>0=p+i—1>1=
ci—cCcii1<1= (Ci — Cifl)p—ké—l, (Ci — Cifl)p < C —Ci—1. (4)

From (3) and (4) it results:

S < 2g+1(ci — C,;l) + Qg(ci — Cifl) =3- 2%(61' — Cifl) =

D@ <Y 325 (ci—ey)<3-20
=2

C

> orp <328 (5)
Cr
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Using Definition 1.3 and the relations (1), (2) and (5), we obtain:
h(27“) 4
o) = - (2r)P )P < 3.25.
> Cohtan) §C3{(2T)p (2r) }<Q§Cj< <328,

where Q > 0 and r € (07 2) small enough.
Then H; (I'(f)) < +o0 and by (1), H,(I'(f)) < +oo.
If M # 1, then

> h(2r) <322 Q- M = Hj(I(f)) < +oo = Hy(I'(f)) < +oc.

If p>1and d > 1, then (¢; — ¢;1)P*°~! < ¢; — ¢;—; and the proof is
analogous.

Remark. In the hypotheses of the previous theorem, if P(t) = t?,T(t) =
—t, then P'(t) + P(t)T"(t) = t*~!(p — t), which is not always positive, so the
case treated differs from that studied in [3].

Theorem 2.2 If f : [0,1] — R is a d-class Lipschitz function, 6 > 0 and h
is a measure function such as h(t) ~ e't? |, p > 2, then Hy,(T'(f)) = 0.

The assertion remains true if 6 > 1 and p > 1.

Proof. Denoting by Nj(T'(f)) the number of 3 - mesh squares that cover I'(f)
and by Ng(I'(f)) the smallest number of discs of diameters at most § that
cover I'(f), it results that [1]:

3 _
Ns(L(f)) < N's (D(f)) < 5+ M'B°2, (6)
Vel B
. 52
with M’ = M/\@ .
By hypotheses, T'(f) is a compact set. Therefore, if 8 > 0, for every cover
of T'(f) with open discs U;, i € N*, with diameters d( ;) < B, there is a finite
number of discs, ng, that covers F(f)

H(T(f)) _hmmf{Zh ECUU 0 < d(U, ))<5}

— hm inf {Zh } < hm inf {h(B)ng} =

Hi (1) < Jimy (N3 (DRE) = lim { 50 No(r(r)are =

B—0 | Breh



SOMETHING ABOUT H - MEASURES OF SETS IN PLANE 39

Hi () < Jim, (N5 (TR = tim { S5, (Do )ve? |

51)65 ’ Vel

Since h(t) ~ e'tP, there is @ > 0 such as h(t) < Qe't’. By (1) and the
hypothesis concerning p and 9, it result that:

—0

Hy(T(f) < @ Jim e’ . lim, (M=% 4 357711 = 0.

Using the remark from Introduction, we obtain:
Hy(T(f)) = 0= Hu(L'(f)) = 0.
O

Theorem 2.3 Let § > 1 and f : [0,1] — R be a §— class Lipschitz
function. Suppose that h is a measure function such that: h(t) ~ P(t)eT® ¢ >
0, where P and T are the polynomials:

m

P
P(t) = Zajti,p >1,a; #0,T(t) = ijtj,
j=1 j=0
with positive coefficients. Then 0 < Hp(T'(f)) < oc.

Proof. In [2] it was proved that in the hypotheses of the theorem,
H/} (T'(f)) < co. Using the theorem 1 [6], we obtain that H} (T'(f)) > 0.
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