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ON THE NUMBER OF POLYNOMIALS
WITH COEFFICIENTS IN [n]

Dorin Andrica and Eugen J. Ionascu

Abstract

In this paper we introduce several natural sequences related to poly-
nomials of degree s having coefficients in {1,2,...,n} (n € N) which
factor completely over the integers. These sequences can be seen as
generalizations of A006218. We provide precise methods for calculating
the terms and investigate the asymptotic behavior of these sequences
for s €{1,2,3} .

1 Introduction

For any two positive integers s and n, we denote by Agf) the set of polynomials
of degree s,

P(x) = csx® + cs_ 125 4+ -+ c1m + co, (1)
having s integer roots, where the coefficients ¢; belong to the set [n] :=

{1,2,--- ,n}. Let us denote by A the cardinality of AP We are mainly

interested in these sequences Agf ) and their asymptotic behavior.
It turns out that if s = 1, one ends up with a classical problem known as
the Dirichlet divisor problem. Dirichlet (1849) showed that

AV =nnn+ 2y — 1)n+ O(Vn),
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where v is the Euler-Mascheroni number.

For s = 2, the sequence A\ appeared in the following problem (see [5])
proposed by L. Panaitopol in the Romanian Mathematical Olympiad-Final
Round 2004 : For every n > 4, we have

n< A® <n? (2)

The original solution of the author was the following. Since the polynomials
2?4+ (k+Dax+k k=1,...,n—1,and 22 + 42 + 2, 2% + 42 + 4 are in AP
with n > 4, we obviously get that n+1 < AP, Therefore, the first inequality
in ([5]) must be true.

In order to show the second inequality in ([5]), we observe that if P € Ag),
then P(x) = a(x +x1)(z+x2), where 21,22 € N, and a, a(z1 +22), and azy22

are in {1,2,...,n}. We conclude that xo < 207 and so
14(ﬂ < j{: AE;,_.n/ 1+ }<+ 1<+ 4_J; ’
no= ary 2 3 )
1<z:1<n
1<a<n

It is easy to show (by induction for instance) that for every n > 5, we have

1 1 1
I+ -+ -+...+— <+n
2 3 n
It is not difficult to check that Af) = 5. Combining the two inequalities above
shows that A?) < n? for every n > 4.
These inequalities can be obtained from the exact formula (7) of A which

we derive in Section 3. In fact, this formula allows us to be a little more precise

about the growth of the sequence A%Q) in Section 5:

1
AP = in(ln n)? + Cn(lnn) + O(n),

with some constants C € [y — 1,7y + 1].

In Section 4, we provide an exact formula for AS’). All monic polynomials
in Ag%) are included next:

pr(x) =23 +322 + 32+ 1, po(x) = 2% +42% + 52 + 2,
p3(x) = 23 + 522 +Tx + 3, pa(w) = 23 + 522 + 8x + 4,
ps(z) = 23 + 622 + 9z + 4.

Similarly, in .Agé) we have
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qi(z) =2* + 423 + 622 + 4z + 1, qo(x) = 2* + 52% + 922 + 7o + 2,
gs(x) = 2t + 62% + 1227 + 102 + 3, qu(x) = 2* + 62° + 132% 4+ 122 4 4,
qs(r) = 2* + 72% + 1522 + 132 + 4, qs(x) = 2 + 723 + 1722 + 172 + 6

qr(z) = 2* + 82% + 1822 + 162 + 5, and gg(x) = 2% + 723 + 1822 + 20z + 8.

2 General observations and case s =1

Let us observe that for a polynomial P € AS) we can write P(z) = ¢;Q(x)
where Q(z) = (x + oq)(x + a2) - - - (x + o) for some integers ;. It is clear
that all the coefficients of Q must be positive integers. Hence c¢g divides all
¢; for all i = 0,1,...,s. This implies that @ € A with k = 2, where
m = max{cg, C1, ..., Cs } &

It is natural then to introduce the following related sequence and the sub-
set of AL, say BY, of polynomials as in (1), where cs = 1 and we have
max{cg, €1, ...,cs—1} = n. We let then B the cardinality of B, Clearly,
for fixed s, the sequence {Agf)}n is non-decreasing, but one can easily check

that {Bgf)}n is not a monotone sequence.
In what follows we are going to use |z | for the integer part of a real number
x. Let us first show the following relation between Asf) and B,is).

Theorem 2.1. For any two positive integers s and n, we have

n

AP =Y {%J B, (3)

k=1

Proof. First, we have the simple inclusion of sets
n n s s
Uier | 7] B Al (4)

where KB,(CS) means all polynomials /P with P € B,(:) and ¢ € N. The sets
{EB,(:)}ZJC are disjoint since if /P and ¢'P’ are identical polynomials, with
Pe ng) and P’ € ‘B,(j), we must have £ = ¢’ and then P = P’ implies k = k'

We have seen earlier that every polynomial in P € AE«LS) is the result of the
product of some number ¢s € [n] and a polynomial @ € BE:) with k = Cﬂ, and
m = max{cg, ¢1,...,¢s} < n. In other words, every polynomial in Asf) is in

one of the sets KBE:) with ¢k < n. This shows that (4) is an equality and then
(3) follows. |
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Another simple observation is that if Q € 2355),

Qe) = (z+ar)(x +az) - (v + )

and «; are integers, then all a;; must be positive. This can be seen by observing
that Q(z) > 0 for every x > 0 so there is no positive root of Q.

As a result, we have as a simple consequence of Theorem 2.1 the following
corollary.

Corollary 2.1. For n € N we have

AP =y 7] (5)

k=1
Proof. For s = 1, there is clearly only one polynomial satisfying the definition

of BY, namely P(z) = x4+ n. Hence, the equation (3) gives (5). |

Actually, the sequence AS), or A006218, is well known and one can read
more about it in The On-Line Encyclopedia of Integer Sequences. It is impor-
tant [1, pp.112-113], to observe that

n

AL =37 (k), (6)

k=1

where 7(m) counts the number of positive integer divisors of m.

3 Exact formula for Ag)

We recall that, in particular, Ag) is the number of quadratic polynomials

P(x) = coz? + c17 + o, where ¢, c1, o € [n], having only integer roots. For

)

the calculation of A we employ the divisor function again.

Theorem 3.1. The sequence Ag) 18 given by
“ingy | T(k)+1
wo-f |22
k=2

Proof. From (3), it suffices to show that B,?) = {#J if k> 2and B§2) =
0. It is clear that Bgz) =0.Ifk>2and P e Bff) with P(z) = (z + o) (x + )
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where «, 3 are positive integers, we may assume without loss of generality
that a < 8. If @ = 1 then we must have § =k — 1. If 8 > a > 2, we observe
that (o — 1)(8 — 1) > 1, which in turn implies k¥ > a8 > « + 8. Hence, we
also get aff = k. Let us write the set of divisors of k as

I=dy <dp <---<dyp)=k.
Summarizing, B,(f) is the cardinality of the set
Po={(1k -1} U{(di,dr(pry—it1)li > 1 with 2 < d; < drpry—igr1}-
In general, there is an even number of divisors of k, unless k is a perfect square.

So, if k is not a perfect square, the cardinality of P is T(zk)
7(k)+1
2

and if k is a perfect

square, the cardinality of P is . An unified formula for the number of

elements of P is then | 3(7(k) 4+ 1)|. This shows that B,(f) = {%J and the
theorem follows from (3).

In order to derive the second inequality in ([5]), mentioned in the intro-
duction, let us observe that from (7) we obtain

2k k

P SO S WE o Y E S SIS S IR o
AP <nd —Sp—<n), - 53
k=2 k=2 k=2 k=2

Sn(2vn+1—1)+g(ln(n—kl)—f—'y—l)<n2, n > 4.

We have used the classical inequality 7(k) < 21k, which can be established by
observing that if 1 = d; < ds < -+ < dg are the divisors of k£ not exceeding \/E7
we must have s < v/k and the other divisors are simply n = n/dy, n/da, -,
in number of s — 1 or s depending upon k is a perfect square or not.

It does not appear that the sequence Ag) is a known sequence. Its first
twenty terms are: 0, 1, 2, 5, 6, 10, 11, 16, 19, 23, 24, 33, 34, 38, 42, 50, 51, 60,
61, and 70.

4 Exact description for A
As before we need to calculate B,(CS) for all £ > 1, and so we let P € ‘B,(f') and
write

Pa) = (z +u)(z +0)(z + w),

where u, v and w are in [k] with max(u, v, w) = k. So, B,?) is the number of
ordered triples (u,v,w) of integers, 1 < u < v < w such that
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u+v+w<k (8.1)
wtow+wu <k (82) (8)
wow < k (8.3)

with at least one equality sign in (8). Let us assume that (u,v,w) is such a
triple. Since uv+ vw +wu > u+ v+ w we may assume that the equality takes
place either in the second or in the last inequality of (8).

However, for u > 3, because u(uv + vw + wu) < 3uvw, we get

U
uow > g(uv—i-vw—&—wu) > (uv + vw + wu)

which shows that we must have equality in (8.3) in this case. Hence, we need
to study separately what happens if equality happens in (8.2) and not in (8.3)
(Cases (I) and (IT) in what follows).

(I) If w = 1, the system (8) reduces to only one equation, namely, vw +
ut+v==kor (v+1)(w+1) =k+ 1. As we have seen in Section 3, there are

L%J polynomials of this form in B,(f) (we needed to exclude the pair

for which v +1 = 1). We observe that for k£ 4+ 1 prime, the contribution for
this type of polynomials is equal to zero.

(IT) If w = 2 and equality is attained only in (8.2), we have equivalently
2v42w+vw = k and 2vw < k, or (v+2)(w+2) = k+4 and (v—2)(w—2) < 4.
Hence, (v —2)? <4 or v < 4.

If v = 2 then w + 2 = (k + 4)/4 which attracts k > 12 with & a multiple
of 4 (k = 4£, £ > 3). We will simply write (2,2,/—1) € B{? and observe that
equality is taking place only in (8.2).

If v = 3 then w < 6 which forces k = (v + 2)(w + 2) — 4 to be in the set
{21,26,31}.

Let us define the following step (counting) function that is going to be the
contribution in B,(f) for all the above situations in case (II):

1, if k=44 with £ > 3;
f(k)y=<1, ifke{21,26,31}; (9)

0, otherwise.

(IIT) This case is characterized by (8) and the fact that equality is attained
in (8.3), i.e. uvw = k. In terms of u, this is equivalent to

u>3or (u=22vw==k, and 2v + 2w + vw < k). (10)

If w = 2, this means that £ = 2/ and the system above becomes vw = £ and
(v—2)(w—2) > 4. It is convenient to take the negation of the last inequality:
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if v = 2 we have basically no restriction on w so k = 4¢ with ¢ > 1, and if
v = 3 then k € {18, 24, 30}.

We need the following lemma which is a simple combinatorial result that
may be known but we do not have a good reference to it and so we include it
for completion.

Lemma 4.1. Given a natural number k whose prime (powers) factorization
is k = p'pg? .- pn, then the number of positive integers u, v, and w such
that vow = k with u < v < w s given by

n

ods (k) ;:% 253(k)+2in1‘[(aj+1)(aj+2)+31‘[q%+1) . (1
j=1

j=1
where d3(k) is 1 if k is a perfect cube and 0 otherwise.
Proof. Clearly every divisor dg of k is of the form dg := p?lpg2 - pBr with
B; € {0,1,2,--+ ,a;}. So, for every index i we can take Bi(l), sz) and 61-(3) such

that BZ-(I) + 61(2) + 61(3) = «a; and form the divisors dga), dge) and dge) which
satisfy dga)ydgedges = k. It is known (see [4], page 25), that the number of

solutions (x1,xa,...,x¢) to 1 + 22 + -+ + ©y = m in nonnegative integers is
equal to (mj_él_l). Hence, we get (al;g) = (a; +1)(cy; + 2)/2 possible ways to
choose (ﬂi(l), ﬁl@), Bi(?’)). Thus we have Ny := 2% H?:1(O‘j +1)(e; +2) possible

ways to get ordered triples (di, da, ds) which satisty didads = k. Every single
such triple can be ordered and we will denote the non-decreasing triple by
[u, v, w]. If all of the divisors dy, d2 and ds are distinct, then all six possible
permutations (which are counted in Nj) give the same [u,v,w]. If two of
the divisors are equal, then only three possible permutations appear in the
counting Ni: (u,u,w), (u,w,u) and (w,u,u).

Let us determine the number of all triples with two equal divisors, say
dgay = dg). Then the equation 261-(1) + ,6’1-(3) = @ is uniquely determined by
ﬂi(l), and we have a solution as long as ﬁi(l) €{0,1,...,[%|}. So, the number
of such solutions is || + 1. Hence the number of lists [d1,dy, ds] such that
didy =k is Ny := H;L:1(L%J +1). Assuming that dy # d3, in N1 we count
such a triple three times.

Let us first assume that k is not a perfect cube. Then d; # d3 is automatic
and the formula (11) follows. If k is a perfect cube, then k = d3. The triple
(d,d,d) is counted only one time in N; and 3 times in the term 3Ny. This
explains the term of 205(k) in (11). |

The sequence odg(k) is known as A034836 or the number of boxes with
integer edge lengths and volume k.

Now we can give an expression for the last case.
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Lemma 4.2. Given a natural number k then the number of non-decreasing
integer triples (u,v,w) such that (10) are satisfied, is given by

o) ~ | L] — g, (12)

where ods(k) is defined by (11) and g by

1, ifk=4¢,0>1;
gk) =<1, ifke {18,24,30};

0, otherwise.

Proof. Obviously, by Lemma 4.1, we have to exclude from the counting in
ods(k) all the solutions with v = 1 and those for which v = 2 and {v,w}

T(k)-{-lJ
2

do not satisfy (10). If w = 1, then vw = k implies as before L such

solutions with v < w. If u = 2 and (v — 2)(w — 2) < 4, then we have seen that
means exactly the definition of g. |
We can put all these cases together at this point.

Theorem 4.1. We have for every k> 1 andn > 1

B® — V(H;)_IJ + ods (k) — {T(’””)Q“J +E(k),and  (13)

P n n (3
AP =3 |zl 8,
k=1
where
-1, if k€ {8,18,24,30};
E(k) =41, ifke{21,26,31};

0, otherwise.

Proof. By Lemma 4.2 and the analysis of cases above, we observe that the
contribution for k& = 4¢ from f, cancel with the one from g if ¢ > 3 and then
(13) follows. |

Numerical calculations show that the first fifty terms of [k, B,is)] are: [1,
0], 12, 0], [3, 1], [4, 0], [5, 1], [6, O], [7, 1], [8, 1], [9, 1], [10, O], [11, 2], [12, 1],
[13, 1, [14, 1], [15, 2], [16, 1], [17, 2], [18, 0], [19, 2], [20, 2], [21, 2, [22, 0], [23,
3], [24, 2], [25, 1], [26, 2], [27, 3], [28, 1], [29, 3], [30, 0], [31, 3], [32, 3], [33, 1],
[34, 1], [35, 4], [36, 3], [37, 1], [38, 1], [39, 3], [40, 2], [41, 3], [42, 1], [43, 2], [44,
3], [45, 2], [46, 0], [47, 4], [48, 5], [49, 2], and [50, 2].

We assume that similar formulae exist for s > 4 but certainly, one would
expect to get pretty complicated expressions because of the combinatorial
complications that appear between the case ajas---as = k and the other
situations.
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5 Asymptotic formulae for AY and AP

Using the inequalities © — 1 < |2] < z, from (5) we obtain

~n W\ "
Z RS Ay < Z . (14)
k=1 k=1

According to well-known asymptotic results (see T. Apostol [2, pp.70])

1 1
Z% =In+y+0(-), (15)
k=1
and
= 1
Z% = 51n2n+2’ylnn+0(1). (16)

We see that the inequalities (14) imply that AP = nlnn+COn + O(1) for
some constants C' such that C' € [y —1,7].

Some more recent progress has been made (see [4]) into showing the stronger
fact:

AW =ninn + 2y — )n+ O(n'/3nn).

It seems like estimates better than (16) can be derived such as

Z% = %ln2n+2vlnn+v2 =27+ O0(1/vn),
k=2

where v; &~ —0.07281584548 is one of the Stieltjes constants defined by

L (Inn)? Ink
W—nhi%o(—nﬂ 25 )

k=1

Theorem 5.1. We have the following asymptotic inequalities

1
AP < g(lnn)2 +(v+ i)nlnn + O(n), and (17)

A2 > %(lnn)2 + (y—Dnlnn+ O(n). (18)
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Proof. From Theorem 3.1 we have
" (k) n1
4@ TR el
=y ; T ,;2 B

which in conjunction with (15) and (16) gives (17). To show (18), we observe
that

n n
k)—1 n—1 n T(k)
e ny _ n _
@y oy oty

k=2 k=2 k=2 k=2
Since we know that >, 7(k) = >0 % we can arrive at Y, _,7(k) =
(n—1)+ > ;_, % This shows that

n

(2o N~ TR) Sl

TR SR it
k=2 k=2

which in turn implies (18). |

From Theorem 5.1 we can easily see that

(2)
lim An _1 (19)

n—oopln®n 4

For the general situation we conjecture that

(s)
lim An__ 1 : (20)

nsoonln®n  (s!)?
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