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Abstract

Multipliers have been recently introduced by P. Balazs as operators
for Bessel sequences and frames in Hilbert spaces. These are opera-
tors that combine (frame-like) analysis, a multiplication with a fixed
sequence ( called the symbol) and synthesis. One of the last extensions
of frames is weighted and controlled frames that introduced by P.Balazs,
J-P. Antoine and A. Grybos to improve the numerical efficiency of it-
erative algorithms for inverting the frame operator. Also g-frames are
the most popular generalization of frames that include almost all of the
frame extensions. In this manuscript the concept of the controlled g-
frames will be defined and we will show that controlled g-frames are
equivalent to g-frames and so the controlled operators C' and C’ can be
used as preconditions in applications. Also the multiplier operator for
this family of operators will be introduced and some of its properties
will be shown.

1 Introduction

In [30], R. Schatten provided a detailed study of ideals of compact operators
by using their singular decomposition. He investigated the operators of the
form Y, Axr ® ¢, where (¢5) and (¢5) are orthonormal families. In [3], the
orthonormal families were replaced with Bessel and frame sequences to define
Bessel and frame multipliers.
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Definition 1.1. Let Hy and Ho be Hilbert spaces, let (1r) C Hy and (¢r) C
Hy be Bessel sequences. Fiz m = (my) € [°°. The operator My, (4,), ()
H1 — Hy defined by

Mo (6,00 () = D ma(f r) b
k

is called the Bessel multiplier for the Bessel sequences () and (¢r). The
sequence m is called the symbol of M.

Several basic properties of these operators were investigated in [3]. Mul-
tipliers are not only interesting from a theoretical point of view, see e.g.
[3, 11, 14], but they are also used in applications, in particular in the field
of audio and acoustic. They have been investigated for fusion frames [2], for
generalized frames [28], p-frames in Banach spaces [29] and for Banach frames
[15, 17]. In signal processing they are used for Gabor frames under the name of
Gabor filters [22], in computational auditory scene analysis they are known by
the name of time-frequency masks [23]. In real-time implementation of filter-
ing system they approximate time-invariant filters [5]. As a particular way to
implement time-variant filters they are used for example for sound morphing
[10] or psychoacoustical modeling [6].

G-frames, introduced by W. Sun in [31] and improved by the first author
[27], are a natural generalization of frames which cover many other extensions
of frames, e.g. bounded quasi-projectors [18, 19], pseudo-frames [21], frame
of subspaces or fusion frames [8], outer frames [1], oblique frames [9, 13], and
a class of time-frequency localization operators [12]. Also it was shown that
g-frames are equivalent to stable spaces splitting studied in [26]. All of these
concepts are proved to be useful in many applications. Multipliers for g-frames
introduced in [28] and some of its properties investigated.

Weighted and controlled frames have been introduced recently to improve
the numerical efficiency of iterative algorithms for inverting the frame operator
on abstract Hilbert spaces [4], however they are used earlier in [7] for spherical
wavelets. In this manuscript the concept of controlled g- frame will be defined
and we will show that any controlled g-frame is equivalent a g-frame and
the role of controller operators are like the role of preconditions matrices or
operators in linear algebra. Furthermore the multiplier operator for these
family will be investigated.

The paper is organized as follows. In Section 2 we fix the notations of this
paper, summarize known and prove some new results needed for the rest of
the paper. In Section 3 we will define the concept of controlled g-frames and
we will show that a controlled g-frame is equivalent to a g-frame and so the
controlling operators can be used as precondition matrices in the problems
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related to applications. In section 4 we will define multipliers of controlled
g-frame operators and we will prove some of its properties.

2 Preliminaries

Now we state some notations and theorems which are used in the present
paper. Through this paper, 3 and X are Hilbert spaces and {JH; : i € I} is a
sequence of Hilbert spaces, where I is a subset of Z. L(H,X) and £(FH) is the
collection of all bounded linear operators from H into X and 3 respectively.

A bounded operator T is called positive (respectively non-negative), if
(Tf, f) > 0 for all f # 0 (respectively (T'f, f) > 0 for all f). Every non-
negative operator is clearly self-adjoint. For T7,Ts € L(FH), we write T1 < Ty
whenever

(Tu(), [) <(Ta(f), f), VfeXH.

If U € L(3H) is non-negative, then there exists a unique non-negative op-
erator V such that V2 = U. Furthermore V commutes with every operator
that commute with UU. This will be denoted by V = Uz. Let GL(H) be the
set of all bounded operators with a bounded inverse and GLT(H) be the set
of positive operators in GL(H). For U € L(H), U € GLT(HK) if and only if
there exists 0 < m < M < oo such that

m<U<M.
For U~! we have
M7'<Ut<m™h
The following theorem can be found in [20].

Theorem 2.1. Let Ty, T5,T5 € L(H) and Ty < Ts. Suppose T3 > 0 commutes
with T1 and Ty then
T\ Ts < TyTs.

Recall that if T' is a compact operator on a separable Hilbert space H, then
in [30] it is proved that there exist orthonormal sets {e,} and {0, } in 3 such

that
Tx = Z An (T, €n)0m,

for x € H, where A\, is the n-th singular value of 7. Given 0 < p < oo, the
Schatten p-class of H [30], denoted §,, is the space of all compact operators
T on H with the singular value sequence {\,} belonging to 7. It was shown
that [32] , §, is a Banach space with the norm

1T, = 1> [Aal?)7. (1)

n
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81 is called the trace class of H and 83 is called the Hilbert-Schmidt class.
T € 8§, if and only if TP € 8;. Moreover ||T||b = [|T?[|;. Also, T' € §,

if and only if [T|? = (T*T)2> € 8 if and only if T*T € Sg. Moreover,
ITIG = 1T15 = TG = TPl = T T3

2.1 G-Frames

For any sequence { H; : i € I'}, we can assume that there exits a Hilbert space
X such that for all 7 € I,3; C X ( for example X = (P,;c; Hi),2 )-

Definition 2.2. A sequence A = { A; € L(F(,3(;) : ¢ € I} is called generalized
frame, or simply a g-frame, for H with respect to {3(; : i € I} if there exist
constants A > 0 and B < oo such that

AlIFIP <D IAf I < BIFIP, VF e (2)

il
The numbers A and B are called g-frame bounds.

A ={A; : i € I} is called tight g-frame if A = B and Parseval g-frame
if A= B = 1. If the second inequality in (2) holds, the sequence is called
g-Bessel sequence.

A={A; € L(H,H;) :i €I} is called a g-frame sequence, if it is a g-frame
for W{A? (j{z)}zel

It is easy to see that, if {f;}ics is a frame for H with bounds A and B,
then by putting H; = C and A;(-) = (-, f;), the family {A; : i € I} is a g-frame
for H with bounds A and B.

Let
(Dst), ={{fikier | fiestviel and Y |fil? <+ocf.  (3)
i€l 2 i€l

Proposition 2.3. ([25]) A ={A; € L(H,H;) :i € I} is a g-Bessel sequence
for 3 with bound B, if and only if the operator

Ty : (@J{i)e Y
iel 2

defined by
Ta({fitier) = ZAf(fi)

iel
is a well-defined and bounded operator with | Ta|| < V/B. Furthermore

T 9 — (@J{i)ZQ

Tx(f) = {Aif}ier-
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IFA={A € L(H,H;) : i€ I} is a g-frame, the operators Ty and T3
in Proposition 2.3 are called synthesis operator and analysis operator of
A={A; € L(H,H;) :i€ I}, respectively.

Proposition 2.4. (/24]) A={A; € L(H,H;) :i € I} is a g-frame for H if
and only if the synthesis operator Tx is well-defined, bounded and onto.

We use some results which are proved in the context of pair frames [15, 16,
17]. The ordinary version of the next theorem which is proved in [15], can be
extended easily to the general case.

Theorem 2.5. ([15]) A ={A, € L(H,H;) : i € I} is a g-Bessel sequence for
H if and only if the operator
SaiH —H, Sa=) AAf, (4)
iel
s a welldefined operator. In this case Sy is bounded.
Theorem 2.6. ([16/) A ={A; € L(H,H;) i€ 1} is a g-frame for H if and
only if the operator
Sp:H — H, SA:ZA:Aifa
iel
1s a welldefined invertible operator. In this case Sy is bounded.

Sp is called the g-frame operator of A = {A; : i € I} and it is known
[25] that Sy is a positive and

Al < S\, < BI,
where A and B are the frame bounds. Every f € H has an expansion
=N A,;SX1 f- One of the most important advantages of g-frames is
a resolution of identity ", A¥A;Sy' = 1.
2.2  Multipliers of g-frames

The concept of multipliers for g-Bessel sequences introduced by the first author
in [28] and some of their properties will be shown.

Definition 2.7. Let A={A, € L(H,H;): i €I} and © = {0; € L(KH,H;) :
i € I} be g-Bessel sequences. If for m = {m;} C C, the operator

MZMm’A@:j‘f—)g‘f
M(f) =) mihj©;f (5)

1s welldefined, then M is called the g-multiplier of A,© and m.
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Ifm=(m;) =(1,1,1,...) and M = I, (A,0) is called a pair dual (i.e.
IS S CN)

Let {A\;} and {p;} be Bessel sequences and m € ¢, consider the corre-
sponding g-Bessel sequences A;- = (-, \;) and O;- = (-, ;). For any f € H we
have:

Mne(f) =My .60 (f) = Zm—(f, ©i)Ai-

It is easy to show that the adjoint of M, Ao is M0 A-

Lemma 2.8. (/28]) If ©® = {©; € L(H,H;) : i € I} is a g-Bessel sequence
with bound Bg and m = (m;) € £>°, then {m;0;};cr is a g-Bessel sequence
with bound ||m|cBe.

Like weighted frames [4], {m;0;};cs can be called weighted g- frame (g-
Bessel). By using the synthesis and the analysis operators of A and m®,
respectively, we can write

Mpaef=> mAi©if => Af(mi©;)f = Ta{miO;f} = TaThef.

So
Moa0 =TaT e (6)

If we define the diagonal operator

Dy (D), (%),

Dy ((&)) = (mi&i)ier (7)
then
M,a0 = TaDRTE. (8)

The notations in (6), (7) and (8) were used for proving the following proposi-
tions in [28] .

Proposition 2.9. (/28]) Let m € (>, A = {A; € L(H,H;) :i € I} be a
g-Riesz base and © = {©; € L(H,H;) : i € I} be a g-Bessel sequence. The
map m — My, A e @5 injective.

Proposition 2.10. (/28]) Let A = {A; € L(H,H;):i €I} and ©® = {0, €
L(H,H;) : i € I} be g-Bessel sequences for 3. If m = (m;) € ¢y and
(rank®©;) € £>°, then My, a0 is compact.
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Proposition 2.11. (/28]) Let A ={A; € L(H,H;):i €} and © = {0O; €
L(FH,H;) : ¢ € 1} be g-Bessel sequences for H. If m = (m;) € P and
(dim3(;)ser € £°, then My, a0 is a Schatten p-class operator.
Corollary 2.12. (/28]) Let A = {A; € L(H,H;) :i €1} and © = {O; €
L(FH,H;) i €I} be g-Bessel sequences for H.
1. If m = (m;) € £* and (dimH;)ies € €, then My, a0 is a trace- class
operator.

2. If m = (m;) € €% and (dimH;)icr € £, then My, a0 is a Hilbert-
Schmit operator.

3 Controlled g-frames

Weighted and controlled frames have been introduced recently to improve the
numerical efficiency of iterative algorithms for inverting the frame operator. In
[4], it was shown that the controlled frames are equivalent to standard frames
and it was used in the sense of preconditioning.

In this section, the concepts of controlled frames and controlled Bessel
sequences will be extended to g-frames and we will show that controlled g-
frames are equivalent g-frames.

Definition 3.1. Let C,C’" € GL(H). The family A = {A; € L(H,H;) :i €

I} will be called a (C,C")-controlled g-frame for H, if A is a g-Bessel sequence
and there exists constants A > 0 and B < oo such that

AFI? <D (MCFHAC f) < B|fI?, VfeH. 9)

iel
A and B will be called controlled frame bounds. If C' = I, we call A =
{A;} a C-controlled g-frame for H with bounds A and B. If the second part

of the above inequality holds, it will be called (C,C")-controlled g-Bessel
sequence with bound B.

The proof of the following lemmas is straightforward.

Lemma 3.2. Let C € GLT(H). The g-Bessel sequence A = { \; € L(H,H;) :
1 € I} is (C,C)-controlled Bessel sequence (or (C,C)-controlled g-frame) if
and only if there exists constant B < oo (and A > 0 )such that

STIACEI? < BlfII?, VfeXH

i€l

(or AlfII> <Y IACHI? < B|fIP, Vf € H).

i€l
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We call the (C,C)-controlled Bessel sequence and (C,C)-controlled g-
frame, C2-controlled Bessel sequence and C?-controlled g-frame with bounds
A, B.

Lemma 3.3. For C,C" € GLT(H), the family A = {A; € L(I(,H;) i€ 1}
is a (C,C")-controlled Bessel sequence for H if and only if the operator

LCAC/ T H = g‘f, LCAC’f = Z O/ArAzOf,
il
1s well defined and there exists constant B < oo such that
Y (MCEAC ) < BJIfI?, Ve
il
The operator
Lepaer i H — j’f, LC’AC’f = Z C/A:‘Ach,
il

is called the (C, C")-controlled Bessel sequence operator, also Lopacr = CSAC'.
It follows from the definition that for a g-frame, this operator is positive and
invertible and

Al < Leaer < BI.

Also, if C and C’ commute with each other, then C’,C’'~1,C,C~! commute
with LCAC’,CSA7 SAC’ .

The following proposition shows that any g-frame is a controlled g-frame
and versa. This is the most important advantage of weighted and controlled
g-frame in the sense of precondition.

Proposition 3.4. Let C € GLT(H). The family A = { A; € L(H,H;) :ie T}
is a g-frame if and only if A is a C*-controlled g-frame.

Proof 3.5. Suppose that A is a C%-controlled g-frame with bounds A, B. Then
AJFIP <D INCHIP < BIIFIP, Vf €9
il
For feH
AlfIP = AllcC™ P < AllCIPlle 1P < (el Y Iaee f?

iel

=CI ) IAfI1%.

iel
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Hence

AICIZ2IAI? < D IAafI?, Vi e ot

iel
On the other hand for every f € X,
AP =Y IACCT 1P < BICTH IR < BICTHPILAI.
iel i€l

These inequalities yields that A is a g-frame with bounds A|C|~2, B||C 2.
For the converse assume that A is g-frame with bounds A', B'. Then for all
feX,

AP < D INfIP < BIFIP.

icl

So for f € H,

DolINCEIP < BC? < B'ICIP 1.

iel
For lower bound, the g-frameness of A shows that for any if f € H,

AfIP = ANCTICHP < ANCTHPICHI? < IC7HP ) IAC .

iel
Therefore A is a C?-controlled g-frame with bounds A'||C~|| =2, B'||C|>.

Proposition 3.6. Assume that A = {A; : i € I} is a g-frame and C,C’" €
GLFT(H), which commute with each other and commute with Sy. Then A =
{A;:ie€l} isa(C,C")-controlled g-frame.

Proof 3.7. Let A be g-frame with bounds A, B and m,m’ > 0, M, M’ < co
so that

m<C<M, m<C <M.

Then
mA < CSy < MB,

because C' commute with Sy. Again C' commutes with C Sy and then

mm/A < LCAC’ < MM/B.
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4  Multipliers of Controlled g-frames

Extending the concept of multipliers of frames, in this section, we will define
controlled g-frame’s multiplier for C-controlled g-frames in Hilbert spaces.
The definition of general case (C, C’)-controlled g-frames goes smooth.
Lemma 4.1. Let C,C" € GLT(H) and A = {A; € L(H,H;) : i € T},
©={0;cL(H,H,;):iel} beC? and C%-controlled g-Bessel sequences for
H, respectively. Let m € £°°. The operator

M conc : H—H

defined by
M.conc' | = ZmiC@fAiC/f
iel
18 a well-defined bounded operator.
Proof 4.2. Assume A = {A; € L(H,H;) : i €1}, ©={0; € L(KH,TH;) :
iel} be C"* and C?-controlled g-Bessel sequences for H with bounds B, B',
respectively. For any f,g € H and finite subset J C I,

1> miCOTNCF = sup Y mi(ACf,0,C7g)]|

icJ g€ llgll=1 27

< sup Z\miIHAiO’fIIIIG)iC*gH

g€, |lgll=1 iceJ
1
< s mllee (Y 110:C7l)* (D I1NC 117
g€, |lgll=1 iel ieJ
< mlleVBB'| f]
This shows that My,conc’ is well-defined and
[Mmceoac || < [[mllecV BB’

Above Lemma ia a motivation to define the following definition.
Definition 4.3. Let C,C" € GLT(H) and A = {A; € L(H, ;) 1 i € 1},
O={6;, e L(H,H;):iel} beC” and C%-controlled g-Bessel sequences for
H, respectively. Let m € £>°. The operator

My conc : H—H

defined by
Mycorc f =Y _ miCO;AC'f, (10)
icl
is called the (C,C")-controlled multiplier operator with symbol m.
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By using representations (6) and (8), we have
M,.corc’ = CM,,00C’' = CTe D, TXC".

The proof of Proposition 4.7. of [28] shows that if m = (m;) € ¢F and
(dimH;);cr € £°°, then the diagonal operator D,, is a Schatten p-class op-
erator. Since 8, is a *-ideal of £(H) so we have:

Theorem 4.4. Let A ={A; € L(H,H;):i€l} and © ={0; € L(H,H;) :
it € I} be controlled g-Bessel sequences for H. If m = (m;) € (P and
(dimH;)ier € £, then M, conc @S a Schatten p-class operator.

And

Corollary 4.5. Let A={A; € L(H,H;):ie€l} and © ={0O; € L(H,H;) :
i € I} be controlled g-Bessel sequences for 3.

1. If m = (my;) € 01 and (dim3;);er € £°°, then M,,conc: is a trace- class
operator.

2. If m = (m;) € 02 and (dim3;);e; € €, then My,corc: is a Hilbert-
Schmit operator.
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