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Controlled G-Frames and Their G-Multipliers
in Hilbert spaces

Asghar Rahimi and Abolhassan Fereydooni

Abstract

Multipliers have been recently introduced by P. Balazs as operators
for Bessel sequences and frames in Hilbert spaces. These are opera-
tors that combine (frame-like) analysis, a multiplication with a fixed
sequence ( called the symbol) and synthesis. One of the last extensions
of frames is weighted and controlled frames that introduced by P.Balazs,
J-P. Antoine and A. Grybos to improve the numerical efficiency of it-
erative algorithms for inverting the frame operator. Also g-frames are
the most popular generalization of frames that include almost all of the
frame extensions. In this manuscript the concept of the controlled g-
frames will be defined and we will show that controlled g-frames are
equivalent to g-frames and so the controlled operators C and C′ can be
used as preconditions in applications. Also the multiplier operator for
this family of operators will be introduced and some of its properties
will be shown.

1 Introduction

In [30], R. Schatten provided a detailed study of ideals of compact operators
by using their singular decomposition. He investigated the operators of the
form

∑
k λkϕk ⊗ψk where (φk) and (ψk) are orthonormal families. In [3], the

orthonormal families were replaced with Bessel and frame sequences to define
Bessel and frame multipliers.
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Definition 1.1. Let H1 and H2 be Hilbert spaces, let (ψk) ⊆ H1 and (φk) ⊆
H2 be Bessel sequences. Fix m = (mk) ∈ l∞. The operator Mm,(φk),(ψk) :
H1 → H2 defined by

Mm,(φk),(ψk)(f) =
∑
k

mk〈f, ψk〉φk

is called the Bessel multiplier for the Bessel sequences (ψk) and (φk). The
sequence m is called the symbol of M.

Several basic properties of these operators were investigated in [3]. Mul-
tipliers are not only interesting from a theoretical point of view, see e.g.
[3, 11, 14], but they are also used in applications, in particular in the field
of audio and acoustic. They have been investigated for fusion frames [2], for
generalized frames [28], p-frames in Banach spaces [29] and for Banach frames
[15, 17]. In signal processing they are used for Gabor frames under the name of
Gabor filters [22], in computational auditory scene analysis they are known by
the name of time-frequency masks [23]. In real-time implementation of filter-
ing system they approximate time-invariant filters [5]. As a particular way to
implement time-variant filters they are used for example for sound morphing
[10] or psychoacoustical modeling [6].

G-frames, introduced by W. Sun in [31] and improved by the first author
[27], are a natural generalization of frames which cover many other extensions
of frames, e.g. bounded quasi-projectors [18, 19], pseudo-frames [21], frame
of subspaces or fusion frames [8], outer frames [1], oblique frames [9, 13], and
a class of time-frequency localization operators [12]. Also it was shown that
g-frames are equivalent to stable spaces splitting studied in [26]. All of these
concepts are proved to be useful in many applications. Multipliers for g-frames
introduced in [28] and some of its properties investigated.

Weighted and controlled frames have been introduced recently to improve
the numerical efficiency of iterative algorithms for inverting the frame operator
on abstract Hilbert spaces [4], however they are used earlier in [7] for spherical
wavelets. In this manuscript the concept of controlled g- frame will be defined
and we will show that any controlled g-frame is equivalent a g-frame and
the role of controller operators are like the role of preconditions matrices or
operators in linear algebra. Furthermore the multiplier operator for these
family will be investigated.

The paper is organized as follows. In Section 2 we fix the notations of this
paper, summarize known and prove some new results needed for the rest of
the paper. In Section 3 we will define the concept of controlled g-frames and
we will show that a controlled g-frame is equivalent to a g-frame and so the
controlling operators can be used as precondition matrices in the problems
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related to applications. In section 4 we will define multipliers of controlled
g-frame operators and we will prove some of its properties.

2 Preliminaries

Now we state some notations and theorems which are used in the present
paper. Through this paper, H and K are Hilbert spaces and {Hi : i ∈ I} is a
sequence of Hilbert spaces, where I is a subset of Z. L(H,K) and L(H) is the
collection of all bounded linear operators from H into K and H respectively.

A bounded operator T is called positive (respectively non-negative), if
〈Tf, f〉 > 0 for all f 6= 0 (respectively 〈Tf, f〉 ≥ 0 for all f). Every non-
negative operator is clearly self-adjoint. For T1, T2 ∈ L(H), we write T1 ≤ T2

whenever
〈T1(f), f〉 ≤ 〈T2(f), f〉, ∀f ∈ H.

If U ∈ L(H) is non-negative, then there exists a unique non-negative op-
erator V such that V 2 = U . Furthermore V commutes with every operator
that commute with U . This will be denoted by V = U

1
2 . Let GL(H) be the

set of all bounded operators with a bounded inverse and GL+(H) be the set
of positive operators in GL(H). For U ∈ L(H), U ∈ GL+(H) if and only if
there exists 0 < m ≤M <∞ such that

m ≤ U ≤M.

For U−1 we have
M−1 ≤ U−1 ≤ m−1.

The following theorem can be found in [20].

Theorem 2.1. Let T1, T2, T3 ∈ L(H) and T1 ≤ T2. Suppose T3 > 0 commutes
with T1 and T2 then

T1T3 ≤ T2T3.

Recall that if T is a compact operator on a separable Hilbert space H, then
in [30] it is proved that there exist orthonormal sets {en} and {σn} in H such
that

Tx =
∑
n

λn〈x, en〉σn,

for x ∈ H, where λn is the n-th singular value of T . Given 0 < p < ∞, the
Schatten p-class of H [30], denoted Sp, is the space of all compact operators
T on H with the singular value sequence {λn} belonging to `p. It was shown
that [32] , Sp is a Banach space with the norm

‖T‖p = [
∑
n

|λn|p]
1
p . (1)
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S1 is called the trace class of H and S2 is called the Hilbert-Schmidt class.
T ∈ Sp if and only if T p ∈ S1. Moreover ‖T‖pp = ‖T p‖1. Also, T ∈ Sp

if and only if |T |p = (T ∗T )
p
2 ∈ S1 if and only if T ∗T ∈ S p

2
. Moreover,

‖T‖pp = ‖T ∗‖pp = ‖|T |‖pp = ‖|T |p‖1 = ‖T ∗T‖ p
2
.

2.1 G-Frames

For any sequence {Hi : i ∈ I}, we can assume that there exits a Hilbert space
K such that for all i ∈ I,Hi ⊆ K ( for example K = (

⊕
i∈I Hi)`2 ).

Definition 2.2. A sequence Λ = {Λi ∈ L(H,Hi) : i ∈ I } is called generalized
frame, or simply a g-frame, for H with respect to {Hi : i ∈ I} if there exist
constants A > 0 and B <∞ such that

A‖f‖2 ≤
∑
i∈I
‖Λif‖2 ≤ B‖f‖2, ∀f ∈ H. (2)

The numbers A and B are called g-frame bounds.

Λ = {Λi : i ∈ I} is called tight g-frame if A = B and Parseval g-frame
if A = B = 1. If the second inequality in (2) holds, the sequence is called
g-Bessel sequence.

Λ = {Λi ∈ L(H,Hi) : i ∈ I } is called a g-frame sequence, if it is a g-frame
for span{Λ∗i (Hi)}i∈I .

It is easy to see that, if {fi}i∈I is a frame for H with bounds A and B,
then by putting Hi = C and Λi(·) = 〈·, fi〉, the family {Λi : i ∈ I} is a g-frame
for H with bounds A and B.

Let(⊕
i∈I

Hi

)
`2

=
{
{fi}i∈I | fi ∈ Hi, ∀i ∈ I and

∑
i∈I
‖fi‖2 < +∞

}
. (3)

Proposition 2.3. ([25]) Λ = {Λi ∈ L(H,Hi) : i ∈ I } is a g-Bessel sequence
for H with bound B, if and only if the operator

TΛ :
(⊕
i∈I

Hi

)
`2
−→ H

defined by

TΛ({fi}i∈I) =
∑
i∈I

Λ∗i (fi)

is a well-defined and bounded operator with ‖TΛ‖ ≤
√
B. Furthermore

T ∗Λ : H −→
(⊕

Hi

)
`2

T ∗Λ(f) = {Λif}i∈I .
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If Λ = {Λi ∈ L(H,Hi) : i ∈ I } is a g-frame, the operators TΛ and T ∗Λ
in Proposition 2.3 are called synthesis operator and analysis operator of
Λ = {Λi ∈ L(H,Hi) : i ∈ I }, respectively.

Proposition 2.4. ([24]) Λ = {Λi ∈ L(H,Hi) : i ∈ I } is a g-frame for H if
and only if the synthesis operator TΛ is well-defined, bounded and onto.

We use some results which are proved in the context of pair frames [15, 16,
17]. The ordinary version of the next theorem which is proved in [15], can be
extended easily to the general case.

Theorem 2.5. ([15]) Λ = {Λi ∈ L(H,Hi) : i ∈ I } is a g-Bessel sequence for
H if and only if the operator

SΛ : H −→ H, SΛ =
∑
i∈I

Λ∗iΛif, (4)

is a welldefined operator. In this case SΛ is bounded.

Theorem 2.6. ([16]) Λ = {Λi ∈ L(H,Hi) : i ∈ I } is a g-frame for H if and
only if the operator

SΛ : H −→ H, SΛ =
∑
i∈I

Λ∗iΛif,

is a welldefined invertible operator. In this case SΛ is bounded.

SΛ is called the g-frame operator of Λ = {Λi : i ∈ I } and it is known
[25] that SΛ is a positive and

AI ≤ SΛ ≤ BI,

where A and B are the frame bounds. Every f ∈ H has an expansion
f =

∑
i Λ∗iΛiS

−1
Λ f . One of the most important advantages of g-frames is

a resolution of identity
∑
i Λ∗iΛiS

−1
Λ = I.

2.2 Multipliers of g-frames

The concept of multipliers for g-Bessel sequences introduced by the first author
in [28] and some of their properties will be shown.

Definition 2.7. Let Λ = {Λi ∈ L(H,Hi) : i ∈ I } and Θ = {Θi ∈ L(H,Hi) :
i ∈ I } be g-Bessel sequences. If for m = {mi} ⊆ C, the operator

M = Mm,Λ,Θ : H→ H

M(f) =
∑
i

miΛ
∗
iΘif (5)

is welldefined, then M is called the g-multiplier of Λ,Θ and m.
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If m = (mi) = (1, 1, 1, ...) and M = I, (Λ,Θ) is called a pair dual (i.e.
I =

∑
i∈I Λ∗iΘi ).

Let {λi} and {ϕi} be Bessel sequences and m ∈ `∞, consider the corre-
sponding g-Bessel sequences Λi· = 〈·, λi〉 and Θi· = 〈·, ϕi〉. For any f ∈ H we
have:

Mm,Λ,Θ(f) = Mm,(λk),(φk)(f) =
∑
i

mi〈f, ϕi〉λi.

It is easy to show that the adjoint of Mm,Λ,Θ is Mm,Θ,Λ.

Lemma 2.8. ([28]) If Θ = {Θi ∈ L(H,Hi) : i ∈ I } is a g-Bessel sequence
with bound BΘ and m = (mi) ∈ `∞, then {miΘi}i∈I is a g-Bessel sequence
with bound ‖m‖∞BΘ.

Like weighted frames [4], {miΘi}i∈I can be called weighted g- frame (g-
Bessel). By using the synthesis and the analysis operators of Λ and mΘ,
respectively, we can write

Mm,Λ,Θf =
∑
i

miΛ
∗
iΘif =

∑
i

Λ∗i (miΘi)f = TΛ{miΘif} = TΛT
∗
mΘf.

So
Mm,Λ,Θ = TΛT

∗
mΘ. (6)

If we define the diagonal operator

Dm :
(⊕

Hi

)
`2
→
(⊕

Hi

)
`2
,

Dm((ξi)) = (miξi)i∈I (7)

then
Mm,Λ,Θ = TΛDmT

∗
Θ. (8)

The notations in (6), (7) and (8) were used for proving the following proposi-
tions in [28] .

Proposition 2.9. ([28]) Let m ∈ `∞, Λ = {Λi ∈ L(H,Hi) : i ∈ I } be a
g-Riesz base and Θ = {Θi ∈ L(H,Hi) : i ∈ I } be a g-Bessel sequence. The
map m→Mm,Λ,Θ is injective.

Proposition 2.10. ([28]) Let Λ = {Λi ∈ L(H,Hi) : i ∈ I } and Θ = {Θi ∈
L(H,Hi) : i ∈ I } be g-Bessel sequences for H. If m = (mi) ∈ c0 and
(rankΘi) ∈ `∞, then Mm,Λ,Θ is compact.
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Proposition 2.11. ([28]) Let Λ = {Λi ∈ L(H,Hi) : i ∈ I } and Θ = {Θi ∈
L(H,Hi) : i ∈ I } be g-Bessel sequences for H. If m = (mi) ∈ `p and
(dimHi)i∈I ∈ `∞, then Mm,Λ,Θ is a Schatten p-class operator.

Corollary 2.12. ([28]) Let Λ = {Λi ∈ L(H,Hi) : i ∈ I } and Θ = {Θi ∈
L(H,Hi) : i ∈ I } be g-Bessel sequences for H.

1. If m = (mi) ∈ `1 and (dimHi)i∈I ∈ `∞, then Mm,Λ,Θ is a trace- class
operator.

2. If m = (mi) ∈ `2 and (dimHi)i∈I ∈ `∞, then Mm,Λ,Θ is a Hilbert-
Schmit operator.

3 Controlled g-frames

Weighted and controlled frames have been introduced recently to improve the
numerical efficiency of iterative algorithms for inverting the frame operator. In
[4], it was shown that the controlled frames are equivalent to standard frames
and it was used in the sense of preconditioning.

In this section, the concepts of controlled frames and controlled Bessel
sequences will be extended to g-frames and we will show that controlled g-
frames are equivalent g-frames.

Definition 3.1. Let C,C ′ ∈ GL+(H). The family Λ = {Λi ∈ L(H,Hi) : i ∈
I } will be called a (C,C ′)-controlled g-frame for H, if Λ is a g-Bessel sequence
and there exists constants A > 0 and B <∞ such that

A‖f‖2 ≤
∑
i∈I
〈ΛiCf,ΛiC

′
f〉 ≤ B‖f‖2, ∀f ∈ H. (9)

A and B will be called controlled frame bounds. If C ′ = I, we call Λ =
{Λi} a C-controlled g-frame for H with bounds A and B. If the second part
of the above inequality holds, it will be called (C,C ′)-controlled g-Bessel
sequence with bound B.

The proof of the following lemmas is straightforward.

Lemma 3.2. Let C ∈ GL+(H). The g-Bessel sequence Λ = {Λi ∈ L(H,Hi) :
i ∈ I } is (C,C)-controlled Bessel sequence (or (C,C)-controlled g-frame) if
and only if there exists constant B <∞ (and A > 0 )such that∑

i∈I
‖ΛiCf‖2 ≤ B‖f‖2, ∀f ∈ H

( or A‖f‖2 ≤
∑
i∈I
‖ΛiCf‖2 ≤ B‖f‖2, ∀f ∈ H).
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We call the (C,C)-controlled Bessel sequence and (C,C)-controlled g-
frame, C2-controlled Bessel sequence and C2-controlled g-frame with bounds
A,B.

Lemma 3.3. For C,C ′ ∈ GL+(H), the family Λ = {Λi ∈ L(H,Hi) : i ∈ I }
is a (C,C ′)-controlled Bessel sequence for H if and only if the operator

LCΛC′ : H→ H, LCΛC′f :=
∑
i∈I

C ′Λ∗iΛiCf,

is well defined and there exists constant B <∞ such that∑
i∈I
〈ΛiCf,ΛiC

′
f〉 ≤ B‖f‖2, ∀f ∈ H.

The operator

LCΛC′ : H→ H, LCΛC′f :=
∑
i∈I

C ′Λ∗iΛiCf,

is called the (C,C ′)-controlled Bessel sequence operator, also LCΛC′ = CSΛC
′.

It follows from the definition that for a g-frame, this operator is positive and
invertible and

AI ≤ LCΛC′ ≤ BI.

Also, if C and C ′ commute with each other, then C ′, C ′−1, C, C−1 commute
with LCΛC′ , CSΛ, SΛC

′ .
The following proposition shows that any g-frame is a controlled g-frame

and versa. This is the most important advantage of weighted and controlled
g-frame in the sense of precondition.

Proposition 3.4. Let C ∈ GL+(H). The family Λ = {Λi ∈ L(H,Hi) : i ∈ I }
is a g-frame if and only if Λ is a C2-controlled g-frame.

Proof 3.5. Suppose that Λ is a C2-controlled g-frame with bounds A,B. Then

A‖f‖2 ≤
∑
i∈I
‖ΛiCf‖2 ≤ B‖f‖2, ∀f ∈ H,

For f ∈ H

A‖f‖2 = A‖CC−1f‖2 ≤ A‖C‖2‖C−1f‖2 ≤ ‖C‖2
∑
i∈I
‖ΛiCC−1f‖2

= ‖C‖2
∑
i∈I
‖Λif‖2.
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Hence

A‖C‖−2‖f‖2 ≤
∑
i∈I
‖Λif‖2, ∀f ∈ H.

On the other hand for every f ∈ H,∑
i∈I
‖Λif‖2 =

∑
i∈I
‖ΛiCC−1f‖2 ≤ B‖C−1f‖2 ≤ B‖C−1‖2‖f‖2.

These inequalities yields that Λ is a g-frame with bounds A‖C‖−2, B‖C−1‖2.
For the converse assume that Λ is g-frame with bounds A′, B′. Then for all
f ∈ H,

A′‖f‖2 ≤
∑
i∈I
‖Λif‖2 ≤ B′‖f‖2.

So for f ∈ H, ∑
i∈I
‖ΛiCf‖2 ≤ B′‖Cf‖2 ≤ B′‖C‖2‖f‖2.

For lower bound, the g-frameness of Λ shows that for any if f ∈ H,

A′‖f‖2 = A′‖C−1Cf‖2 ≤ A′‖C−1‖2‖Cf‖2 ≤ ‖C−1‖2
∑
i∈I
‖ΛiCf‖2.

Therefore Λ is a C2-controlled g-frame with bounds A′‖C−1‖−2, B′‖C‖2.

Proposition 3.6. Assume that Λ = {Λi : i ∈ I } is a g-frame and C,C ′ ∈
GL+(H), which commute with each other and commute with SΛ. Then Λ =
{Λi : i ∈ I } is a (C,C ′)-controlled g-frame.

Proof 3.7. Let Λ be g-frame with bounds A,B and m,m′ > 0,M,M ′ < ∞
so that

m ≤ C ≤M, m′ ≤ C ′ ≤M ′.

Then

mA ≤ CSΛ ≤MB,

because C commute with SΛ. Again C ′ commutes with CSΛ and then

mm′A ≤ LCΛC′ ≤MM ′B.
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4 Multipliers of Controlled g-frames

Extending the concept of multipliers of frames, in this section, we will define
controlled g-frame’s multiplier for C-controlled g-frames in Hilbert spaces.
The definition of general case (C,C ′)-controlled g-frames goes smooth.

Lemma 4.1. Let C,C ′ ∈ GL+(H) and Λ = {Λi ∈ L(H,Hi) : i ∈ I },
Θ = {Θi ∈ L(H,Hi) : i ∈ I } be C ′

2
and C2-controlled g-Bessel sequences for

H, respectively. Let m ∈ `∞. The operator

MmCΘΛC′ : H→ H

defined by

MmCΘΛC′f :=
∑
i∈I

miCΘ∗iΛiC
′f

is a well-defined bounded operator.

Proof 4.2. Assume Λ = {Λi ∈ L(H,Hi) : i ∈ I }, Θ = {Θi ∈ L(H,Hi) :

i ∈ I } be C ′
2

and C2-controlled g-Bessel sequences for H with bounds B,B′,
respectively. For any f, g ∈ H and finite subset J ⊂ I,

‖
∑
i∈J

miCΘ∗iΛiC
′f‖ = sup

g∈H,‖g‖=1

‖
∑
i∈J

mi〈ΛiC ′f,ΘiC
∗g〉‖

≤ sup
g∈H,‖g‖=1

∑
i∈J
|mi|‖ΛiC ′f‖‖ΘiC

∗g‖

≤ sup
g∈H,‖g‖=1

‖m‖∞
(∑
i∈I
‖ΘiC

∗g‖2
) 1

2
(∑
i∈J
‖ΛiC ′f‖2

≤ ‖m‖∞
√
BB′‖f‖

This shows that MmCΘΛC′ is well-defined and

‖MmCΘΛC′‖ ≤ ‖m‖∞
√
BB′.

Above Lemma ia a motivation to define the following definition.

Definition 4.3. Let C,C ′ ∈ GL+(H) and Λ = {Λi ∈ L(H,Hi) : i ∈ I },
Θ = {Θi ∈ L(H,Hi) : i ∈ I } be C ′

2
and C2-controlled g-Bessel sequences for

H, respectively. Let m ∈ `∞. The operator

MmCΘΛC′ : H→ H

defined by

MmCΘΛC′f :=
∑
i∈I

miCΘ∗iΛiC
′f, (10)

is called the (C,C ′)-controlled multiplier operator with symbol m.
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By using representations (6) and (8), we have

MmCΘΛC′ = CMmΘΛC
′ = CTΘDmT

∗
ΛC
′.

The proof of Proposition 4.7. of [28] shows that if m = (mi) ∈ `p and
(dimHi)i∈I ∈ `∞, then the diagonal operator Dm is a Schatten p-class op-
erator. Since Sp is a ∗-ideal of L(H) so we have:

Theorem 4.4. Let Λ = {Λi ∈ L(H,Hi) : i ∈ I } and Θ = {Θi ∈ L(H,Hi) :
i ∈ I } be controlled g-Bessel sequences for H. If m = (mi) ∈ `p and
(dimHi)i∈I ∈ `∞, then MmCΘΛC′ is a Schatten p-class operator.

And

Corollary 4.5. Let Λ = {Λi ∈ L(H,Hi) : i ∈ I } and Θ = {Θi ∈ L(H,Hi) :
i ∈ I } be controlled g-Bessel sequences for H.

1. If m = (mi) ∈ `1 and (dimHi)i∈I ∈ `∞, then MmCΘΛC′ is a trace- class
operator.

2. If m = (mi) ∈ `2 and (dimHi)i∈I ∈ `∞, then MmCΘΛC′ is a Hilbert-
Schmit operator.

Acknowledgements
Some of the results in this paper were obtained during the first author vis-

ited the Acoustics Research Institute, Austrian Academy of Sciences, Austria,
he thanks this institute for their hospitality.

References

[1] A. Aldroubi, C. Cabrelli, U. Molter, Wavelets on irregular grids with
arbitrary dilation matrices and frame atomics for L2(Rd), Appl. Comput.
Harmon. Anal. 17 (2004) 119–140.

[2] M. L. Arias, M. Pacheco, Bessel fusion multipliers, J. Math. Anal. Appl.
348(2) (2008), 581–588.

[3] P. Balazs, Basic definition and properties of Bessel multipliers, J. Math.
Anal. Appl. 325(1) (2007) 571–585.

[4] P. Balazs, J.P. Antoine, A. Grybos, Wighted and Controlled Frames, Int.
J. Wavelets Multiresolut. Inf. Process. 8(1) (2010) 109–132.

[5] P. Balazs, W.A. Deutsch, A. Noll, J. Rennison, J. White, STx Pro-
grammer Guide, Version: 3.6.2. Acoustics Research Institute, Austrian
Academy of Sciences, 2005.



234 Asghar Rahimi and Abolhassan Fereydooni

[6] P. Balazs, B. Laback, G. Eckel, W.A. Deutsch, Introducing time-frequency
sparsity by removing perceptually irrelevant components using a simple
model of simultaneous masking. IEEE Transactions on Audio, Speech and
Language Processing, forthcoming:–, 2009.

[7] I. Bogdanova, P. Vandergheynst, J.P. Antoine, L. Jacques, M. Morvidone,
Stereographic wavelet frames on the sphere, Applied Comput. Harmon.
Anal. (19) (2005) 223–252.

[8] P.G. Casazza, G. Kutyniok, Frames of Subspaces, Wavelets, Frames and
Operator Theory, Amer. Math. Soc. 345 (2004) 87–113.

[9] O. Christensen, Y.C. Eldar, Oblique dual frames and shift-invariant
spaces, Appl. Comput. Harmon. Anal. 17 (2004) 48–68.

[10] Ph. Depalle, R. Kronland-Martinet, B. Torrésani, Time-frequency multi-
pliers for sound synthesis. In Proceedings of the Wavelet XII conference,
SPIE annual Symposium, San Diego, August 2007.

[11] M. Dörfler, B. Torrésani, Representation of operators in the time-
frequency domain and generalized gabor multipliers. J. Fourier Anal. Appl.
(2009).

[12] M. Dörfler, Gabor analysis for a class of signals called music, Ph.D.
thesis, University of Vienna, 2003.

[13] Y.C. Eldar, Sampling with arbitrary sampling and reconstruction spaces
and oblique dual frame vectors, J. Fourier Anal. Appl. 9 (2003) 77–96.

[14] H.G. Feichtinger, K. Nowak, A first survey of Gabor multipliers,
Birkhauser, Boston, 2003, Chapter 5, 99-128.

[15] A. Fereydooni, A. Safapour, Banach pair frames.

[16] A. Fereydooni, A. Safapour, Pair frames, arXiv:1109.3766v2.

[17] A. Fereydooni, A. Safapour, A. Rahimi, Aadjoint of pair frames, Politehn.
Univ. Bucharest Sci. Bull. Ser. A Appl. Math. Phys 2013.

[18] M. Fornasier, Decomposition of Hilbert spaces: local construction of global
frames, Proc. Int. Conf. on Constructive function theory, Varna, B. Bo-
janov Ed., DARBA, Sofia, 2003 275–281.

[19] M. Fornasier, Quasi-orthogonal decompsition of structured frames, J.
Math. Anal. Appl. 289 (2004) p 180–199.



Controlled G-frames and their G-multipliers in Hilbert Spaces 235

[20] H. Heuser, Functional analysis, John Wiley, New York, 1982.

[21] S. Li, H. Ogawa, Pseudoframes for subspaces with application, J. Fourier
Anal. Appl. 10 (2004) 409–431.

[22] G. Matz, F. Hlawatsch, Linear Time-Frequency Filters: On-line Algo-
rithms and Applications, chapter 6 in ’Application in Time-Frequency
Signal Processing’, pp. 205–271. eds. A. Papandreou-Suppappola, Boca
Raton (FL): CRC Press, 2002.

[23] G. Matz, D. Schafhuber, K. Gröchenig, M. Hartmann, F. Hlawatsch,
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