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Existence results for boundary value problems
of arbitrary order integrodifferential equations
in Banach spaces

K. Karthikeyan and Bashir Ahmad

Abstract
We study a boundary value problem of fractional integrodifferential
equations involving Caputo’s derivative of order o € (n — 1,n) in a Ba-
nach space. Existence and uniqueness results for the problem are estab-
lished by means of the Holder’s inequality together with some standard
fixed point theorems.

1 Introduction

The study of fractional differential equations has recently gained much at-
tention due to extensive applications of these equations in the mathematical
modelling of physical, engineering and biological phenomena. Examples and
details concerning the development of the theory, methods and applications
of fractional calculus can be found in the books [9], [11] and papers [1], [3],
[4], [6], [7]. For some results on boundary value problems of fractional inte-
grodifferential equations, we refer to the papers [2], [5], [12] and the references
therein.

In this paper, we study the existence and uniqueness of solutions for the
following boundary value problem of nonlinear fractional integrodifferential
equations (BVP)

Dy(t) = f(t,y(t), (Gy)(), (Sy)(t)), t € J =[0,T],
y(0) = yo, ¥'(0) =uh, ¥"'(0) =93, -, y" "1 (0) =y 2, (1)
y"=I(T) = yr,
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156 K. KARTHIKEYAN AND B. AHMAD

where a € (n — 1,n), °D® is the Caputo fractional derivative of order «,
f:JxX xX — X is a given continuous function, X is a Banach space and
Yo, ¥b (i=1,2,--- ,n—2,n>2 nisan integer), yr are some elements of X
and G, S are integral operators given by

(Gy)(t) = / Fa(t, $)y(s)ds,

and
t

(Sy)(t) = | ka(t, s)y(s)ds

0
with

t t
Yo = max/ k1(t,s)ds, y1 = max/ ko(t, s)ds,
0 0

ki,ko € C([O,T] X [O,T],R+).

The paper is organized as follows. In Section 2, we recall some concepts of
fractional calculus and known results. In Section 3, we present main results:
the first result is based on Banach contraction principle, while the second
one is obtained by applying Schaeffer’s fixed point theorem. An illustrative
example is also presented.

2 Preliminaries

Let C(J, X) denotes the Banach space of all continuous functions from J into
X with the norm [|y||e := sup{||y(¢)|| : t € J}. For measurable functions

1
m : J — R, define the norm ||m/| > () = (/ |m(t)|pdt) <00, 1<p< oo,
J

where LP(J,R) is the Banach space of all Lebesgue measurable functions.
Now let us recall some basic concepts of fractional calculus ([8], [10]).

Definition 2.1. For at least (n— 1)-times continuously differentiable function
h:]0,00) — R, the Caputo derivative of fractional order g is defined as

: 1 !
°DIh(t) = ] / (t—s)"" M (s)ds, n—1<q<n,n=][q+1,
0

I'(n—gq

where [¢] denotes the integer part of the real number q.
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Definition 2.2. The Riemann-Liouville fractional integral of order ¢ is defined
as

q 1 L h(s)
1(t) = g /O ot 4> 0

provided the integral exists.

Lemma 2.1[8]. For a > 0, the general solution of fractional differential
equation °Dh(t) = 0 is

h(t) = co + c1t + Cot? + - Fep g t" L,
where ¢c; e R, 1 =0,1,2,---, n— 1.
Lemma 2.2. Let a > 0. Then
I*(°D*h)(t) = h(t) +co + c1t + cot> + -+ cp1t" 1,
for some ¢; €eR,i=0,1,2,--- ;n—1,n=—[—q].

Definition 2.3. A function y € C(J, X) with its a-derivative existing on J
is said to be a solution of the fractional BVP (1.1) if y satisfies the equation
cDy(t) = f(t,y(t), (Gy)(t), (Sy)(t)) a.e. on J, and the conditions y(0) =
yo, ¥'(0) =g, ¥"(0) = w5, , y"I(0) =552, y" D) = yr.

To define the solution for problem (1), we need the following auxiliary
lemma.

Lemma 2.3. Let f: J — X be a continuous. A function y € C(J, X) is a
solution of the fractional integral equation

y(t) = %a) / (t— )21 f(s)ds
tnfl

T —
(=DM (a—n+ 1)/0 (T — 5)°~"f(s)ds

n—2

1 y% 2 Yo
t+ 2
+y0 + y() * 2! * * (’I’L — 2)

Yyr tnfl

tn72
R s TR

if and only if y is a solution of the problem

cD(t)=f(t), te J=1[0,T], « € (n —1,n),
y(0) = yo, ¥'(0) =ug, ¥ (0) =w3,--, v (0) =952, (2)
y"=I(T) = yr,
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Proof. The proof is based on Lemma 2.2 and employs the standard arguments,
for instance, see [1]. So we omit it.

In view of Lemma 2.3, we define the solution of (1) as follows.

Lemma 2.4. Let f:J x X x X x X — X be continuous function. Then
y € C(J,X) is a solution of the fractional integral equation

y(t) = F(1(1)/0(15S)°‘1f(s,y(8),(Gy)(S),(Sy(S)))ds
tn—l

T T [, (€ 9T () (G o) (Su(s))is

n—2

1 y% 2 Yo 2 yr 1
t 7t . 7tn— 7tn—
SRS T N e T S Fop DL

if and only if y is a solution of the fractional BVP (1.1)

In the sequel, we need the following results.

Lemma 2.5. (Bochner theorem) A measurable function f: J — X is Bochner
integrable if || f|| is Lebesgue integrable.

Lemma 2.6. (Mazur lemma) If X is a compact subset of X, then its convex
closure convX is compact.

Lemma 2.7. (Ascoli-Arzela theorem) Let 8 = {s(¢)} is a function family of
continuous mappings s : [a,b] — X. If § is uniformly bounded and equicontin-
uous, and for any t* € [a, b], the set {s(t*)} is relatively compact, then there ex-
ists a uniformly convergent function sequence {s,(t)}(n =1,2,--- ,t € [a,b])
in 8.

Theorem 2.8. (Schaeffer’s fixed point theorem). Let F': X — X be com-
pletely continuous operator. If the set

E(F)={x € X :2=)Fz for some \* €[0,1]}

is bounded, then F' has fixed points.

3 Main results

To prove the main results, we introduce the following assumptions:
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(H1) The function f: Jx X x X x X — X is strongly measurable with respect
tot on J.

(Hs) There exists a constant «; € (0,«) and real-valued functions m;(t),
ma(t), ma(t) € L1 (J, X) such that

1f (8, 2(t), (Gz)(2), (Sx)(8)) — f(t y(t), (Gy)(D), (Sy) ()]
< mit)|lz =yl +m2(t)||Gz — Gyll + ms(t)[|Sz — Syl
for each t € J and z,y € X.

(H3) There exists a constant o € (0,c) and real-valued function h(t) €
L=z (J, X) such that
1 (¢, (Gy), (Sy)|| < h(t), for each t € J and all y € X,

with H = [h] o

(Hy) The function f:J x X x X x X — X is continuous.

(Hs) There exist constants A € [0,1 — 7) for some 1 < p < X and N > 0
such that

£ (&, u, Gu, Su)|| < N1 +ollul|* +y1llul|*) for each t € J and all u € X.

Our first result is based on Banach’s contraction principle. For the sake of
convenience, we set the notation:

M = .
[m1 + yoma + 71m3||Lﬁ(J’X)

Theorem 3.1. Assume that (H;) — (Hs) hold. If

M To ™ M To—ai
Qa n =
T D) (2=er)i-m + (n—1)IT(a —n + 1) (e=u=ndlyi-a

1—ay 1—a;

<1, (3)

then the problem (1) has a unique solution on J.

Proof. For each t € J, we have

/ H )" f (s y(s), (Gy)(S),(Sy(s)))Hds

< (/0 (t—s)i-ez a2d5>1a2(/0t(h(s))alzds)a2
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(/Ot(t— s)fléds>1a2(/oT(h(s))aéds>a2

To-o

= e
Thus, ||(t — )1 f(s,y(s), (Sy)(s), (Gy(s)))| is Lebesgue integrable with re-
spect to s € [0,¢] for all t € J and y € C(J,X). Then (t — s)*~1f(s,y(s),
(Gy)(s), (Sy(s))) is Bochner integrable with respect to s € [0,¢] for all t € J
by Lemma 2.5. Since

IN

ds

T
[ R A RO NCHIRE )]

(/OT(T - s)f“—«iéds> o </()T(h(s))alzds) "

Ta7a27n+1H

S (e

IN

therefore, ||[(T — s)*~ ™ f(s,y(s), (Gy)(s), (Sy)(s))| is Lebesgue integrable with
respect to s € [0,T] for all t € J and y € C(J, X). Hence (T — s)*" f(s,y(s),
(Gy)(s), (Sy)(s)) is Bochner integrable with respect to s € [0,T] for all t € J
by Lemma 2.5.

Let us choose

HTo 2 HTe«2 11—y

> 1—as
"= D(a)(§=52) + (n—DIT(a—n+1) (a —ar—n+ 1)
2 n—2
| 19oll o 190"l 2 Nzl s
T4 Wollg2 4
+lyoll + llyo T + 21 +ot (n—2)! + (n—1)!

Now we define an operator F on B, :={y € C(J,X) : ||y|| <r} by

(Fy)(t) = ﬁ / (t— )21 f(s,9(5), (Gy)(5). (Sy)(s))ds

tn—l

(n=1)I0(a—n+1) ./o (T =971 (5,5(s), (Gu)(s), (Su){s))ds

n—2

2
tyo+ydt+ D2y D

yr tnfl
2! (n—2)

(n—1)! ’

Observe that the problem (1) has solutions if the operator F' has fixed points
on B,.. It will be shown by means of Banach contraction principle that F' has
a fixed point. The proof is divided into two steps.

TAR teld. (4
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Step 1. F'y € B, for every y € B,.
For every y € B, and any 6 > 0, by (Hs3) and the Holder’s inequality, we get

[(Ey)(t +96) = (Fy) D

t+46
< Hﬁ / (t+6 = 5)" " f(s,y(s), (Gy)(s), (Sy)(s))ds

—ﬁ/o (= )" Fl5,y(s), (Gy)(s), (Sy)(s)ds|
(t—l—(S)n_l T .
+H (n—1)T(a—n+1) /0 (T = 5)* " f(s,y(s), (Gy)(s), (Sy)(s))ds
tnfl T
T L T e (G o) (S 9|
+Hy3(t +o—t)+ Z—(?[(t I L (7?;/3__;! (£ + 8)"2 — 172
+(ny_Tl)! ¢+ 0y — 1
1

= @/0 [(t+8 =) = (t— )" f(5,9(5), (Gy)(s), (Sy)(s))]|ds

1 t+0 -
+@/t (t+6— ) I f(s,5(5), (Gy)(s), (Sy)(s)) | ds
[(t+ o)t — 1)
(n—DIMNa—n+1)

2
gl -0+ 00y gy oy

T
/0 (T = 5)* "1 f(s,y(s), (Gy)(s), (Sy)(s))llds
lys I

(n - 2)' [(t 4 5)7172 _ tn72]

+(ny_Tﬂ)! [(t+8) " — ]

1 ! a—1 a—1
< m/0[(t+5—s) (= ) h(s)ds

t+6
+ﬁ/t (t+0—5)*'h(s)ds
[t + o)t — e
(n—1)TM(a—n+1

e o — o)+ L8 g2 - B gys

T
)/0 (T — s)* "h(s)ds

Hy || n—1 n—1
+ﬁ[(t+6) —
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< [iera—ort—oornmas) 7 ( [nenhas)”
+I‘(1a)</tt+5(t 6 s)f‘éds) o (/tt+6(h(s))a12ds> b
&Tjgé_g!%<AZT—534%)F%(AZM@ﬁmQ%

||yT|| '[(t + 6)n—1 _ tn—l]

-1
< e [lero—am = —emgm) ([ aeda)”
+%) /tm(t 8- S)laalzds) o (/;H(h(s))o}zds) b
n—1 T o 1—a T 1 o
+gﬁg)<—;+$<A<Tﬁ“@@> (L(M$%m§
L FA—

e+ -0+ 184 57—y 4y

-1 _ tnfl]

tn—2]

lyr||
t+o)"
R (A
H ((t46)7=e  §ies  pimes \ 17
T Ta—as | a—as

F(a) S 1—aq 1—as

1—as
N H 5 1 az 1-as [(t + 5)71—1 _ tn—l] Ta—ozz—n-i-lH
[(a) ?7:222 (n—DT(a—n+1) (L*?;:Jrl )lfaz
1 5— [l s ) llvo 2H §yn—2 _ gn—2
N6 =)+ B+ 0)2 = 2 o B ot

1 _ tnfl].

lyr| -
t+ )"
i+ o
It is obvious that the right-hand side of the above inequality tends to zero as
0 — 0. Therefore, F' is continuous on J, that is, Fy € C(J, X). Moreover, for

y € B.and all t € J, we get

I(E9) ()]
1{4@—6W’Wﬂ&MﬂJGw@L@w®»M8

= T
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tnfl

T
L P / (T — )| £ (s, 9(s). (Gy)(5). (Sy)(s)l|ds

[ 1961l 7 72—
+ﬂmH+H%WT+A§%TQ+'“+(nizﬂT 2+(g:TﬁT '
1/t o
< @/0 (t —5)* 'h(s)ds
tn—l T
- T — 5)* "h(s)d
(n—nmw—n+1yé( 8)* " h(s)ds
[ 7 [ [ -
+llyoll + llyo 1T + 2(!) T2+"'+(n0_2)!T 2+(n_1)!T '
1 t a=1 1-az ¢ a 2
Sra(f o) ([ oerte)
[ t+5)n71 _ (t)nfl] /T an 1—a2 /T s
T —s)T=ezd h(s))zd
T DmMa—ngn\ ), T-97mds | (h(s)mds
| e e P 77 | oot
+||y0|| + ”yOHT+ 9! " + + (n _ 2)'T + (Tl _ 1);T
HTo—oe HTo—0
< a—as\l—a + 1—aq
P@)(T=22)'7  (n— DID(a — n + 1)(2=g2zntl)

2 n—2

(n—2)! (n—1)!
S T’

which implies that ||Fy|loc < 7. Thus, we can conclude that for all y €

B,, Fy € B,, that is, F : B, — B,.
Step 2. F is a contraction mapping on B,.
For z,y € B, and any t € J, using (H2), the Holder’s inequality and

1/ (s, 2(s), (Gx)(5), (S2)(s)) = f(s,9(s), (Gy)(s), (Sy)(s))l

< ma(s)l|lz(s) — y(s)ll + ma(s)|Ga(s) — Gy(s)l| + ma(s)[|Sz(s) — Sy(s)]l

= p(s),
we get

[(Fz)(t) = (Fy) (D]

1 tnfl

s (foare)”

K T
- — s a—1 $)ds . o s
r(oo/o“ ) e()ds + G T D) / (T = )"~ p(s)d
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(o5}

x ( / (ma(s) + voma(s) + %ms(S))“lld8>

+(n - 1)&:;@1_ —— (/OT(T ) s)md8> .

<[ " (ma(5) + yomas) + Mmz(S))alch)al

< M T n M Te—
- I'a) F(a)(cl‘:—gll)l*al (n—1DIMNa—n+1) (%ﬁ“)l—al
X[z = ylloo-

So we obtain
[Fz — Fylloo < Qa,rnllz — ylloo-

Thus, F' is contraction by the condition (3). Hence, by Banach contraction
mapping principle, the operator F has a unique fixed point which is the unique
solution of the problem (1).

Our next result is based on Schaeffer’s fixed point theorem.

Theorem 3.2. Assume that (H;), (Hy) and (Hs) hold. Then the problem
(1) has at least one solution on J.

Proof. As before, let F' : C(J,X) — C(J,X) be the operator defined by
(4). We will show that F satisfies the hypotheses of Theorem 2.8. The proof
consists of several steps.

Step 1. F is a continuous operator.

Let {y,} be a sequence such that y,, — y in C(J,X). Then for each t € J,
using the continuity of f, we have

1 Fyn — Fylloo

IN

T n T
MNa+1) (m-DT'(a—n+2)
X Coyn (), (GyIn (), (SYIn () = F (90, (Gy) (), (SY)())lleo — 0
as n — oo.
Step 2. F maps bounded sets into bounded sets in C(J, X).
Indeed, it is enough to show that for any n* > 0, there exists a I > 0 such that

for each y € By = {y € C(J, X) : |lylloo < 1"}, we have ||[Fy|loc < 1.
For each t € J, by (Hy), we get

I(Fy) (@)l
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N(1 A At
< (I +lyl™ +nllyll )/(t_s)aflds
I'(a) 0
N(1 A A Tn—l T
FRULES TR ok P
(n—DT(a—n+1) 0
+Hy ||—|—||y1||T—|— Hyg”TQ_’__’_ ”y(T)liZH Tn72_’_ ”yTH Tnfl
0 0 2! (n—2)! (n—1)!
N(1 *\ A *\ A t
< (I +m)* + 1) )/(t_s)a_lds
['(a) 0
T—1N((1 £\ A *\ A T
+ (( +’YO(77 ) +71(77 ) )/ (T*S)ainds
(n—1Ma—n+1) 0
0 0 2! (n—2)! (n—1)!
1 1
< TN(1 ) )
< (ot oo ) TN 0l )
2 n—2
O PP 1 [PPSR 73] I
Hloll+ AT + TGP g BT ’

which implies that
[1Fylloc < 1.

Step 3. F maps bounded sets into equicontinuous sets of C'(J, X).
Let 0 <t; <ty <T, y € By+. Using (Hy) again, we have

I(Fy)(t2) = (Fy) ()]l

N(L+70llylI* + 7 llyl*) /t1 1 1
< (ta —8)* " — (t1 — 8)* ]ds
v RCEr )]
N (L +0llyl* +nllyl*) /tz 1
+ to —s) ds
() , 277
T R R A o
(n—DT(a—n+1) J, Tollgll T lly
+|| 1||(t —t )+ ||y(2)|| (t2 —t2) R ”ygiQH (tn72 _tn72)
Yo 2 1 2 2 1 (’I”L—2)' 2 1
||yT|| n—1 n—1
N(1+ *\ A + £\ t1 3 o
< ( 70(77 ) 71(77 ) ) (/ [(t2 . S)Q 1 (tl _ 5) 1]d8
['(a) 0
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ta
+/ (ta — s)o‘lds>
t1

(13 — tHN((L+vm)* + 1 (n*)™) [T a—n
+ (n—l)'F(O—n+1) /0 (T — )" "ds

“l

bl =)+ 18—ty oo W e g
+(T|L|yTl)|(tgl _t?il)
N(l + (W*)A + 71(7]*)>\) « o

< 01“(a+1) (t5 —t7)

T "IN+ 30 + ("))
(n—1DIMN(a—n+2)

(ty" =7

+lyoll(ta — t1) + —”g?” (t3—t3) +---+ (”y_ 2;' (th=2 — 772
||yTH n—1 n—1
(g g,
+ (n . 1)|( 2 1 )

As ty — t1, the right-hand side of the above inequality tends to zero, therefore
F' is equicontinuous.
Now, let {yn}, n=1,2,--- be a sequence on B,-, and

(Fyn)(t) = (Fiyn)(t) + (Fayn) (t) + (F3y)(t), te€J,

where
(Fiyn)(t) = 1/t(f—8)a_1f(8 Yn (), (GY)n(5), (Sy)n(s))ds, te€J.
19n F(O[) o s Yn 5 n 5 n 5 5
tnfl
(Foyn)(t) = 7(n— DM —n+1)
<[ = 09, G 9. (S0) (s €
2 n—2
(Fsp)(t) = wo+yht+20 AR (y(: 2)!75”‘2+ (n?iT1)! loted

In view of the condition (H5) and Lemma 2.6, we know that conv K is
compact. For any t* € J,

(Fuyn)(t*) = % zf:z;( -*>a—1
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< (o () @m0 53D )
’

= @gnla

where

k o\ a—1 it* it* it* it*
b= tim 31 (v=5) 1(Fn(F ) @ snp) )

Since conv K, is convex and compact, we know that £,; € conv K;. Hence, for
any t* € J, the set {(F1y,)(t*)} is relatively compact. By Lemma 2.7, every se-
quence {(F1y,)(t)} contains a uniformly convergent subsequence {(Fiyx, )(t)},
k=1,2,--- on J. Thus, the set {F1y :y € B,-} is relatively compact.

Set
tn—l
(n—DTa—n+1)

></0 (= 5)*7"f(5:4n(s), (Gyn)(s), (Syn)(s))ds, L€ J,

(Fayn)(t) = -

For any t* € J,

(t*)n—l
(n—DT(a—n+1)

k . a—n . . . .
) tr (it it* it* it* it*

_ (t*)n
T =D (a-n+ 1)5"2’

(Fsyn)(t") = —

where

a1, N\ i (it it* it*

Since conv K5 is convex and compact, we know that £,2 € conv K5. Hence, for
any t* € J, the set {(Fyy,)(t*)} is relatively compact. By Lemma 2.7, every
{(Fyy,)(t)} contains a uniformly convergent subsequence {(Fayy,,)(t)}, k =
1,2,--- on J. In particular, the sequence {(Fsy,)(t)} contains a uniformly
convergent subsequence {(Fay,, )(t)}, k=1,2,--- on J. Thus, the set {Fyy :
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y € B~} is relatively compact.

Similarly, the set {F3y : y € By} is relatively compact. As a result, the set
{Fy :y € By} is relatively compact. In view of steps 1-3, we conclude that
F' is continuous and completely continuous.

Step 4. A priori bounds.

Now it remains to show that the set

E(F)={yeC(J,X):y=\Fy, for some \* € [0, 1]}

is bounded.
Let y € E(F), then y = A*Fy for some A* € [0,1]. Thus, for each t € J, we
have

y(t) = A(F(la) / (t— )27 £ (5, 9n(5), (Gyn)(5). (Sum) (s))ds

tn_l
S n—-DIT(a—n+1

T
) / (T — )% (5,4 (5), (Gun)(5). (Sum)(5))ds

Yo yo > yr

1 2 0 n—2 n—1
02 0y t .
+y0 ot + 5t + +(n_2)! +(n_1)! )

For each t € J, we have

WOl < 1EDQ]
N+ ol +nll) [ ey,
o / (t—5)° 1)

N(l + ’YOHyH)\ + ’ylHy”)\)Tn_l /T(T _ S)(x—nds
0

<

T - DM a—n+ 1)
1 Hy%ll 2 ||9372H n—2 lyrll -1
T T
1 1
< N(1 A A T“( )
2 n—2
1 lvoll 2 lvo "Il m—z , lyzll s
T+ —=-T T T
+Hlyoll + lyo T + ol tot (n—2)! + (n—1)!
= M*(say).
Thus, for every t € J, we have
[ylloe < M*.

This shows that the set E(F) is bounded. Hence, Theorem 2.8 applies and F’
has a fixed point which is a solution of the problem (1).
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Example 3.1. Let us define X = {y = (y1,92, -, Yp,...) : Yp — 0} with
the norm |[|y|| = sup, |y,| and consider the following fractional boundary value
problem

t1yy| | -

cpDI5/4y (1) — P 7/ (s—1) d

PO =g oy ¢ I
1

+7/ e (57D/2y (s)ds,

p

p(0) =0, y(0) =0, y(0) =0, y,(1) =0.

where t € [0,1], f = (f1, fos s fp, -..) with

I — 1/t e~ (s=0), (S)dHl/te(st)/zy (s)ds
P 3p(+lyl) 20 o i P Jo P

1t 1t
Guat) = o0 [ e (e)ds, Syt = [ e 02y, (s)as,
2p Jo P Jo
ki(t,s) = e 578 ky(t,s) = e~ (5=8/2 oy = (0,15/4). Moreover,

I[f (8, 2p(t), (Gp)(2), (Sp) (1)) = £ (£, yp (1), (Gyp) (1), (Syp) (1))
< ma(®)llzp = ypll + ma ()| Gy — Gypl| + ms(8)[|Sxp — Sypll,

mi(t) = t/3, ma(t) = 1/2, mi(t) = 1,7 = maxfot ki(t,s)ds = e — 1, 71 =
max [ ka(t, s)ds = 2(\/e — 1). Clearly

1 (8 2(8), (G)(t), (Sx)(8)) — f(t y(t), (Gy)(E), (Sy) (@)l
< mi(@)llx =yl +ma ()| Gz — Gyl + ms (1) Sz — Syl

Furthermore, with aq = 1/2, a =15/4,n=4,T = 1, we have

M = ~ 2.325242
Hm1 + Yoma +’Ylm3||Lﬁ([O,1],X) 325 ,
M Tee M To-o
Qoz,T,n a—o + a—a;—n
T@) (g - i+ 1) (g
~ 0.653451 < 1,

Thus, all the assumptions of Theorem 3.1 are satisfied. Therefore, the conclu-
sion of Theorem 3.1 applies to the problem (5).
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