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Necessary and sufficient conditions for the
boundedness of the anisotropic Riesz potential
in anisotropic modified Morrey spaces

Malik S. Dzhabrailov and Sevinc Z. Khaligova

Abstract

We prove that the anisotropic fractional maximal operator Mg,
and the anisotropic Riesz potential operator In., 0 < a < |o| are
bounded from the anisotropic modified Morrey space El,b,U(R") to
the weak anisotropic modified Morrey space qu,b,a (R™) if and only
if, a/|lo] <1-1/q¢ < a/(lo|(1=b)) and from L,s.o(R") to Lgs.e(R™)
if and only if, a/|o| <1/p—1/q¢ < a/((1—0b)|o|) . In the limiting case
W <p< ‘%‘ we prove that the operator M, , is bounded from

Lypo(R") to Loo(R™) and the modified anisotropic Riesz potential
operator I, is bounded from Ly ,(R™) to BMO,(R") .

1 Introduction

For z € R™ and t > 0, let B(xz,t) denote the open ball centered at z of
radius ¢ and GB(amt) =R™\B(z,t) . Let 0<b<1, 0= (01, - ,0,) with
0, >0 for i=1,---,n, |o|=01+-4+0, and t°2 = (t"'xq,...,t7"xz,)
for ¢t >0. For x € R" and ¢ >0, let E,(z,t) =[], (z; —t7, x; + 1)
denote the open parallelepiped centered at x of side length 2t for ¢ =
1

,...’n.
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By [3, 10], the function F(x,p) =Y., #2p~27i , considered for any fixed
x € R™ | is a decreasing one with respect to p > 0 and the equation F(z,p) =
1 is uniquely solvable. This unique solution will be denoted by p(z) . Define
p(x) =p and p(0) =0. It is a simple matter to check that p(x —y) defines
a distance between any two points z, y € R® . Thus R" , endowed with the
metric p , defines a homogeneous metric space ([3, 5, 10]). Note that p(x) is

1
equivalent to |z|, = max |z;|7 .
1<i<n
One of the most important variants of the anisotropic maximal function is
the so-called anisotropic fractional maximal function defined by the formula

Moo f(z) = sup | By (, £)|~-0/1°] / FWldy, 0<a <o,
t>0 E,(z,t)

where |E,(z,t)] = 2"tl°l is the Lebesgue measure of the parallelepiped
E,(x,t) .

It coincides with the anisotropic maximal function M, f = My, f and is
intimately related to the anisotropic Riesz potential operator

d
fnot@) = [ UM 0<a <ol
R |7 — ylo
If o =1, then M, = M,1 and I, = I,1 is the fractional maximal

operator and Riesz potential, respectively. The operators M, , My, , Io
and I,, play important role in real and harmonic analysis (see, for example
[4] and [35]).

Definition 1.1. Let 0 < b <1, 1 <p< oo and [ty = min{l,t}. We
denote by Ly, »(R™) anisotropic Morrey space, and by L, -(R™) the mod-

ified anisotropic Morrey space, the set of locally integrable functions f(x)
x € R™, with the finite norms

1/p
Ifll,,, = sup <t‘b"’/ If(y)l”dy> :
7 z€R™, t>0 E,(x,t)

1/p
—blo
Iflz,,. = suw ([th" / If(y)”dy>
o z€R™, >0 E,(z,t)
respectively.

Remark 1.1. Note that Ly, = Lp(R") and Ly, = Loo(R™) . If b <0
or b>1,then Lyp, =0 , where © is the set of all functions equivalent to
0 on R™. In the case 0 = 1 = ., 1) and b= % we get the classical

(1,
Morrey space Ly x(R") =L, x , (R ), 0<A<n.
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In the theory of partial differential equations, together with weighted
L, ,(R™) spaces, Morrey spaces L, (R™) play an important role. Morrey
spaces were introduced by C. B. Morrey in 1938 in connection with certain
problems in elliptic partial differential equations and calculus of variations (see
[25]). Later, Morrey spaces found important applications to Navier-Stokes
([22], [36]) and Schrodinger ([26], (28], [29], [31], [32]) equations, elliptic prob-
lems with discontinuous coefficients ([8], [11]), and potential theory ([1], [2]).
An exposition of the Morrey spaces can be found in the book [20].

The modified Morrey space EPJ,,U(R") firstly was defined and investigated
by [19] (see also [4]).

Note that

pro’g(R”) = Lp,O,cr(Rn) = L;D(Rn)v

Lpbo(R™) Cy Lppo(R™) N L,(R")  and
max{||fllz, .. Ifll,} < Iflz

p,b,o

(1.1)

and if b<0 or b>1,then Ly,;,(R") =L, ,(R")=6.

Definition 1.2. [6] Let 1 <p<oo,0<b<1. We denote by WL, ,R")
the weak anisotropic Morrey space and by sz7b7a(R”) the weak modified
anisotropic Morrey space as the set of locally integrable functions f(zx), x €
R™  with finite norms

1/p
1lhwe,,. =swr s (89 |{y e By(at): 1f) > rH)
s r>0 zeR™, t>0

1/p

—blo

1wz, =swr sw (10" [{y € Bo(a.0): |£(w)] > })
P r>0 xeR™, t>0

respectively.

Note that

WL,(R") = WLp0.,(R") = WLy0,(R"),
Lppo(R") CWLppo(R") and | flly < ||f||Lp’byg )
Lybo(R") C WLypo(®Y) and ||flyz,,. <Iflz,,. -

The anisotropic result by Hardy-Littlewood-Sobolev states that if 1 <
p < q<oo,then I,, is bounded from L,(R") to L,(R") if and only if
1

a = |o| (% - E) and for p=1< ¢ < o0, I, is bounded from L;(R™)

p,b,o

p,b,o

to WL,(R") if and only if a = |0] (1 - é) . Spanne (see [33]) and Adams
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[1] studied boundedness of the Riesz potential I, for 0 < a <n in Morrey
spaces L, » . Later on Chiarenza and Frasca [9] was reproved boundedness
of the Riesz potential I, in these spaces. By more general results of Guliyev
[13] (see also [14, 17]) one can obtain the following generalization of the results
in [1, 9, 33] to the anisotropic case.

Theorem A. Let 0 <a<|o| and 0<b< 1, 1§p<%.

If 1<p< % , then condition %—%
and sufficient for the boundedness of the operator I, . from Ly o(R™) to
LyboR™) .

2) If p=1, then condition 1 — % = ﬁ 18 necessary and sufficient
for the boundedness of the operator I, from Lipo(R™) to WLgp-(R") .

If a=(1-b)lo|(5—3),then b=0 and the statement of Theorem A re-
duces to the aforementioned anisotropic result by Hardy-Littlewood-Sobolev.

Recall that, for 0 < a < ||,

= ﬁ is necessary

Mo f(z) < 2" I, o (| f])(2), (1.2)

hence Theorem A also implies the boundedness of the fractional maximal
operator M, , . It is known that the anisotropic maximal operator M, is
also bounded from L4, to Lpp, forall 1 <p<oo and 0 <b <1,
which isotropic case proved by F. Chiarenza and M. Frasca [9].

In this paper we study the fractional maximal integral and the Riesz po-
tential in the modified Morrey space. In the case p = 1 we prove that the
operators My, and I,, are bounded from sz,a(R") to WE%I,,O(R”) if
and only if, a/|o] <1-1/¢ < a/((1-b)|o]) . In the case 1 < p < L=2el
prove that the operators M, , and I,, are bounded from Z%;,J(R") to
Lybo(R™) if and only if, a/|o| <1/p—1/q < a/((1—b)|o|) . In the limiting
case W <p< % we prove that the operator M, , is bounded from

we

Ep’b,U(R”) to Lo (R™) and the modified anisotropic Riesz potential operator
I, is bounded from L, ,(R") to BMO,(R") .

The structure of the paper is as follows. In section 2 the boundedness of
the anisotropic maximal operator in anisotropic modified Morrey space Ly~
is proved. The main result of the paper is the Hardy-Littlewood-Sobolev
inequality in anisotropic modified Morrey space for the anisotropic Riesz po-
tential, established in section 3. In section 4 we prove that the operator I,
is bounded from Ly, »(R™") to BMO,(R") for w <p< % .

By A < B we mean that A < CB with some positive constant C
independent of appropriate quantities. If A < B and B < A, we write
A=~ B and say that A and B are equivalent.



NECESSARY AND SUFFICIENT CONDITIONS FOR THE BOUNDEDNESS OF THE
ANISOTROPIC RIESZ POTENTIAL IN ANISOTROPIC MODIFIED MORREY SPACES 115

2 E,,M -boundedness of the maximal operator

Define fio(z) =: f(t°x) and [t];,4+ = max{1,¢} . Then

_lal
Virlly, =% £z,

‘ 1/p

_L| _

Ifeelly,,, =t"7 sup (T b\a\/ If(y)l”dy>
zeR™, r>0 E, (tox,tr)

(b 1)I |
11z 0.0

and

1/p
—blo
lfiellz,,. = sup ([rh ! / |fta<y>|pdy>
" z€R™, r>0 E,(z,r)

o] 1/p

_lol —blo

5 sup ([r]l ! / If(y)pdy>
z€R™, r>0 E,(tox,tr)

blo|/p v
- t o
r>0 \ [r]1 TER™, >0 Bo (t7w,tr)

blo|
— 51,5 Il

(2.1)

pb,a.

In this section we study the EPJ,,U -boundedness of the maximal operator
M, .

Lemma 2.1. Let 1<p<oo, 0<b< 1. Then

LpyoR") =Ly oR")NL,R")

and

11z, =max{Ifl,,. Iz, }-

Proof. Let f € Lpp,(R™) . Then from (1.1) we have that f € Ly (R™) N
Ly(R") and max{|Ifl,, I/l } < I/l

p,bo
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Let now f € Lypo(R™)NLy(R™) . Then

1/p
I1z,,, = s (67 [ Jrwrdy
P27 zER™E>0 E,(z,t)

1/p 1/p
—max{  sup (t / |f<y>|de),sup ( / If(y)l”dy>
zeR™,0<t<1 Eo(z,t) z€Rt>1 \ J B, (z,t)

<max{Ifl,,. Ifll.,}
Therefore, f € Lypo(R™) and the embedding
Lp b0 (R™) N Lp(R™) Cs- Ly p0(R™)

is valid.
Thus

LyboR™) =Ly oR")NL,(R") and
11z, =max {Ifl,,. I/l }

Analogously proved the following statement.

Lemma 2.2. Let 1<p<oo, 0<b<1. Then
WLypo(R") =WLyye(R") NWL,(R")

and

1wz, ., = max {1, .. 1 Fllwe, }-

To prove our main result in this section we need the following statement.

Theorem 2.1. [25] 1. If f € Lip,(R"), 0 < b < 1, then M,f €
WLyo(R") and

1Mo fllwe, o < Coollflly ..

where Cyp, depends only on n, b and o .
2. If feLlppo(R"), 1<p<oo,0<b<1,then Myf € Lppo(R")
and
1Mo fllLyso < CobolfllL, s,

where Cpp . depends onlyon n, p, b and o .
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Our main theorem in this section is the following statement:
Theorem 2.2. 1. If f€ Liyo(R"), 0<b<1, then Myf € WL ,(R")
and
1M fllwz,, . < Croolflz,, .

where Ch4., depends only on b and o .
2. If feLlppoR"), 1<p<o0,0<b< 1, then Myf € Ly o(R")
and

1Mo fllz,, ., < Conalfllz,, .,

where Cppo depends only on p, b and o .

Proof. Tt is obvious that (see Lemmas 2.1 and 2.2)

1M, £z, , = max {IIM fll,, , . IMo S, }

p,b,o

for 1<p< oo and

1Mo fllwz,,, = max {IMo sy, . IMo flls, }

for p=1.
Let 1 < p < oo. By the boundedness of M, on L,(R") and from
Theorem 2.1 we have

IMaflz,, . < max {Cro, Coua} 117, -

Let p=1. By the boundedness of M, from L;(R™) to WL;(R™) and
from Theorem 2.1 we have

IMoflly g, < max{Cio.Cruo} Ifllz,, .-

3 Hardy-Littlewood-Sobolev inequality in modified Mor-
rey spaces

The following Hardy-Littlewood-Sobolev inequality in modified Morrey spaces
is valid.
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(1=t)lo|
«

Theorem 3.3. Let 0 <a<|o], 0<b<1l—7% and 1<p<

lo|

NIfl<p< W , then condition I%I < %—é < (1_?)‘)‘0‘ is necessary

and sufficient for the boundedness of the operator 1, ., from ZEZ,J(R") to
Ly (R™) .

2) If p=1<(177b)|6|,thencondition %Sl—%

(1_‘;”0‘ s necessary

IN

and sufficient for the boundedness of the operator I, , from Elyb,g(R") to
WLqpo(R?).

Proof. 1) Sufficiency. Let 0 < a < |o|, 0 <b<1-— ﬁ , fe Zpybyg(R”)
and 1<p<% . Then

«,0 = - aila‘d EA ) s V).
Lo f(2) ( [E e /E()> F@le — yl21ldy = Az, 1) + C(a,1)

For A(z,t) we have
Az, 1)) < / e — yl2= 1o | £ (y)] dy
E,(z,t)

<> e[ )y
j=1

o (2,277 T\ Eq (,2791)

Hence
|A(z,t)| StMf(x). (3.1)

In the second integral by the Holder’s inequality we have

1/p
|C(z, )] < (/G |z — ylgﬁlf(y)pdy)
B, (x,t)

/

5 , 1/p
X <ﬁ |(E — y‘g;-&-a—lal)p dy) = Jl . JQ.
Es(x,t)

For J; we obtain

1
ol

0 P o
Jz5(/ T"’“*(iﬂa)f”dr) ~trte (3.2)
t

where 8 < |o|—ap.
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Let blo| < 8 < |o| —ap. For Ji we get

1/p
= }j / e — 38| ()P dy
E, (2,2t 1t)\ E, (z,291) )

_B A . blo 1/1’
<t Iflz,,. (22 A

=0

1/p
blo| +blo blo 1
<2||tH E: 2(||f83—|—§ 2[3]) ,0<t<§,

— —g - j=0 lo 1
=t |fllz,,. = lesal
( > 2,5]) , t > %
§=0
1/p
o (tb‘”‘+tﬂ) L 0<t<i,
~ g, ;
> 1, t>1

£, 0<t<l

~ _ P ) 2
||f||Lp,b,a{ A
tol s
=2t e Sz, (3.3)
From (3.2) and (3.3) we have
blo| oLl
C )l S 1,7 5 1, .- (3.4)
Thus for all ¢ >0 we get
o L a-lal
oo f ()] S Mo f(z) +[t]," 777 Hfllzm
- _lol o — a=ble|
< min {°M, f(2) + 75 |fllz,, o Mo fl@) + 4577 ISl )

Minimizing with respect to ¢, at

~ [ty 1, )

p,b,0o

and

p,b,o

= [0sr@) s, ]

we get

o

1___poa 1_ P

. of@) T Mof(x) |
I, of(2) < min = .
| 3 f( )|N (HfIL ) ||fHL ||fHprb16

p,b,o p,b,o
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Then
oo f@) S (Mo @) 7157

Hence, by Theorem 2.2, we have

[ Meat@lay 1L [ Ot sw)dy
Eg(a:,t) pbo EG("E#t)

blo

SEIAL L

which implies that I, ., is bounded from ZM,U(R") to Eq,bJ(R”) .
Necessity. Let 1 <p < % , f€Lpys(R") and I,, bounded from
Lybo(R™) to Lgp(R™) . Then from (2.1) we have

lo]

blo|
Iferllg,,, =t 7 [thry Iflz

p,b,o ’

p,b,o

and
Ia,oft" ((E) =t a,af(tgx)v (35)

zER™, r>0

1/q
”Ia,ffft“HEq_b = t™*  sup ([T]l—blal/ -, oo f(7y)|? dy)
o Es(xz,r

ol [tr]; \ P11/ —blo| e
—e S (T s ([ s
r>0 [7"]1 z€R™, r>0 E,(tox,tr)

|o] blo|

T T

By the boundedness of I, , from Ep,b,g(mn) to zq,b’g(R”)

T
HIa’Jf”Zq,bya _ oG [t}1’+‘1 ||Ia,aftf’||fq,b,a
Lol bl
<ty ez,

| blol_ ble

o] _lo

|
e T T Ifll

where Cp 41,0 dependsonlyon p, ¢, b and o.

If %< %—i—%,then in the case ¢ — 0 we have [[Ioof|z , =0 for all

f € ‘prbﬁo'(Rn) . 1 1
Aswellasif > 4§57 thenat ¢ — oo weobtain [|loof[z, , =0

for all f € L,y (R") .

p,b‘o-’
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o 1_ 1 o
Therefore G < T §~(17b)|0| .

2) Sufficiency. Let f € Ly ,(R™) . We have
{y € Eo(z,t) : |laof(y)| > 25}
<y € Es(x,t) = |A(y,1)] > B}|
+H{y € Es(x,t) : [Cly, 1) > B}

Then
o0
Cly,t) = / . @y = 21571 dz
=0 Eo(y, 27T\ E5 (y,271)
o0
<t fllg, , , o2 I = e
thdl ]=O ’.’
[10832 Tlf] . S} i
gblol ol 3~ gllol-loltei 1 3 g-llel-ei, g<p< L,
o j=0 j=[logy ¢]+1
o0
5 9-(Iol-a);, t>3
j=0
sl gy, { T 0t
Lib,o 1, t> %
N thlelta—lol g <t < 1)
i A t>1

blo a—|o
= 27 e i f
Taking into account inequality (3.1) and Theorem 2.2, we have

{y € Eo(x,t) : [Aly, )] > B}

B
< Es(x,t) : M
<[fperntnn a5
ey
5
where Cy = Cy - Chypo and thus if Cy[2¢)5171 ta—lol Iflz,,. = B, then

|C(y,t)] < B and consequently, |{y € FE,(x,t) : |C(y,t)| > ﬁ}| =0.
Then

1 ol o
y € Bowt) : 1aof )] > 28} S 10710 111,

171z, ) P
< 8! ( g"> Lif2t <1

blo
1Az,
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and

1 blo
o € Eola,t) + oo )l > 28} S 5 107 e IS,

lo]

£l fo==
< [l (;““’ Cif 2t > 1.

Finally we have

Ky € Eo(x,t) : Laof(y)l > 28}
ol

(1—b)|o lo|
171z, N (Iz,,, )
§ [t]li‘o" min < gl,b,o ) gl,b,a

< (3170, )

Necessity. Let I, , is bounded from El,b’a(R") to Wfqyb,g(R”) . From
(3.5) we have

1/q
-b
o b, ,, =swr sw ([ dy
\by r>0 zxz€R™,7>0 {yE€E-(z,7) : |Ia,o fro (y)|>7}

1/q
=supr sup [T]l_blgl / dy
r>0 zER",7>0 {Yy€Es(z,7) : |la,o f(t7y)|>rte}

ool [t7]1 blo|/q .
=t 7 sup sup rt
[7]h

>0 r>0
1/q
X sup [tT]l_b‘o‘/ dy
zeR”, 7>0 {y€E,(toz,t7) : |Ia,o f(y)|>rt}

b
o] lo|

= Mo fllz, -
By the boundedness of I, from L;;,(R™) to WL, (R") and from
(2.1) we get

b
|o] lo]

HIOz,af”WZ = ta+T[t];,4-T HIa,aftf’ ”WZ

a,b,0 q,b,0

(:»Hrm —2lel
ST, felz,,

< potleljo| pablol =2
S Gl AR 7
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If 1 ~< % + ﬁ7 then in the case ¢t — 0 we have ||Ia,o'f||quybyg =0 for
all feLipo(R").

Similarly, iEl > %—FW, then for t — oo we obtain ||Ia,0f||WZqu,U =
0 forall f e Lio(R").

1 1 _ e}
Therefore E — a = W . D
Corollary 3.1. Let 0<a<]|o|, 0<b<1—% and 1§p§%l.

o]

NIfl<p< O_Tb)‘o‘ , then condition \%I < %—% < (17%)|U‘~ 1S mecessary

and sufficient for the boundedness of the operator My, from Lyp-(R™) to
Lypo(R™) .
2)If p=1< % , then condition ‘ I <1- (1 b)l N 18 necessary
and sufficient for the boundedness of the operator Ma,a from Ll,b,g(R”) to
WLgpo(R") .
3) If (- b‘gl < p < Lol , then the operator M, , is bounded from
)

- [e3%

Lpbo(R") to Loo (R"

Proof. Sufficiency of Corollary 3.1 follows from Theorem 3.3 and inequality
(1.2).

Necessity. (1) Let M, , be bounded from Zp7b,g(IR") to Eq7b7a(R”) for

1<p<%.Thenwehave

Ma,aft" (.’E) = tiaMoz,Uf(tUx),

and

| blo|

N L
Moo firllz,, = T [ Maoflz, -

By the same argument in Theorem 3.3 we obtain I%\ < % % < (1_‘;)‘”0' .
(2) Let M, be bounded from Llyb,g(R”) WL o(R™) . Then
7(17@ b|cr
Moo firlz,, . =t S 1% 1Moo fllz, .-
: @ 1 e
Hence we obtain Tol <1 7 < =0T
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(3) Let % <p< %l . Then by the Hélder’s inequality we have

|Maofll, =2 sup tolel / 1F(v)] dy
z€R™, >0 E,(x,t)

lo| bl v

_n a—12l ) —blo

<27% sup 7w [t ([th | ‘/ If(y>|”dy>
E; (z,t)

z€R™,t>0

blo|

_n _ ol o
SQ P Hf||zpbosupta P [t]lp
T >0

o _lela-b) _lol
=277 |flz max{ sup t7 7 supt® P }
P.boo 0<t<1 t>1

=277 |l

p.bo

O

4 The modified anisotropic Riesz potential in the spaces

Lp,b,a(Rn)
The examples show that the anisotropic Riesz potential I, , are not defined
for all functions f € Ly, ,(R"), 0 <b < 1-— &, if p > \0\((1;17) . and
I, are not defined for all functions f € L,;,,(R"), 0 <b<1— I%\ | if

p> lela=b)

[0}

We consider the modified Riesz potential

Inof(z) = /Rn (I:v —ylal7l - IyI?""‘XBEU(OJ)(y)) f(y)dy.

lol(1-b)

Note that in the limiting case = <p< I%I statement 1) in Theorem

A does not hold. Moreover, there exists f € Ly, (R™) such that I, f(z) =
oo for all z € R™ . However, as will be proved, statement 1) holds for the
modified anisotropic Riesz potential fa,g if the space Loo(R™) is replaced
by a wider space BMO,(R") .

The following theorem is our main result in which we obtain conditions
ensuring that the modified anisotropic Riesz potential I, ., is bounded from
the space Ep_ybﬁ(R”) to BMO(R™) .

Theorem 4.4. Let 0 < a < |o|, 0<b<1—-:%, and W§p§

lo]

‘%‘ , then the operator fa}g is bounded from zp’b,g(R") to BMO,(R™) .
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Moreover, if the integral I of exists almost everywhere for f & Zp,b,,,(R") ,
lela=b) < p < % , then Iy o.f € BMO,(R™) and the following inequality is

valfd

oo fllBro, < Cllfllg, ,
where C' >0 is independent of f .
Proof. For given t >0 we denote
fi(@) = f(@)xE,020W), fa2) = f(z) = fi(z), (4.1)
where X g, (0,21) is the characteristic function of the set E,(0,2t) . Then
Ta,af(x) = Na,afl('r) + T(x,afZ(x) = Fl(x) + FQ(x)v (42)

where

_ _yla—lol _1a-lol
Fy(x) /Eg(w) (Iw Ylo lylo XGEG(OJ)(Q))JC(y)d%

B = [ (el i g ) S

Note that the function f; has compact (bounded) support and thus

a = — / w121 () dy
Eo(0,26)\E, (0,min{1,2t})

is finite.
Note also that

Fi(e) —ar = / o — |21 £ (y) dy
E,(0,2t)

-/ 1717 ) dy
Ey(0,2t)\ E, (0,min{1,2t})

+f 15717 ) dy
Ey(0,2t)\ E,(0,min{1,2t})

= [ el A dy = Lo (o)

Therefore

@ —al< [ bl e -l - [

517N f (@ — )| dy.
E,(0,2t)
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Then
By (2, 1)) " / Fi(y) — ax | dy
E,(z,t)

- |Eo<o,t>|‘1/ Fi(z —y) — aildy
E,(0,t)

<m0 [ (el ey - 2lds ) dy
E(0,t) E,(0,2t)

= B, (0,8)]" / / @ —y—2)dy | [2]2717 dz
EU(O,2t) EU(O,t)

5 t_|U|t|U|—04||fHL1,17‘c,(il,(7 /E 020 |z|g_|0‘ dz
7 -(0,2¢
Rz e (4.3)

Denote

ag = / |1l f(y) dy.
E,(0,max{1,2t})\ E.(0,2t)

If 2|z|, <|yls , then
[l = yla™17" = [yle 71N < Clallylg 711
By the Holder’s inequality we have

|Fy(z) — as| < cm/ﬂ

- (0,

| lyl2~ 17171 f(y)| dy

Slalo Y / w1711 | £() dy

I 1t<|y|, <27+2¢

j=0
< fal, S (20+1p)aclolt / @) dy
=0 lyle<29+2¢
j+2pa—|o|—1/954+24\|0|—a
Slalo 1 flle, o, > (272717 @22
7=0
~ "r|o' t_l Hf”L])l,L,U' (44)

fo]
Therefore, from (4.3) and (4.4) we have

loof(x—y) —as|dy S flle,, o - (4.5)

[o]

1
SUp T=———
x,t |E0'(0)t)| E,;(0,t)
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By the Holder’s inequality we have

sy = s e [y
1T zeR, 150 B, (2,t)
lo] 2ol e
<2V sup t*TE )" ([th‘*"“' / If(y)pdy>
z€R™, >0 Eo(z,t)
n ol bl
<27 Ifllg,,  supt™ P [ty " (4.6)
P70
n a_lela=b) Lol
=2 || flz max{ sup t v ,supt™ P }
p:b,o 0<t<1 t>1
— 2 Ifllg,, -

Finally let w <p< ‘%l and f € Ep7b,U(R”) , then from (4.5) and
(4.6) we get

fIvomf < 2sup

o,
‘BMOC, x,t ‘Ea(()?t)‘ E;(0,t)

The Theorem 4.4 is proved. O

fa,af(x - y) —ay dy S Hf”’[jp’byg'
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