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Abstract

The aim of this paper is to investigate useful generalizations of the
classical concept of a quasi-automaton without outputs or a discrete
dynamical system, which are also called actions of semigroups or groups
on given phase sets. The paper contains also certain applications of
presented concepts and examples from various areas of mathematics.

1 Introduction

The paper is devoted to investigation of a certain generalization of quasi-
automata (called also automata without outputs), which are in fact discrete
dynamical systems and to some of their applications. In section 2 and 3 we give
some basic definitions and then, we consider three types of actions. In section 4
we present some applications. Moreover in section 5 there are described some
applications of formerly investigated hyperstructures and corrected certain
mistake from [11]. In connection with non-deterministic automata, or with
multifunctions (relations) on algebraic structures and topological spaces seems
to be natural to investigate actions of multistructures on sets of various objects.
Some motivating factors come from the general system theory [8, 18]; one
illustrating example below is based on the concept of a general time system. In
this connection in [5, 6] there are investigated various types of binary relations
and hyperstructures.
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2 Preliminaries

We use [4, 7, 12] for terminology and notations which are not defined here. We
suppose that the reader is familiar with some useful notation in hyperstructure
theory and other related concepts. What follows now are some definitions and
propositions in the theory of hyperstructure which we need for formulation of
our results and in the proofs of our main results.

For an arbitrary x from an ordered set H we denote by [x). ={y € H | z <y}
the upper end generated by z. a

The following lemma is called Ends Lemma.

Lemma 2.1. [2, 19] Let (H, o, <) be an ordered semigroup. Let axb = [aob)<
for any a,b € H. The following conditions are equivalent:

1) For any pair a,b € H there exists a pair ¢,d € H such that b o ¢ < a,
cod<a.

2) The hypergroupoid (H,*) associated with (H,o,<) satisfies the associa-
tiwity law and the reproduction axioms, i.e., (H,*) is a hypergroup.

Dually we can define the Beginnings Lemma:

Lemma 2.2. [2] Let (H,o0,<) be an ordered semigroup. Let a xb = (aobl<
for any a,b € H. The following conditions are equivalent:

1) For any pair a,b € H there exists a pair ¢,d € H such that b o ¢ > a,
cod>a.

2) The hypergroupoid (H,*) associated with (H,o,<) satisfies the associa-
tiwvity law and the reproduction axioms, i.e., (H,*) is a hypergroup.

Quasi-order hypergroups have been introduced and studied by J. Chvalina.
The following definition can be found e.g. in [4, 19, 20].

Definition 2.3. A hypergroup (H,*) such that the following conditions are
satisfied:

1) a € a?=a3forany a € H,

2) axb=a?Ub? for any pair a,b € H is called a quasi-order hypergroup.
If moreover the unique square root condition:

3) a,b€ H, a®> = b? implies a = b

is satisfied then (H,*) is called an order hypergroup.
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Definition 2.4. [16] A hypergroup (G, ) is called a transposition hypergroup
if it satisfies the transposition axiom: For all a,b,¢,d € G the relation b\ a N
c/d # () implies axdNbxc # (). The sets b\ a = {zr € Gla € bxx},c/d={x €
G|c € x xd} are called left and right extensions, respectively.

Definition 2.5. [12, 13, 14] Let X be a set, (G, ®) be a (semi)hypergroup and
m: X X G — X a mapping such that

w(m(z,t),s) € n(z,t®s), where w(z,tes) = {n(z,u);uctes)} (2.1)

for each z € X, s,t € G. Then (X,G,7) is called a discrete transformation
(semi)hypergroup or an action of the (semi)hypergroup G on the phase set X.
The mapping 7 is usually said to be simply an action. The condition (2.1) is
called Generalized Mixed Associativity Condition, shortly GMAC.

3 General hyperstructures

Throughout this paper, the symbol X, Y will denote two non-empty sets, where
P*(X UY) denotes the set of all non-empty subsets of X UY".

A general hyperstructure is formed by two non-empty sets X,Y together
with a hyperoperation,

x: X XY — PY(XUY), (z,y)—zxyC(XUY)N0.

Remark. A general hyperoperation x : X x Y — P*(X UY) yields
a map of powersets determined by this hyperoperation. Thus the map & :
P*(X)x P*(Y) — P*(XUY)isdefned by A B= |J axb.
acA,beB
Conversely an general hyperoperation on P*(X) x P*(Y) yields a general
hyperoperation on X x Y, defined by z xy = {z} ® {y}.
In the above definition if AC X, BCY, x € X, y €Y, then we define,

Axy=Ax{y} = Ua*y, xxB={z}+«B= Ux*b,
acA beB

A® B = U axb.
a€AbEB

If X =Y = H, then we obtain the classical hyperstructure theory.

The concept of general hyperstructure with a hyperoperation which is a
mapping * : X XY — P*(X UY) mentioned above (used by A. Dehghan
Nezhad and R. S. Hashemi, see [9]) allows straightforward generalization onto
case of “hyperoperation of an arbitrary finite arity” in the following way:
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Definition 3.1. Let n € N be an arbitrary positive integer, n > 1. Let
{Xi;k = 1,...,n} be a system of non-empty sets. By a general n-hyper-

structure we mean the pair ({Xg;k =1,...,n}, %, ), where
n n
*p o HXk — fP*<U Xk>
k=1 k=1
n
is a mapping assigning to any n-tuple (zy,...,2,) € [] Xk a non-empty

k=1

n
subset #, (z1,...,2,) C U Xk.
k=1

Similarly as above, with this hyperoperation there is associated a map-
n n
ping of power sets ®,,: [[ P*(Xx) — iP*( U Xk) defined by ®,, (A4, ..., An)
k=1 k=1

n
= U{*n (@ys e vmn); (@1, .. mn) € T1 Ak}. This construction is based on an
k=1

idea of Nezhad and Hashemi [9] for n = 2. Hyperstructures with n-ary hyper-
operations are investigated among others in [21].
The results presented below are in a close connections with [7].

Example 3.2. Let J C R be an open interval, C"(J) be the ring (with
respect to usual addition and multiplication of functions) of all real functions
f+J — R with continuous derivatives up to the order n > 0 including. Denote

L(po.py,- - Pn1): C"(J) = C"(J)

the linear differential operator defined by

n—1
_ dy(a) d*y(x)
L(po,py, - pn-1)y) = — 2 + ;)ps(w) e
where y € C"(J) and ps € C"(J), s =0,1,...,n — 1. In accordance with [1]
we put
LA, (J) ={L(po,---,pn-1);pr € C*(J)}.

Instead of L(p; g, Py 15--+sP1 1) We write L(p)). We put L(p}) < L(p2)
whenever

L(pj) = L(pjos-- - Pjn-1)s 3 = 1,2, py o(¥) < pyg(x), s =0,1,...,n — 1,
z € J and p; 4(z) = py o(x). Defining

s (L(B)), L(B2), - L)) = | J{L(P) € LAL(J); L(Br) < L(7)}
k=1
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for any n-tuple (L(p}), L(p2), ..., L(Pn)) € T] LAk(J) we obtain that
k=1

L(n) =({LAk(J);k =1,2,...,n},%,) is a general n-hyperstructure.

Of course, LA, (J) is the set of all first-order linear differential operators
of the form L(po)(y) = v'(x) + po(z)y, where py € C(J) and y € C(J).
Evidently LA;(J) N LAy (J) = 0 whenever j # k.

It is to be noted that if k,m € {1,2,...,n} are fixed different integers then
setting X =LA, (J), Y = LA,,(J) we obtain from the above construction an
example of a general hyperstructure in sense of Nezhad and Hashemi [9]. If,
moreover X =Y = LA, (J) then the resulting general hyperstructure is an
order hypergroup of linear differential n-order operators in the sense of e.g. [1].

Definition 3.3. Let G,(n) = ({Xi;k = 1,...,n},%,), Ga(n) = ({Yi;k =
1,...,n}, on), be a pair of general n-hyperstructures. By a good homomor-
phism H: G,(n) = Gz2(n) we mean any system of mappings H = {hy: X —
Y%} such that the following diagram is commutative:

HXk *—n> :P*(kgl Xk)
kfjl hkl lw” (D1)
Y —=s (kgl Yi)

Here [] hi(zy,22,...,2,) = (hy(21),h2(z2),..., hyn(zy,)) for any n-tuple
k=1
(xy,@2,...,2n) € [[ Xi and o*: P*(U Xi) — P*(U Yi) is the lifting
k=1 k=1 k=1

n n
of a mapping ¢: |J Xx — | Yi defined by the induction. For z € X; we
k=1 k=1

k
Y; is well-defined. Then for any
j=1

k
put p(z) = hy(x). Suppose ¢: J X; —
j=1

k
r€ X\ AU1Xj we put (x) = hy 4 (z).
j=

As a certain generalization of the general n-hyperstructure from Exam-
ple 3.2 we will construct the following structure:

Example 3.4. Consider a system of pairwise disjoint ordered sets (X, <),
k=1,2,...,n, (where n is a given positive integer) and for z € Xy let us
denote [x)r = {y € Xk;z <k y}, i.e. [x)g is the principal end generated by
the element 2 within the ordered set (X, <j). Further, put
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ki (L1, T2y ..y Tpy) = U[ﬂfk)k

n n
for any n-tupple *,, (21, Z2,...,2,) € [[ Xk. Then x(zy,x2,...,2,) € U Xk,
k=1 k=1

thus G(n) = ({Xk; k=1,...,n}, *) is a general n-hyperstructure in the sense
of the above definition. If H(n) = ({Yk;k = 1,...7n},on) is a general n-
hyperstructure such that (Yy, <), k = 1,...,n are pairwise disjoint ordered
sets and

.n(ylvaa"'uyn) = U[yk)k g U Yk
k=1 k=1

n
for any n-tuple (y;,%2,...,yn) € [I Yr we consider a system hy: (X, <p)
k=1
= (Y&, =k), K = 1,...,n, of strongly isotone mappings, i.e. for any = €
X, there holds hy ([xk)k) = [hk(xk))k, k =1,...,n. Then denoting H =
{h.: X — Yi;k = 1,...,n} we obtain that H is a good homomorphism
of the general n-hyperstructure G(n) into the general n-hyperstructure H(n).

n
Indeed, consider an arbitrary n-tuple (z,,z2,...,2;) € [[ X,. As above
k=1

n n n
denote by ¢: T*( U Xk) — P* ( U Yk> the lifting of the mapping p: | Xi
k=1 k=1 k=1

— |J Y% induced by the system {hy: Xy — Yi;k = 1,...,n}—here in such
k=1

n

a way that ¢|Xy = hg. Then for any n-tupple (21, z2,...,2,) € [[ Xi we
k=1

have

n
i.e. pox, =e, 0 [] hg, thus the diagram D2 is commutative.
k=1
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Xy —— ‘P*(kU Xi)
=1

fin

e —= 27

| (D2)
U i)

k=1
From the above example there follows immediately the following assertion.

Proposition 3.5. Let (X,,<,), k=1,...,n, (Y,,=,), k=1,...,n, be two
collections of pairwise disjoint ordered sets and G(n), H(n) be corresponding
n-general hyperstructures. Suppose (X, <p) = (Yi, k) foreachk=1,...,n
and hy: (Xi,<g) = (Yi,=<k) are corresponding order-isomorphisms. Then
we have G(n) =2 H(n).

The following text is a generalization of e.g. [3]. Suppose uq,...,u, €
C™(J) is a linearly independent system of functions. Denote by V' (uy, ..., uy)
the n-dimensional vector space generated by the base u,,...,uy, i.e.

V(ugy o tn) = {chuk;ck eR k= 1,...,n}.

k=1
The system u,, ..., u, can be considered as a fundamental system of solutions
of a differential equation
n—1
y " (@) + > pr(@)y® (@) =0 (3.1)
k=0
where D] |
k|Ups- -5 Un
pe(z) =Sl 1 n— 1.
(=) Wity ..., )
Here, Wluy,...,u,] is the Wronski determinant of the system and
Dy uy, ..., uy] are corresponding subdeterminants of the determinant
Uq (%) e Up Yy
W[yla"wyn}: N .
u(ln) u(Q") S usln) y(”)

It has been mentioned in papers contained in References that one of sig-
nificant result of the general theory of linear differential homogeneous equa-
tions is the fact that there is one-to-one correspondence between the sys-
tem LA,,(J) of all linear ordinary differential operators of the form (3.1) and
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the system VA,,(J) of solution spaces of corresponding differential equations
L(po,---yPn-1)y =0, L(po,-..,pn-1) € LA,(J). So, in what follows we will
suppose that LAg(J) is the system of n-th order linear ordinary differential
operators L(po,...,pk—1), with po(z) > 0 for all x € J, k = 1,2,...,n and
VA,,(J) is the corresponding system of solution spaces of differential equations
L(po,...,pr—1)y = 0. Using the following specification of the binary opera-
tion considered in papers [1] and elsewhere we turn out the system VA, (J),
k =1,2,...,n into a noncommutative group. In detail, for L(pg,...,Pk—1),
L(qo,---,qx—1) € LAg(J) we define forx € J, j =1,2,...,k—1

L(p()?' "apkfl) : L(qu"qu*l) = L(SD()?"'?SDIC*l)?

where o (z) = po()qo (), ¢;(x) = po(x)g;(x) + pj(x). Then we obtain that
VA, (J) is a noncommutative group for k =1,2,...,n.

Now using the just defined operation we can endow the system VA, (J) by
corresponding binary operation in this way:

For an arbitrary pair of spaces V(uy,...,ux), V(vy,...,vr) € VA,(J),
there are uniquely determined operators

L(po,-.-,pk—1) = <I),:1(V(u1, .. 7uk)),L(qO, e Q1) = @;1(\/(111, . ,vk)),
k=1,2,...,n, where @ : LA(J) — VA(J) are the above mentioned bijec-
tions. Defining

V(ulv e auk) . V(”l) e 7Uk) = (I)k (L(pO; e apk—l) : L(q0a e aqk—l))a

we obtain VA (J) is a noncommutative group, thus ®;: LAg(J) — VAg(J)
is a group-isomorphism, k = 1,2,...,n. Notice, that for any pair of different
integers k, m € N we have VA, (J)NVA,,(J) # 0 as well as LA, (J)NLA,,(J) #
0.

n

Definition 3.6. Let G(n) = (ﬁ Xy w0, P (U Xk)>7 H(n)
k=1 k=1

n n
= (H Yk,on,T*( U Xk)) be general n-hyperstructures, F = {fi: X —
k=1 k=1
Yi;k=1,2,...,n} be the system of mappings satisfying the conditions

.n(ylv"'ayn) = (p(*n(ffl(yl)a---afn_l(?h))) c U Yk,
k=1

where ¢ is determined by F (i.e. ¢(z) = f,(z) for z € X, and supposing
J

o(x) is defined for € X; then p(x) = fj11(x) for z € X;41\ U Xim). Then
=1

m=
the hyperoperation e, is termed as the hyperoperation associated with the
hyperoperation *,,.
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Theorem 3.7. Let n € N be a positive integer, J C R be an open interval. If

n) = (T] bk (D), 0, 7" (1 Lr())
k=1 k=1

is the general n-hyperstructure of ordinary linear differential operators and

n) = (T] VAL, 0.7 (U VAK())
k=1 k=1

1s the gemeral n-hyperstructure of solution spaces of linear ordinary homoge-
neous differential equations associated with L(J;n), then we have

L(J;n) =S(J;n),

i.e. in the commutative diagram

k=1 k=1

klill le l@u (D3)
[T VAL) —=— () VA())

k=1 k=1

n
arrows [ @y, @' are bijections.
k=1

Proof. By [1] we have ®y: LAk(J) — VAL (J) is a group- isomorphism for

any k = 1,2,...,n thus H Dy H LA, (J) — H VAg(J) is a bijection.
k=1 k=1

Since {LA, (J);k=1,2,...,n},{VAL(J ) k=12,. n} are pairwise disjoint

families we have that the mapping ¢: U LAy (J ) — U VA (J) such that

k=1 k=1
w|LAg (J) = Oy is a well-defined bijection hence the bijection fP*( U LA (J)) —
k=1
?*( U VAk(J)> is also well-defined.
k=1

Now, for an arbitrary n-tuple (Lq,---,Ly) € [] LAk (J) we obtain that
k=1

( ﬁ Ll’ ’ ”)) :.n((I’l(Ll)a"' a(I)n(Ln))

= @(*n((b;l(vl)v"' v(I)r_Ll(Vn))) = @n(*n(Lly"' 7Ln))7

I

=

&
I
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) “ 2

since the hyperoperation “e,,” is associated with the hyperoperation
Therefore the diagram D3 in Theorem 3.7 is commutative. O

*n

Let {(Sk, <k ) k=1,2,--- ,n} be a system of quasi-ordered semigroups.
n n
Define a mapping ®,: [] Sk — TP*( U Sk) by the rule
k=1 k=1

n
k=1

n
for any n-tuple (x1,...,2,) € J] Sk. Then the general n-hyperstructure is
k_

=1
called the general n-hyperstructure determined by the Ends Lemma or shortly
EL-determined general n-hyperstructure.

Corollary of Theorem 3.7 Let n € N be an integer, J C R be an
open interval. Let LEL(J;n) = (ﬁ LAg (), %0, P*( Lnj ILAk(J))) be the
EL-determined general n—hyperstruc]‘zlzlie of all linear orckliznlary differential op-
erators of all orders k =1,2,--- ,n.

Let SPL(J:n) = ( T VAL(), 0, P* (U VAk(J))) be the EL-determined
general n—hyperstruéct:ulre of solutions of Iil:olmogeneous linear ordinary differen-
tial equations Ly =0, L € O LA (J). Then LEL(J;n) = SFE(J;n).

In the above cmastructiko:n1 we can use a finite sequence of positive inte-
gers {my, My, ..., m, } and then define the n-hyperoperation @, (z1,...,z,) =
Lnj [z)'*)<, for any n-tuple (x1,...,2,) € kﬁl Sk.

k=1

4 General R-hyperstructures (or L-hyperstruc-
tures)

Definition 4.1. A general Right hyperstructure (or Left hyperstructure) is
the quadruple (X, Y, P*(X), *g) or (X,Y, P*(X), 1), shortly general R-hyper-
structure or general L-hyperstructure, where X,Y # () and
xp: X xY — P*(X) or x : X XY — P*(Y)
(z,y) = xxry € X, (z,y) »xxLy CY.
The set of points Yrx = {x*ry : y € Y} that can be reached from a given

point z € X by the R-hyperoperation of two non-empty sets X,Y, is called
the R-hyperorbit of x.
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Example 4.2. Let X # () be an arbitrary set, f: X — X be a mapping, i.e.
the pair (X, f) is a monounary algebra. Put Y = N (the set of all positive in-
tegers) and define *{%: X xY — P*(X) by the rule x*ﬂn ={f*x);keN,n <
k}. Then the quadruple (X,Y, P*(X), *};) is a general Right hyperstructure,
i.e. R-hyperstructure. (Here, f* is the k-th iteration of f).

Example 4.3. Let T be a linearly ordered set (i.e. a chain) with the least
element. Then T is called a time scale or time axis. Suppose A # (} # B are
arbitrary sets and S is a binary relation between sets of mappings (impulses)
AT BT ie. S ¢ AT x BT. Then the triad (AT, BT, S9) is called a general
time system with input space A”, the output space BT and with input-output
relation (or the transition relation) S—cf.[18]. Now, denote X = AT, Y = BT
and define *7: X x Y — P*(Y) by %7 y = S(x) = {u € Y;x Su} for any
pair of time-impulses z: T' — A,y: T' — B. Then we obtain the quadruple
(X,Y,P*(X),*7) which is a general Left hyperstructure, i.e. a general L-
hyperstructure.

4.1 L-hyperaction (or R-hyperaction) of a hyperstructure on a
non-empty set

In this section, we give two new definitions. Let us make our point clear with
an example.

Definition 4.4. Let (G,*) be a hyperstructure and X be a non-empty set.
A generalized L-hyperaction of G on X is a L-hyperoperation ¢ : G x X —>
P*(X) such that the following axioms are satisfied:

1) For all g,h € G and z € X, ¥(g* h,x) C (g, ¢¥(h,x)),
2) Forall g € G, ¢¥(g9,X) = X.

Forany g € Gand A C X, ¢(g,A) = U ¥(g,x), also for any x € X and B C
z€A
G, Y(B,z) = U (b, z). If in the axiom 1) of definition the equality holds,

beB
the corresponding generalized L-hyperaction is called strong. The generalized

R-hyperaction (eventually strong) is defined dually.

Example 4.5. Consider the set of n x n symmetric, positive definite matrices,
SPD(n). The group GL(n) = GL(n, R) hyperacts on SPD(n) as follows; for
all A€ GL(n) and all S € SPD(n), AxS = {ASAT ATSA}.

It is easily checked that ASAT is in SPD(n) if S is in SPD(n). For every
SPD matrix S, can be written as S = AAT for some invertible matrix A.
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Proposition 4.6. The map 1 is a generalized action of Syme(G) on G.
Proof. We have; 1(s,1(r,g)) = ¢(s,r(< g >))) = igzw(s, r(g"))

= Us(< o) >) = {s((r0)Y) 11 € 2} and w(sr,9) = sr(< g >) =
{sr(g) | i€ 2} :{s(r(gi)) lic Z}. This shows that 1 (sr, g) C (s, $(r, g)).
On the other hand, for all 7 € Sym.(G), we have

U(r,G) = |J g = |Jr(<g>) =06,

9geG geG

which completes the proof. O

In the following proposition we will consider the classical interval binary
hyperoperation on a linearly ordered group, see [15]. In detail if (G,-, <) is a
linearly ordered group then we define a binary hyperoperation *: G x G —
P*(G) by

a* b= [min{a, b})S N (max{a, b}]S = [min{a, b}, max{a, b}] <
= {m € G;min{a,b} <z < max{a,b}}

(which is a closed interval) where min{a,b}, max{a,b} is the least element,
the greatest element of the set {a, b}, respectively. It is easy to verify that the
obtained hypergroupoid (G, %) is an extensive commutative hypergroup. This
hypergroup we obtain even in the case if we restrict ourselves onto the set G
of all positive elements of the linearly ordered group (G,-, <), (cf. the proof
of Proposition 4.7).

Proposition 4.7. Let (G, -, <) be a linearly ordered group, G, be its subset of
all positive elements (i.e. the positive cone) endowed with the interval binary
hyperoperation “”. Define a mapping ¢g: G, x G — P*(G) by

Yala,b) = (a+bl. ={r € Gz <a+b}
for all pairs (a,b) € G, x G. Then the quadruple (G ,G,P*(G),vs) is the
generalized L-hyperoperation of the commutative extensive hypergroup (G, *; )
on the group (G,+,<).

Proof. For any pair (a,b) € G x G we have

{a,b} C [min{a, b}, max{a, b}| c=ax b=bxpa,
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thus (G, *; ) is a commutative extensive hypergroupoid. Further, consider an
arbitrary triad a,b,c € G ;. Without loss of generality we can suppose a < b.
If a = c or b = ¢ then evidently

(a*; b))%, c= [a,b]S =ax*; (bx, c)

so, suppose a < b, a # ¢ # b. Three cases are possible: (i) ¢ < a, (ii) a <
c<b, (iii) b < c. In the first case (i) we have

(axpb)*pc=l[a,blo*,c= U T, c= U e, x| = [e, b]

:J(:E[a,b]S :J(:E[a,b]S
= [c,(JL]S U[a,b]S = U a%; T =ax; [c,b]S =ax*; (bxp ).
ze[c,b]S
In the case (ii) we have
(a%; b)*;, c= U [1’,C]§:[a,b]§: [a,x]gza*L(b*Lc).
arre[a,b]S 3xc€[c,b]S
In the case (iii) we obtain
(ax, b)*,c = U [ac,c]S =la,c] = U [a,yc]S = a>0<L[b,c]S = axy (bxrc),
a:G[aA,b]S ze[b,c]g

hence the hypergroupoid (G, ;) is associative, thus it is a semihypergroup.
Since
ax; G, = U (a*; z) = U la,z]. =G
z€G | z€G

we have (G, ;) is an extensive commutative hypergroup. It remains to show
that conditions 1), 2) from Definition 4.4 are satisfied. So, let g,h € G, be
elements such that g < h, x € G. Then

7/’@(9 *r h,z) = 7/’@([9,}1]935) = U %(t,x) = U (t+:r]§ = (thx]gv

te[g,h]S te[g,h]S
ue(h-‘,—a:]S

Since 0 < g we have h+x < g+ h + = and
Velg*p ha) = (h+alc Clg+h+a)c =1g(g v(h z)).
Further for any g € G there holds (9,G) = U Yg(9,2) = U (g+]. =
zeG -

zeG
G. Therefore conditions 1), 2) are satisfied, thus the proof is complete. O
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Definition 4.8. Let X be a set, (G, *) be a semihypergroup and ¢ : Gx X —
P*(X) be a mapping such that

U(h,¥(g,2)) € P(g*h,x) where Y(g*h,x) = {¢(t, )|t € g*h}

for each z € X, g,h € G then (X, G, ) is called a generalized transformation
semzhypergroup.

This structure type is a generalization considered in [10, 11, 13].

4.1.1 Homomorphism of transformation semihypergroups

Definition 4.9. Let (X,G,¢), (Y, H,w) be two generalized transformation
semihypergroups (GTS). A pair of mappings ® = [, ¢] such that u: G — H
is a homomorphism of semihypergroups and ¢: X — Y is a mapping, is said
to be a homomorphism of GTS (X, G, ) into GTS (Y, H,w) if for any pair
[9,z] € G x X the equality

w(p(g), ¢(2)) = (¥(g, )

is satisfied, i.e. the diagram, where ¢*: P*(X) — P*(Y) is the corresponding
liftation of the mapping p: X — Y,

GxX —2 s P (X)

X l lw* (D4)
HxY —— PH(Y)
commutes.

Example 4.10. Let X,Y be equivalent non-empty sets and f: X — X,
h:Y — Y be mappings such that mono-unary algebras (X, f) = (Y, h). De-
note G = {f"n e Ny}, H={h",n € Ny} and define binary hyperoperations
*: G x G — P*(G),and e: H x H— P*(H), by

frrxfm={f*keNy,m+n<k} and h" e h™ = {h*;k € Ng,m +n < k}.

Define mappings ¢: G x X — P*(X), w: H x Y — P*(Y), by the same
rule ¥(f™, x) = {fk(x),k‘ e{0,n,n+1,n+2,... }}, w(h™y) = {hk(y);k S
{O,myn+1,n+2... }} Suppose &: (X, f) — (Y, h) is an isomorphism and
v: (X, f) = (Y, h) a homomorphism of the mono-unary algebra (X, f) onto
the mono-unary algebra (Y, h). Denote ® = [u, ¢] the pair of mappings such
that p(f") = o f" o ¢~1. Then ® is a homomorphism of the generalized
transformation semihypergroup (X, G, 1) into the GTS (Y, H,w).
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Indeed, for an arbitrary pair [, z] € G X X we have

@(1/}(.}6”7:6)) = (p{x7f”(x),f”+1(x), s } = {30(11)’(p(fn(x))aw(fn+1(x))a s }
= {e(@), o(h"(z)), (A" (z)),... } =w(h", ¢(z))
=w(€o ffot p(x)) =w(u(f™), o)) = w(n x @)[f" ).

The following example of generalized transformation hypergroup is based
on consideration published in [1].

Example 4.11. Let J C R be an open interval and denote C*°(J) the ring
of all infinitely differentiable functions on J. Let us consider the set LA, (J),
n € N, of linear differential operators of the n-th order in the form

& d*
L(po, - spn1) = 2+ D> pr(a) o
k=0

Where p, € C*°(J), k=0,1,...,n—1; L(pg,...,pn—1): C®(J) — C>(J),
thus

L(po,-- - Pa-1)(f) = F" (@) +pn-1(@) f" D (@)+ - +po(x) f(z), f € C(J).

Let §;; stand for the Kronecker symbol 6. For any but fixed m €{0,1,...,n — 1}
we denote by

]LAn(J)m = {L(PO; s apn71)|pk € COO(J),pm > O}

Shortly we put p = (po(2),...,pn-1(x)),x € J and on the set LA, (J),, we
define a binary operation “o,,” and a binary relation <,, in this way:

where ug () = pm () gk (z) + (1 — O )k (z),z € J,0 <k <n—1, and

L(p) <m L(a)

whenever pi(x) < g (z),k #m,k € {0,1,...,n— 1}, pn(x) = g (), z € J.
It is easy to verify that (,o,,,<,,) is an ordered noncommutative group

with the neutral element D(w), where D(w) = (wp, ..., Wn—1), W (T) = Sgm.
An inverse to any D(q) is D™'(q) = (72,..., qi, T

Let (Z,+, <) be the additive group of all integers with the usual ordering
“<”. Then by Lemma 2.1 the structure (Z, x), where x: Z x Z — P*(Z) was
defined by k! = [k + I)< is a hypergroup.
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For fixed D(q) € LA, (J),, we define an action 9, : Z x LA, (J)n,, —
P*(LA, (J)m) as follows,

Uq(k, L(p)) = {L"(q) om L(p)|t < k}.

So (LA, (J)m,Z,¢,) is a generalized transformation hypergroup.

4.2 L-hyperaction of a non-empty set on a hyperstructure

Let us define another type of action of a set on a hyperstructure (a new
definition).

Definition 4.12. Let (G, ) be a hyperstructure and X be a non-empty set.
A generalized action of X on G is a map ¥: X x G — P*(G) defined by

V(g xh,x) =Y(g, ) xP(h, z).

Example 4.13. Let X be a set and P be a polygroup. Then X is a set of
hyperoperators on P and P is a X-polygroup (polygroup with hyperoperators)
if there is a map ¢: X x P — P*(P) denoted by (z,g) — xg, such that
z(gh) = (zg)(xh) for all z € X and g,h € P.

For more details we refer to [7].
Proposition 4.14. A hypergroupoid (H,*) is a quasi-order hypergroup if and
only if there exist quasi-order relation p on the set H such that for all (a,b) €
H x H there is axb = p(a) U p(b) where p(a) = {x € H|apz}.

For the proof see e.g. [4], pages 96-97.

5 Some applications

In fact, we shall generalize some results of [6,7] by considering our definitions.
All the objects considered are assumed to be of class C*° and differential forms
will take their values in the field of complex numbers.

A Fredholm-Volterra integral operator, where J = (a,b), can be written as
follows:

F\p, K, L, f): C(J x [0,400)) — C(J x [0, +00)),

b
F()\,u,K(a:,t,s),L(a:,t,T),f(a:,t)) (@(x,t)) = )\/ K(x,t,s)p(s,t)ds

t
—|—,u/0 L(z,t,7)p(z, 7)dr + f(z,1)
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Kernels K (z,t,s) € C(J x [0,+00) x J) and L(z,t,7) € C(J x [0, +00), [0,]),
are real or complex valued functions (mostly positive real functions). f(z,t) €
C(J, %[0, +00)) and A, i are two real numerical parameters.

Usually there are considered Fredholm-Volterra integral equations with a
nondegenerate Lebesgue square integrable kernels K (z,¢,s) and L(z,t,7). In
this contribution we will construct hyperstructures on the set of operators
F()\, w, K(x,t,8), L(x,t,7), f(, t)) with continuous functions K, L, f and two
nonzero parameters A, u. For our purposes we will consider continuous positive
functions only, in order to avoid some obstacles with integrability of functions
in the form of fractions.

Let us denote by FV = {F()\,ﬂ,K(x,t, s),L(z,t,7), f(z,t)) | A, pER,
N+p? £0, K(z,t,5) € C(Jx[0,+00)xJ), L(z,t,7) € C(Jx[0,+00),[0,]),
f(@,t) € C(J, x[0, +00)) }

For any pairs of operators F(A1,u1,K1,L1, f1), F(A2, pe, Ko, Lo, fo) in

“”

FV let us define a binary operation “o

F()\17M17K17L17f1) OF()\QaMQaK2,L2af2) =
F(Ai g, papa, Ko ft + K1, La f1 + La, f1 f2)

and a binary relation “<”

F(Ai,p1, K1, Ly, f1) < F(Aa,p2, Ko, Lo, f2)
if and only if

A= Ao, i = po, fi(x,t) = fa(w,t)

for any (z,t) € (J x [0,00)), K1 (z,t,8) < Ka(z,t,s), for any (z,t,s) € (J X
[0, +00) x J) and Ly (z,t,7) < Lo(x,t,7) for any (z,t,7) € (J x[0,+00), [0, t]).
From the previous it is clear that the following proposition holds.

Proposition 5.1. The triple (FV,0,<) is a noncommutative ordered group.

Now we apply the simple construction of a hypergroup from Lemma 2.1
onto this considered concrete case of integral operators.
For an arbitrary pair of operators F/(A1, u1, K1, L1, f1), F (A2, p2, Ko, Lo, f2) €
FV we define a hyperoperation x: FV x FV — P*(FV) as follows:

F(Ar,pa, Ky, Ly, fi) x F(X2, pa, Ko, Lo, f2)
={F(\u,K,L,f) € FV|F(A1,p1, K1, L1, f1) o F(Aa, 2, Ko, Lo, f2)
<F\u, K, L f)}
={F(\pu, K, L, f) € FV|IA= M A2, p = prpa, f = fif2,
Kofi + Ky <K, Lyfi + Ly < L}.

In a similar way as in [11] we obtain the following assertion.
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Proposition 5.2. The pair (FV,*) is a noncommutative transposition hyper-
group.

If in the Fredholm-Volterra operators p = 0, L = 0 then Fredholm-Volterra
operators coincide to Fredholm operators (see [10]) and hypergroup (FV,*)
denote by (F,%). By a centralizer of an element a of the group G we mean
as usual its subgroup Cg(a) = {x € Glax = za}. A centralizer of an element
F(\ K, f) € Fis a subgroup Cr(F(\ K, f)) = {F(p,L,g) € FIF(u, L, g) o
FMK, f)=F(\K, f)oF(u, L, g)} for any pair (x,s) € J x J.

Let Cr(F (Ao, Ko, fo)) = Cr the centralizer of the operator F'(\o, Ko, fo)
within the group (F,o). Let us define a hyperoperation ® : Cgp x Cp —
P*(Cr) as follows:

F(A, Ku, f1) @ F(Ag, K2, f2) =
={F"(Xo, Ko, fo) © F(A2, K2, f2) o F(A1, K1, f1)|n € No}.
S. Hoskova and J. Chvalina in Proposition 3.5 of [11] affirmed that the

system
M(F (X, Ko, fo)) = (C(J), (Cr,*),0)

where the mapping 6 : Cr x C(J) — C(J) is defined by

5(F()‘aK,f)790) = (F()‘vKaf) OF<)‘7K7f))(90(x))

is a transformation semihypergroup with the phase set C'(J) and the phase
semihypergroup (Cg, *).
In the following counterexample we show that GMAC is not valid.

Example 5.3. Let F()\(),Ko,fo) = F(l,.’IJ,Z) € Cr and F<>\1aK17f1) =
F(1,23,22 + 1), F(\2, Ka, fo) = F(1,22, 2 + 1) arbitrary element in Cg and
p(r) = x. It is easy to see that

S(F(L,a% 2 +1),0(F(La® 2> +1),2))  6(F(L,2% 2%+ 1) ® F(1,2% 2+1),2).

Therefore, it is easy to see that the condition (GMAC) in Proposition 3.5
of [11] is not valid.

But, if we put 7= F x C(J) and J\/[(F()\O,Ko,fg)) = (T, (CF,*),TI') such
that 7 : Cgp x T — P*(T) is defined by
W(F<>\17K17f1)7(F(A7K7f)730)) =
= (F()\OaK07fO)OF(A17K17fl)OF()\7K7f)7¢)'

So the GMAG is satisfied and we have:
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Proposition 5.4. The system M(F ()Xo, Ko, fo)) is a discrete transformation
hypergroup with the phase set T and phase semihypergroup (Cg,x).

Proof. Suppose Fy,Fy € Cp, F € F and ¢ € C(J). Then 7T(F1,7T(F2, [F, (p]))
=n(F,[FooFyoF,¢)) =[FpoFioFyoF,oF,p] =[F;oF oF,oF,q.
Denote by ¢ = Fy o Fy o F5. Since ¢ € {FJ o Fy o Fp;n € N}, we have

[FoFioFyo0 F,¢] = [Fyotro F,¢] = n(w, [F,¢]) € {m(@,[F.¢]) }: @ € {Fgo
FioFy;n € N} = {w(@, [F, cp]); d e Fl*FQ} = ’/T(Fl*FQ, [F, go]), consequently
W(Fl,w(FQ, [F, go])) € m(Fy * F», [F, ¢]), hence GMAC is satisfied. O
Let us calculate the counterexample 5.3 in more details.

FO = F()\o,Ko,Fo) = F(1,$,2)7
Fy =F(\,K|,F)=F(1,2% 2% + 1),
Fy =F(\y, Ko, Fy) = F(1,2%, 2 + 1).

Let < a,b >=< 0,1 > and ¢(x) = x so, for the left hand side of the relation
5(5(()05F1)5F2) €6<¢7F1*F2> (51)

we get:

1
6(, F1) = F(XoA1, K1 fo + Ko, fof1) (e()) :/0 (2% + x)sds + 22° +2

= 2%+ 227 + g + 2 = (z). So, we have

§(8(p, Fy), Fa) = F(XoA2, Ka fo + Ko, fo f2) (¥(2))
1
:/ (2x2+w)(33+252+§+2)ds—|—2x—|—2
0

19 19 31
—E@ﬁ+xﬂﬂx+2=gﬁykgw+2=ﬂ@'

To calculate the right hand side of the relation (5.1) we need at first:
Fi«Fy={F} F, Fi;neNy},
Fi - Fy = F(MA, Ko fi + Ku, fif2),
Fy - Fr = F(MA2, K fa + K2, fi]2),
Fo - Fo = F(\§, Ko fo + Ko, f§) = F(A3, Ko(fo + 1), f§) = Fg,
F$ =F2-Fo = F(N, Ko f3+ Ko (fo+1), f3) = F(N, Ko (f3+ fo+1), £3),
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By = OB Ko (37 + 1372 o+ fo+1), 13) = F(NG Ko Bt £5). it
fo # 1. For functions chosen in the counterexample we get:
ng = F(1 (2" — 1)z, 2").
F(L,2%z+1), (2 +1)(z + 1),
Fr- =F(1,2" - 2*(x+ 1)+ (2" = 1)z,2"(z* + 1)(z + 1))
F( 2%4 +2"27 + (2" — 1)z, 2"2® + 2"z + 2"2” + 27).
Thus,

(o, Fo' - Fo- 1) = (Fo - Fg - Fa - F) ((2)) (BT Fo - F1) (0(2)
— F(172n+1x4+2n+1x3 + (2n+1_ 1)x72n+1x3+2n+lx+2n+lx2+2n+l)

1
— / (27T (2! + 2% + 2) — z]sds + 2" a® 4 27 g 4 20 g2 4 2!
0
1
="zt £3.2m93 4 (3-2" — 5):z: +2m g2 4 omtl = P, ().

So for the right hand side of the relation (5.1) we get §(p, FixFy) = { P, (z);n €
Ny }. Denote by st P the power of a polynomial P, st P, (x) = 4 for any n € Ny,
whereas st ¢(x) = 2, hence g # §(p, F1 * F»).

The Proposition 5.4 is not the only chance how to correct the mistake done
in Proposition 3.5 in [11]. S. Hoskové and J. Chvalina have already published
one way how to correct it in [12]. For the availability and reader’s convenience
we present here the most important part of it. We shall consider smooth
functions, i.e., u € C>*(Q). Let P(aq,...,an,p): C®(Q) = C>*(Q) be a fixed
chosen operator,

ou
Plar,e e, P = 3 (a0 5 (o, (e ).

Denote by Ct(P) the set of all differential operators D € L'ID(£2) commut-
ing with the operator P, i.e.,

Ct(P) = {D ¢ L'D(Q);P-D =D-P}.

Since the identity operator Id belongs to Ct(P), this set endowed with the
unique operation “-” is a monoid which is called the centralizer of the operator
P within the group (L'D(€),-).

Lemma 5.5. ([12]) Operators D; = D(aq,...,a,,p), D2 = D(by,...,b,,q)
from the group L'D(Y) are commuting if and if for any k = 1,2,....,n and
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any point [x1,...,2,] € Q there holds

1—p(zy,...,2,) 1—q(zq,...,2,) _o.
a (T, ..., x,) b (zq,...,2,)

Now, for any pair D,,Dg € Ct(P) define a hyperoperation “®” as follows:
®: Ct(P) x Ct(P) — P*(Ct(P))

by
D, ®Dg = {P"-Dg-Dy;n € N}.

Consider the binary relation pp C Ct(P) x Ct(P) defined by
Do pp D if and only if Dg =P"-D,

for some n € No. We get without any effort (see [12]) that (Ct(P),-,pp) is a
quasi-ordered monoid.

Further, Do ©Dg = pp(Dg-Da) = [Dg-Dq),, and by 2.1 we obtain that
(Ct(P), ®) is a hypergroup (noncommutative, in general).

As usually (C‘L(P))Jr with the operation of concatenation means the free
semigroup of finite non-empty words formed by operators from the set Ct(P).

Denote Sp = {(P-Dy ---- - D,)(f); f € C®(Q),Dy - D, € (Ct(P)) "}
and M(Sp,) the triple (Sp, (Ct(P), ®), dp ), where the action or transition func-
tion dp: Sp x Ct(P) — Sp is defined by the rule

for any function f € C*(Q) and any operator D, € Ct(P). The transition
function dp satisfies the Generalized Mixed Associativity Condition.

Indeed, suppose f € C*(R), Dy,Dg,D1,D2 € Ct(P) are arbitrary ele-
ments. We have

automaton.

Using the above considerations concerning the centralizer hypergroup of
partial differential operators we obtain the second possible correction of the
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wrong Proposition 3.5 of [11]. So, consider the above described centralizer hy-
pergroup (Cr,®) of Fredholm integral operators (defined above- after Propo-
sition 5.2. Denote by C’;,f the free semigroup of finite non-empty words formed
by operators from the set Cr with binary operation of concatenation. We
denote

Sp = {(FOFl o~-~an)(<p);<pE(C(J),Fk S O;,k‘: 1,2...,n}.
Define a function éz: Sp X Cp — SF by the rule
6p(FoFi o 0F)(9),G) = (FoGoFi o0 F,)(p)

for any function ¢ € C(J) and any integral operator G € Cp. In the same
way as above we obtain that the triad (SF, (Cr,®), (5F) is a multiautomaton,
i.e. the action of the phase hypergroup (Cr,®) on the state (phase) set Sp.

6 Conclusion

More than 75 years have elapsed since Marty’s pioneer paper [17] when the
hyperstructure theory was born. During this period the field has experienced
an enormous growth. There are applications to geometry, hypergraphs, bi-
nary relations, lattices, fuzzy sets and rough sets, automata, cryptography,
combinatoric, codes, artificial intelligence, and probability.

Thus, the framework of the hyperstructure theory allows various general-
izations of the above mentioned concepts and theories.

In particular, it seems to be interesting to analyse properties of hyper-
groups of second-order linear differential operators of the Jacobi form creating
subhypergroups of hypergroups of more general linear differential operators
considered above, or to use hyperstructures for modelling two or more para-
metrical systems of non-periodic time impulses produced e.g. by foton or
neutron illumination generated by disintegration of the Californium 252.
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